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Abstract While the designof garbagecollectionalgorithmshascomeof age,the anal-
ysis of thesealgorithmsis still in its infang. Currentanalysesare limited to
merelydocumentingostsof individual collectorexecutionsconclusve results,
measuringacrossentire programsyequirea theoreticafoundationfrom which
proofscanbeoffered.A theoreticafoundationalsoallows abstracexamination
of garbagecollection,enablingnen designsvithoutworrying aboutimplemen-
tationdetails.We proposeatheoreticaframevork for analyzinggarbagecollec-
tion algorithmsandshav how ourframewvork couldcomputetheef ciency (time
cost)of garbageollectors.Thecentralnovelty of our proposedramevork is its
capacityto analyzecostsof garbagesollectionover anentireprogramexecution.

In work ongarbageollection,onefrequentlyusesheaptraceswhichrequire
determiningthe exactpointin programexecutionat which eachheapallocated
object“dies” (becomesinreachable)Theframewvork inspireda new tracegen-
erationalgorithm,Merlin, which runsmorethan800timesfasterthanprevious
methodsfor generatingaccuratdraced7]. The centralnew resultof this paper
is usingtheframevork to prove thatMerlin'sasymptoticunningtimeis optimal
for tracegeneration.

1. Intr oduction

Mostmoderncomputeitanguagesisea heapto hold objectsallocateddynamically
duringtherunningof a programanda garbagecollectorto remove no longerneeded
objectsfrom the heap.As useof thesemoderncomputedanguagess increasingdra-
matically, it is very importantthatgarbagecollectionrun quickly. Towardsthis goal,
mary differentgarbageollectionalgorithmspptimizationsandtechniqguefave been

A version of this paper including the proofs, related works, and proposed re ne-
ments to the framevork can be found as UMass CMPSCI Tech Report TR-02-016 at
ftp://ftp.cs.umass.edu/pub/teghifeechrepot/2002UM-CS-2M2-016.ps
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proposechndstudied,e.g.,[1, 2, 3, 6, 8, 9]. The experimentakesultsdocumentun-
ning times, relative volume of objectsexaminedand copied,and otherdynamically
generatednetricsfrom a smallsetof benchmarksWhile this informationillustrates
andcorvincesi,it is unableto provetheargumentdeingmade.For conclusve results,
argumentseeda theoreticafoundationfrom which proofscanbe offered. A strong
theoreticaffoundationalsosupportsabstractanalyseof garbagecollection,enabling
amorethoughtfullook atwhereopportunitiefor improvementexist.

This paperpresents new theoreticaframewvork for examininggarbagecollection.
Our framework is robustenoughto capturethe behaior of a garbagecollectorover
the executionof a program,but abstractenoughnot to requireary speci c fashion
of implementation.This allows the framework to be usedwith mostgarbagecollec-
tion algorithms,to prove that collectorshave severalimportantpropertiesandto be
expandedeasilyto includeotheranalyses.While this is animportantfeatureof our
framework, its key featureis computinga garbageollectors asymptoticunningtime
(or other costs)over an entire programexecution,and not just a single invocation.
With this, our framework canbe usedto prove optimality for garbagecollectionand
relatedalgorithms.

As anexampleof ourframework's usefulnessye analyzethe Merlin tracegenera-
tion algorithm.PriorresearchasdescribedVerlin anddiscussedts runningtime [7];
usingour framework, we formally proveits asymptotiaunningtime andthatthistime
is optimalfor tracegeneration.

Section2 and3 of this paperdiscussthe structuresand graphsthat make up our
frameavork. Section4 usesthe framawork in a seriesof proofs of algorithmicre-
guirementsasymptoticrunningtimes,andoptimal runningtimes. Finally, Section6
summarizesheseresults.

2. StructuresUsed

Many moderncomputedanguagesllow objectsto be allocateddynamicallyinto
aheapduringprogramexecution.This makeswriting the programeasierbut requires
thatobjectsbefreedduringprogramexecutionto avoid runningout of memory Many
languagegsuchasLisp, Smalltalk,andJara) usegarbagecollection(GC) to reclaim
memoryautomaticallybecaus&Cincreaseprogramsafetyandmalkesthe program-
mer's job easier Dif culty arisesin limiting the amountof time usedfor automated
memoryreclamation.

It haslong beenunderstoodhata programs heapmemorycanbe ervisionedasa
graph. Thus,our framavork presentghe analysesasgraphtheoreticproblems. We

rst explainhow a programallocatesobjectsdynamicallyandhow garbagecollectors
determinaewhich objectsmaybefreed.We thenproposea seriesof graphshatmodel
theheapandcapturethe executionof the programandgarbagecollector

2.1. Program Structures

Beforeexplainingour framework, it is importantto understandvhat“objects” are
andhow programsauseobjectsallocateddynamicallyinto the heap.
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Objects and References— We modeleachobjectasa nite mappingof keys to
referencevaluesj.e.,locationsin theheapeachkey namesaunique eld of theobject.
The elds aretyped;they maycontainvaluesof primitive datatypes(suchasintegers)
or may referenceotherobjects. A referring eld may referto an objectwithin the
heapor may be null (i.e., doesnot referto ary object). Becausegarbagecollection
is concernednly with how objectsreferto oneanotherour framework considerghe
contentonly of elds that may containreferencedo otherobjects. Whenprimitive
datatypesandreferringtypescannotbe disambiguatede.g.,C++ integer elds may
containreferences}heframevork mustconsidetthe contentsof all elds.

The Heapand Program Roots— A programsheapexistswithin anaddresspace
and holdsthe objectsdynamicallyallocatedduring the programs execution. When
allocatinganobjectinto theheap the memorymanageresenesspacen the heapfor
eacheld andsetshemapfromtheobjectskeys. Typically, thememoryfor anobject
is contiguousanda eld' s mappingkey is the offsetfrom the startof the objectto that
eld. Objectsresidein the heapbecauseghe programneedshem;unneededbjects
mayberemovedfrom theheap.A garbage collectorreclaimstheseobsoleteobjects.

Determiningwhich objectsareno longerneededwill notbe usedagain)requires
knowledgeof thefuture. As this is not always possible(true livenesss an undecid-
able property),readability-basedgarbagecollectorsreclaim only objectsthey can
demonstratéhatthe programwill notuse.

Objectswithin the heapareallocatedduring programexecution;the program,not
knowing wherein memorythe objectsreside ,cannotaccesgthemdirectly. To access
the heapthe programrelieson its root set locationsthe programaccesseslirectly
that may hold referencesnto the heap. Like an object, the root setis a mapping
of keys (eachrepresenting uniqueroot with a referringtype) to referencevalues.
Unlike an object,this mappingis neitherboundechor x ed. Keys maybe addedand
removed, becauseaoot refeencesarefoundin, for example,the programstackand
thestaticandglobalvariabletable,which changesizeduringexecution.The program
usesdynamicallyallocatedobjectsonly throughthe root set; objectsnot reachable
from theroot setcannotbe usedby the program.Garbagecollectorsdeterminenhich
objectsthe programmay use and which may be safely removed from the heapby
analyzingreachabilityfrom the root set. For corveniencewe use “reachable”and
“live” interchangeabhandlik ewise “unreachable’and“dead”.

2.2. Heap State

The currentstateof the heapis de ned by the objectsand referenceswithin the
heapandtheprogramsrootset. To allow for furtheranalyseswe alsoincludethe set
of objectsthathave beenidenti ed by the collectorasunreachableWe representhe
heapstate(thecurrentstateof theheap)asarooted directedmulti-graph.We call this
multi-graphthe heapstatemulti-graph, andexpresstasH LD rE .1

10therelementscould exist within the heapstatemulti-graph;we includeonly thoseelementseededor
this paper



Thesetof verticesof H,V L D, includesa vertex for eachobjectallocatedin
theheap,andaspecialvertex, calledtheroot vertex anddesignatedsr, representing
theroot set. The setD containsthe verticesidenti ed asdead,while L includesthe
remainingvertices(L V D,soL D 0). Sincerootsarealwaysreachabler
mustbein L. Verticesrepresenbnly the existenceof an object. This representation
malkesmodelinggarbagecollectorseasietby abstractingaway implementatiordetails
of objects'actuallocationsin theaddresspace.

Edgesin the multi-graphrepresenteferencego objectsin the heap. The edge
multiset,E, containsanedge v n o if andonlyif objectvatthe eld mappedo by
key n containsa referenceo objecto. Noticethatv mayber, in which casen is the
key to arootthatrefersto o.

This structures notagraph,but a multi-graph,becausenobjectmayhave multi-
ple elds thatreferto the sameobject.Lik ewise,theremaybemultiple rootlocations
thatreferto the sameobject. Justasa garbagecollectoranalyzeghe heapusingthe
rootsetandobjectsthismulti-graphcanbeanalyzedor therelationshipbetweerthe
rootvertex andothervertices.

2.3. Reachability

GivenH L Dr E ,wesayvreferstoo (in H), writtenrefeisy v o , if andonly
if v hasatleastone eld thatrefersto objecto: refeisy v o n vn o E.

Extendingthis de nition, we sayv readeso (in H), writtenreacdesy v o , if and
only if vando areequalor o is in thetransitive closureof objectsto which v refers:
reachesgy VO vV 0 p refesy vp reades po .

Giventheimportanceof objectsthatthe programcanaccesd$rom theroot set,an
objectoisreadable(in H) if andonlyif r reache® (reachable; 0 reades r o).
Reachablebjectsmay be usedin the future by the program. Objectsnot reachable
in the heapstate(e.g.,objectsnot in the transitive closureof the root set)cannotbe
accessedbly the program sogarbagecollectorsremove only unreacableobjects.

A heapstatemulti-graphH L D r E iswell-formedif andonly if all reachable
objectsarein L: L  oreadable; o . Fromhereon we areconcernednly with
well-formedheapstatemulti-graphs.

2.4. Program Actions

The heapstateandits correspondingyraphareusefulfor analyzingsnapshotsf a
program.But programsandtheir heapsaredynamicentities:the programmutatests
heapasit runs. Thesechangesncludeobjectsbeingdynamicallyallocated, elds of
objectsheingupdatedandobjectsheingpassedo andfrom functions.Thesechanges
occurthroughouprogramexecutionandadynamicmemorymanagemustbecapable
of handlingall of them.

Inter esting Program Actions— While programsperformmary operationsour
frameawork is interestednly in thoseactionsthataffect the heap. Thoughthe causes
of thesemutationsarelanguage-speci cywe groupactionsby their effectontheheap:
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ActionName Effect Precondition
ObjectAllocation Lt 7 L o o Lt D¢
Et 1 E rn o [0} rn o Et
RootCreation Et 1 E rn o readabley, o
o] rn o =
RootDeletion Et 1 E rn o rn o E
HeapReferenceCreation E; 1 E; vn o readabley v readabley, o
o] vn o E;
HeapReferencdeletion E; 1 E; vn o readabley, v vn o E
ProgramTermination Et 1 E None

rn o rno k

Tablel. De nition of actiona;. Only changesrom H; to H; ; arelisted.

objectallocation,root creation,root deletion, eld referencecreation, eld reference
deletion,andprogramtermination?

We describethe effect eachactionhason the heapstatewith respecto the heap
statemulti-graphattimet, H;  L; D; r E , andthe multi-graphfollowing the ac-
tion, Hr 1 Li 1 Df 1 rE 1.3 We additionallydescribethe preconditionsieces-
sarywithin H; for the possibleactionsa;. A precisemathematicatie nition of these
effectsandlimitations canbefoundin Tablel1. The following paragraphgrovidesa
simpledescriptionof eachof the actions:

ObjectAllocationactionsoccurwhenanobjectis allocatedn the heap.An object
allocationactionde nes a new vertex to be addedto the setof live verticesandthe
key valueof therootthatreferenceshe newly allocatedvertex.

RootCreationactionsoccurwhenarootreferenceo anobjectis created.Theroot
creationactionde nesannew edgeto beaddedo theedgesetfrom theroot vertex to
areachablevertex.

RootDeletionactionsremove an existing edgefrom the root vertex to a vertex in
thesetof live vertices.This actionis equivalentto deletingarootreferencer making
arootnull.

HeapRefeenceCreationactionsoccurwhenthe programupdatesa heapobjects
unusedeld updatedto referenceanotherobject. Theseactionsadd an edgeto the
edgesetfrom the sourcevertex to thetargetvertex.

HeapRefeenceDeletionactionsspecifyanedgein the edgesetbetweertwo ver
ticesthatis removed. Heapreferencealeletionactionsoccurwheneeranobjectin the
heaphasanon-null eld madenull.

2Otheractionscould be included;theseprimitives are quite generaland canbe combined.We distinguish
root andheapreferenceactionsbecausanary algorithmstreatthemdifferently We speci cally exclude
GC behaior from programactions.

3Actionsmayalsobe consideredunctionsproducingH; 1 from Hy; we do thiswhenit is corvenient.
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Figurel. ExampleProgramHistory

Program Terminationactionsoccurwhenthe programexecutionends. Program
terminationmay occurat ary time anddeletegheroot set(removesary edgewhose
sources therootvertex).

In our framework, asin programexecution,only existing referencesnay be re-
moved, eachobject eld containsat mostonereferenceandonly reachableobjects
may be involved in actions. Sincethe heapstatemulti-graphre ects the heap,the
programactionsmirror the changesn the heap. By constructionprogramscannot
attemptactionswhosepreconditionsare not met, sowe neednot considerthe possi-
bility. Further it is easyto seethatprogramactionspresere well-formednessf heap
statemulti-graphgsincethey cannotremove verticesnor causaunreachablebjectsto
becomeeachable).

2.5. Program History

Every programbeginswith the sameheap.Thisinitial heapstateis representetly
themulti-graphHg Lo Do r Eg . This graphhasonly onevertex (the root vertex)
andanemptyedgemultiset(Lo r Do O Ey 0).

We also considera programs heapstatefollowing programtermination. Final
heapstatemulti-graphsdesignatedi Lt Dt r Er , haveavertex (in Lt D)
for eachobjectallocatedinto the heap,plus theroot vertex. Final heapstatemulti-
graphscannotcontainedgedrom theroot vertex, soonly theroot vertex is reachable
in thesemulti-graphs.

Theinitial and nal heapstateslo notcontainmuchinformationabouttheprogram
execution,but theentirerunis necessaryo analyzeGC algorithmsandoptimizations.
To recordthis information,our framevork usesa program history. The programhis-
tory begins with the initial heapstatemulti-graph,Ho, andthe rst programaction,
a;. Fromthis multi-graphandaction,we build the successoheapstatemulti-graph,
Hj, thenaddaction,az, andsoon. The programhistory continuesup to the program
terminationaction (ar) and nal heapstatemulti-graph,Ht. Figure 1 illustratesa
programhistory.

Sinceall programsstartfrom the initial heapstate,and eachprogramactionis
deterministic the actionsalonearesufcient to recreatehe programhistory By re-
playing the actions,GC can be simulatedor, via pro le feedback4], tuned. Files
called heaptracesstorethe actions(and an additionalpiece of information,aswe
explainin Section3) for thesepurposes.Sinceit worksin a mannersimilar to heap
tracespur programhistoryis intuitive to use.

2.6. Null and ReachableMulti-Graphs

Usingthe programhistory, our framework cancomputethe null heapstatemulti-
graphfor eachtime step.Thenull heapstatemulti-graphattimet, H? L2 D? r E; ,
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is q;[he heapstatemulti-graphwhereno objectshave beendeterminedo bedead(e.g.,
DY 0).

Using the programhistory, the time when eachobjectbecomeaunreachablean
be determined. Given H; L; D¢ r E , the reachable heap state multi-graph is
H; Live H L, D; r E . Thereachablenulti-graphspeciallyde nesL andD:
L, v Lireadabley, v ;D; W L, thatis, L; is exactlythesetof reachable
vertices,andD; theremainder(the superscripis intendedto suggesthe optimal,
i.e.,smallesppossible]; set.)

Given a heapstatemulti-graphH;, we de ne the reducedheapstatemulti-graph,
HR ReduceH; , astheheapstatemulti-graph LR DR r ER ,where:LR L; DR
0 EtR vn o E v L . Thisreductionremoresthoseverticesidenti ed as
dead,andary edgesfrom thesevertices,from the multi-graph. By removing edges
and verticesthat are known to be unnecessarythe reducedheapstatemulti-graph
resembleshe physicalheapfollowing GC.

Finally, given a heapstatemulti-graphH;, we de ne thereducedreadableheap
statemulti-graph, H; , asthe heapstatemulti-graphReducelive H;

The null, reachableand reducedreachableheapstate multi-graphsare similar:
their reductionsvia Reduce Live arethe same. Further sinceprogramactionscan
manipulateonly reachablebjects,f we applya; 1 to Ht“), H; , andH; , we getanal-
ogousresults,a fact we statepreciselyin a moment. First we arguethatif we have
awell-formedheapstatth“’ andcorrespondingctiona; 1, thena; 1 is legal for H;
andH; .

Lemmal If Ht’b ful lls theprecondition®ofa; 1, thensodoH; andH; .

Now we statea strongerrelationshipfor programhistoriesand their corresponding
reachableandreducedeachabldeapstates:

Theorem?2 If & | takesH; to H; 1, thena; 1 LivetakesH, toH, ; anda 1
Live ReducdakesH; toH, ;.

2.7. Modeling Collector Behavior

We model garbagecollectorbehaior by following eachprogramactiona; with
a garbagecollectoractiong;. Thus,we form H; by rst applyingprogramactionay
to H; 1, andthenapplyingcollectoractiong;. A collectoraction potentiallyiden-
ti es someunreachablebjectsasdead. In fact, we will equateg; with the setof
objectsit identi es asdead,andde ne its effect on the heapstateas mappingheap
stateH LDrE toL g D g rE,withthepreconditionthatgy L o
L reacdhabley o . Whencorvenientwe will alsousethenotationg; for thefunction
thatthe collectoractioninduceson heapstates.

Thesimplestcollector whichwe call thenull collector, neveridenti es ary objects
asunreachable We write its actionsas g?; it inducesthe identity function on heap
states.

The most“aggressie” collector which we call the compehensivecollector, al-
waysidenti es all unreachablebjects.We write it asg; andthefunctionit inducess
complementaryo Live (i.e., it identi es theunreachablebjects).
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Figure2. ExpandedProgramHistory, includingthenull (H‘D) andreachablg¢H ) heapstates.

Figure2 shavshow thenull (H?) andreachabléH ) heapstatemulti-graphgelate
to null andcomprehensie collectoractions.

Realcollectorsareboundedin whatthey reclaim)by the null andcomprehensie
collectors. Further mary collectorsidentify unreachabl@bjectsonly occasionally
For example,they may allow a portion of the heapto Il, andidentify unreachable
objectsin a batchonly after the spaceis full. While we modelonly the endresult
(e.g.,the setof objectsidenti ed asdead),in applyingthe framework it is easyto
associateostswith collectoractiong; andderive the effort taken by the collectorat
eachtime step.

3. Heap Traces

Whenexploring the performancenf a new garbagecollectot onecanoftenwork
fasterby usinga simulator For this, onerunsa programin a systeminstrumentedo
produceacollectorneutralheaptrace Thesimulatoracceptshetraceasaninputand,
giventhe GC algorithm,systemparametersandalgorithmtuningparameterg¢suchas
themaximumheapsizeallowed), estimateshe work neededy thealgorithmfor the
tracedinstanceof the program.

A heaptraceis atime-orderedequencef records.Therecordsareof thesekinds:
objectallocation giving the new objects sizeanda uniqueidenti er; objectdeath
giving the dying object's uniqueidenti er; heaprefeenceupdate giving the source
object, eld key, andtarget objector null value; androot refeenceupdate giving
a locationof the root, andthe target objector null value. (The updaterecordsalso
implicitly de ne areferencealeletionif the eld/root previouslycontainedareference).
With a perfectlyaccuratdracethe simulatorcould determinevheneachobjectdies,
but it is easierto write the simulator andthe simulatorrunsmuchfaster if the death
timesareprovidedin thetrace.Thisis sinceasingletrace le is usedn mary different
simulationsijt is cheapeto computethe deathtimesoncein advance.

Oneway to obtaindeathtimesfor tracess to performa comprehensie collection
wheneeracollectioncouldoccurin practice.Sincemostcollectorsattemptcollection
only in responséo anallocation(i.e.,whenthey requireadditionalspacdn theheap),
this requiresdoing a collectionjust prior to eachallocation. This is the brute force
approacho tracegeneration As theseconstantollectionstake a substantiabhmount
of time, researchersften usetracesgeneratedvith lessfrequentcomprehensie col-
lections resultingin traceghatmaydistortsimulatomresultssigni cantly [7]. We now
extendour framavork to modelobjectdeathtimes,in preparatiorfor presentingand
analyzingthe Merlin tracegeneratioralgorithm.
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3.1. Object Death Time Multi-Graph

We addto our framework the objectdeathtime multi-graph This multi-graphdif-
fers from the othersbecauset concernsonly the ef ciency of a collector It is not
relatedto the heapat ary momentof the programhistory; ratherit existsto prove
theminimuminformationandwork neededo determinethe earliesttime eachobject
couldbereclaimed.This multi-graphcanalsocomparethe ef ciency of comprehen-
sive collectorsby analyzingthe relative work neededo populateand analyzethis
multi-graph. Before describingthe new graph,we discussa conceptuponwhich it
relies: nal refelencedeletiontime

An objects nal referencealeletiontimeis thelasttime atwhichtheobjecthasan
incomingreferencedeletedby aroot or heapreferencealeletionactionor at program
termination).Becauseachobijectis allocatedwith areferencdrom theroot set,and
the programterminationactionremovesary rootreferenceshatexist, eachobjecthas
a nal referencedeletiontime. This time occursbetweerthe objects allocationand
programtermination.We de ne thefunction f to mapeachvertextoits nal reference
deletiontime. Givenavertex v, f isdenedas:fv max 1+ on on v
E; on v E 1 .Anobjectmayhaveincomingreferencestits nal reference
deletiontime, provided thatthe remainingincomingreferencesre not deletedby a
programaction;in thename,” nal” modi es “deletion”, not“reference”.

With this de nition, we presenthe last graphstructureof the paper The object
deathtime multi-graphis alsoa directed,rootedmulti-graph,F  V Et f , where
f is the nal referencadeletiontime functionfrom above. The multi-graphs setof
verticesV containsa vertex for eachobjectallocatedn theheap,.e.,V V1 r .
Themulti-graphs edgemultiset,Et, is theedgemultisetof the nal heapstate.

As the nameimplies, the multi-graphdeterminedhe deathtime for eachobject.
An objects deathtime is the time at which it becomeaunreachable—théme the
correspondingrertex would be includedin a g action. As the following theorem
shaws, thistime canbecomputedn theobjectdeathtime multi-graphaseachvertex's
latestreatiing nal refeencedeletiontime the latest nal referencedeletiontime
amongtheverticesthatreacheachvertex.

Theorem3 Thelatestreacing nal refeencedeletiontimeto a vertexin F is the
timethe correspondingbjectin the heapbecameainreacable

We notethatthis multi-graphis similartoH (V. Dy andEr  E;) asonewould
expect,givenits function. Usingthis multi-graph we cancomputeobjectdeathtimes
in asymptoticallyoptimaltime, aswe shaw in the next section.

4, Merlin Algorithm Analysis

The Merlin tracegeneratioralgorithm, proposecdby Hertz et al., generatesraces
over 800 timesfasterthanthe previous methodof tracegeneratiori7]. The Merlin
algorithm,shavn in Figure 3, achievesits speedupby performinga smallamountof
work with (some)programactionsand canthusdelay performingmore costly anal-
ysesuntil necessaryDesignedusinginsightsgainedfrom this researchthe Merlin
algorithm computeseachobjects nal referencedeletiontime in conjunctionwith
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if (action = createroot referenceo o) then
rootReferences]
elseif (action = createheapreference}hen
No actionneeded
elseif (action = deleterootreferencedo o) then
rootReferences]
nalReferenceDeletionime[o] current  time
elseif (action = deleteheapreferenceo o) then
nalReferenceDeletionime[o] current  time
elseif (action = allocateobjecto) then
rootReferences] 1
nalReferenceDeletionime[o] O
elseif (action = programtermination)then
for eachvertex vdo
if rootReferences] 0then
nalReferenceDeletionifme[v] current  time
for eachvertex v by decreasingnal referencaleletiontime do
pushv ontothestack
while (the stackis notempty)do
popv from the stack
workingTime  nalReferenceDeletionimel[v]
for eachnon-null  wto whichv refersdo
if (nalReferenceDeletionime[w] workingTime) then
nalReferenceDeletionime[w]  workingTime
pushw ontothestack

Figure3. TheMerlin TraceGeneratiorAlgorithm

programactionsandanalyzegheobjectdeathtime multi-graphthatit constructswith
thisinformation. Fromthis analysisthe Merlin algorithmcaneasilyandquickly de-
termineeachobject’s deathtime for tracegeneration.

This sectionshavsthatourframewnork canhelponeto discover new insightsabout
garbagecollectionandalsoprove asymptotiaunningtimesfor garbagecollectional-
gorithms.We begin by proving theasymptotiacunningtime for the Merlin algorithm.
We thenprovethatthis runningtime is optimalfor heaptracegeneration.

4.1. Merlin' sRunning Time

Bruteforcetracegenerationdiscussedn Section3, computesobjectdeathtimes
by performinga reachabilityanalysisvheneerit wantsobjectdeathtimes. Comput-
ing which objectsarereachablén the heapstateis equivalentto solving the single-
source/multi-sinkeachabilityproblemfrom the root vertex, which requiresO LF
ER time. Sincethis reachabilityanalysisnustbe repeatedhroughouthe runningof
the program pruteforce tracegeneratiorcanrequireupto & ;O LR ER time!
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To generatdracesMerlin mustcomputewheneachobjectbecomeainreachable.
For this, Merlin builds andanalyzeghe objectdeathtime multi-graphasthe program
runs.Usingthe objectdeathtime multi-graph, nding whenobjectsbecomeunreach-
ablerequirescomparingthe reaching nal referencedeletiontimesfor eachvertex;
this processingseemsanalogougo computingall of the transitive closuressets,re-
quiringO Vr Et time[5, p. 766].

Solvingthetransitive closuresdeterminesvheneachobjectcanbereclaimed put
requiresmorework thanis needed.Objectdeathtimesarethe latestreaching nal
referenceleletiontimes;to nd deathtimes,Merlin requiresasingledepth- rstsearch
from eachvertex in reverseorderof vertex nal referencedeletiontimes.

Lemma4 Whencomputingobjectdeathtimes,ead vertex and eat edge needbe
processeanly once

With the framework, we cannow prove Merlin's asymptotiacunningtime.

Theorem5 Merlin requiresO T timeto createthe ObjectDeathTime Multi-Graph
andthenO Vy Er timeto computeheobjectdeathtimes.

This leadsto anadditionaltheorem.

Theorem6 TheMerlin algorithmcompute®bjectdeathtimesin asymptoticallyop-
timal timefor tracegeneation.

5. Future Work

Our framework hasbeendesignedo be abstractandyet robust. We demonstrate
how it canbe usedto easilyprove asymptoticrunningtimes,optimal runningtimes,
andspacébounddor garbagecollection. |t is our hopethatwe, andotherresearchers,
useandextendthis framework to fully developatheoreticaunderpinningor garbage
collection.Thereare,in particular severalareasn whichwe hopeto expanduponthe
work in this paper

Collector Ef ciency Analysis
In this researchwe analyzedpropertiesof comprehensie garbagecollection. Using
this framawork, we hopeto performa similar analysisfor non-comprehense collec-
torsandhelp focusresearctseekingfasteralgorithms. One approactfor this future
work is to nd andrecastthe importantfeaturesfor the collector statemulti-graph
muchasthe objectdeathtime multi-graphdistills theimportantfeaturesof thereach-
ablemulti-graph.

Collection Optimization Analysis
Anotherdirectionin which we wish to expandthis work is determiningthe value of
differentoptimizations.By usingour framewnork to measuréoththe asymptoticcost
andpotentialsaszings for a variety of optimizationswe could betterunderstandvhat
limits garbagecollectorspeedandhow bestto overcomet.
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6. Summary

This paperintroducesseveral structuresandanalysedor garbagecollectors.With
thenew structuresye provetherunningtime of the Merlin tracegeneratioralgorithm
andshaw thatthistimeis optimalfor computingobjectdeathtimes.
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