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7 :������ εεεε > > > > 0, * ��-�+� T ==== O(T1////PA ++++ (T∞∞∞∞ + + + + lg(1////εεεε))P////PA)
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7 � ��-�+� T ≈≈≈≈ T1////PA * -���+�� P ���������������+�����
�,���"�
����  � �%� 2 T1////T∞∞∞∞.

Practice: T ≈≈≈≈ T1////PA ++++ T∞∞∞∞P////PA.

Theory: E[T] ==== O(T1////PA ++++ T∞∞∞∞P////PA).

T∞∞∞∞ = ������� 0���.
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At each time step i ==== 1, 2, …, T, the kernel chooses to 
schedule any subset of the P processes, and those scheduled 
processes execute one instruction.  Let pi denote the number 
of processes scheduled at step i.

• T ≥≥≥≥ T1////PA, because ≥≥≥≥ T1.

• T ≥≥≥≥ T∞∞∞∞P////PA, because kernel can force ≥≥≥≥ T∞∞∞∞P.

There must be at least T∞∞∞∞ steps i with pi ≠≠≠≠ 0, and for each 
such step, the kernel can schedule pi ==== P processes.

Processor average defined by PA ==== 1
T pi

T

1i====
����

Execution time given by T ==== 1
PA

pi
T

1i====
����

pi
T

1i====
����

pi
T

1i====
����
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A schedule is greedy if at each step i, the number of nodes executed is 
equal to the minimum of pi and the number of ready nodes.

pi
T

1i ====
����

Theorem: Any greedy schedule has length at most 
T1////PA ++++ T∞∞∞∞ P////PA.

Proof: We prove that         ≤≤≤≤ T1 ++++ T∞∞∞∞ P.  At each step 
each scheduled process pays one token.

• Otherwise, the process places a token in the 
idle bucket.  There are at most T∞∞∞∞ steps at 
which a process places a token in the idle 
bucket, and at each such step at most P tokens 
are placed in the idle bucket.

• If the process executes a node, then it places a 
token in the work bucket.  Execution ends with 
T1 tokens in the work bucket. T1

T∞∞∞∞ P

work 
bucket

idle 
bucket
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Theorem: The non-blocking work stealer runs in 
expected time O(T1////PA ++++ T∞∞∞∞P////PA).

pi
T

1i ====
����

Proof sketch: Let S denote the number of steal attempts.  We 
prove that         = = = = O(T1 ++++ S) and E[S] = = = = O(T∞∞∞∞P).  At each step 
each scheduled process pays one token.

• Otherwise, the process places a token in 
the steal bucket.  Execution ends with 
O(S) tokens in the steal bucket.

• If the process is “working,” then it 
places a token in the work bucket.  
Execution ends with O(T1) tokens in 
the work bucket.

O(T1)

O(S)

work 
bucket

steal 
bucket
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For any deque, at all times during the execution of the work-
stealing algorithm, the designated parents of the nodes in the 
deque lie on a root-to-leaf path in the enabling tree.

Consider any process at any time during the 
execution.

• v0 is the ready node of the thread that is being 
executed.

• v1, v2, …, vk are the ready nodes of the threads in 
the process’s deque ordered from bottom to top.

• For i ==== 0, 1, …, k, node ui is the designated 
parent of vi.

Then for i ==== 1, 2, …, k, node ui is an ancestor of 
ui−−−−1 in the enabling tree.
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We use a potential function to bound the number of steal attempts.

At each step i, each ready node u has potential φφφφi(u) ==== 3T∞∞∞∞−−−−d(u), where 
d(u) is the depth of u in the enabling tree.

• The expected number of steal 
attempts until the potential 
decreases to 0 is O(T∞∞∞∞P).

• The initial potential is ΦΦΦΦ0 = = = = 3T∞∞∞∞, 
and it never increases.

• With constant probability, P steal 
attempts cause the potential to 
decrease by a constant fraction.

• The deques are top-heavy: the top-most 
node contributes a constant fraction.

The potential ΦΦΦΦi at step i is the sum of all ready node potentials.
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Execution time: T ≤≤≤≤ c1T1////PA ++++ c2T∞∞∞∞P////PA .

Utilization: T
P T

T
c T c T PA

1 1

1 1 2
≥≥≥≥

++++ ∞∞∞∞

1
1 2 1c c P T T++++ ∞∞∞∞/ ( / )

≥≥≥≥

The ratio 
P////(T1////T∞∞∞∞) is the 
normalized 
number of 
processes.

For all multithreaded applications and all input 
problems, the utilization can be lower bounded as a 
function of one number, the normalized number of 
processes.
We test this claim with a synthetic application, knary, 
that produces a wide range of work and critical-path 
lengths for different inputs.
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To test the model when the number of processors varies over 
time, we run the test applications concurrently with a 
synthetic application, cycler.

Repeatedly, cycler creates a random number 
of processes, each of which runs for a random 
amount of time.

• Each process repeatedly increments a shared 
counter.

• At regular intervals, the counter value and a 
timestamp are written to a buffer.

For any time interval, we can look at the counter 
values at the start and end to determine the 
processor average PA(cycler) for cycler
over that interval.
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