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Abstract While the designof garbagecollectionalgorithmshascomeof age,the anal-
ysis of thesealgorithmsis still in its infancy. Currentanalysesare limited to
merelydocumentingcostsof individualcollectorexecutions;conclusive results,
measuringacrossentireprograms,requirea theoreticalfoundationfrom which
proofscanbeoffered.A theoreticalfoundationalsoallowsabstractexamination
of garbagecollection,enablingnew designswithoutworrying aboutimplemen-
tationdetails.Weproposeatheoreticalframework for analyzinggarbagecollec-
tion algorithmsandshow how ourframework couldcomputetheef�ciency (time
cost)of garbagecollectors.Thecentralnovelty of ourproposedframework is its
capacityto analyzecostsof garbagecollectionoveranentireprogramexecution.

In work ongarbagecollection,onefrequentlyusesheaptraces,whichrequire
determiningtheexactpoint in programexecutionat which eachheapallocated
object“dies” (becomesunreachable).Theframework inspireda new tracegen-
erationalgorithm,Merlin, which runsmorethan800timesfasterthanprevious
methodsfor generatingaccuratetraces[7]. Thecentralnew resultof this paper
is usingtheframework to provethatMerlin'sasymptoticrunningtimeis optimal
for tracegeneration.

1. Intr oduction
Mostmoderncomputerlanguagesuseaheapto holdobjectsallocateddynamically

duringtherunningof a programanda garbagecollectorto removeno longerneeded
objectsfrom theheap.As useof thesemoderncomputerlanguagesis increasingdra-
matically, it is very importantthatgarbagecollectionrun quickly. Towardsthis goal,
many differentgarbagecollectionalgorithms,optimizations,andtechniqueshavebeen
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proposedandstudied,e.g.,[1, 2, 3, 6, 8, 9]. Theexperimentalresultsdocumentrun-
ning times,relative volumeof objectsexaminedandcopied,andotherdynamically
generatedmetricsfrom a smallsetof benchmarks.While this informationillustrates
andconvinces,it is unableto provetheargumentsbeingmade.For conclusiveresults,
argumentsneeda theoreticalfoundationfrom which proofscanbeoffered.A strong
theoreticalfoundationalsosupportsabstractanalysesof garbagecollection,enabling
a morethoughtfullook atwhereopportunitiesfor improvementexist.

Thispaperpresentsanew theoreticalframework for examininggarbagecollection.
Our framework is robustenoughto capturethe behavior of a garbagecollectorover
the executionof a program,but abstractenoughnot to requireany speci�c fashion
of implementation.This allows the framework to beusedwith mostgarbagecollec-
tion algorithms,to prove thatcollectorshave several importantproperties,andto be
expandedeasilyto includeotheranalyses.While this is an importantfeatureof our
framework, its key featureis computingagarbagecollector'sasymptoticrunningtime
(or othercosts)over an entireprogramexecution,and not just a single invocation.
With this, our framework canbeusedto prove optimality for garbagecollectionand
relatedalgorithms.

As anexampleof our framework'susefulness,weanalyzetheMerlin tracegenera-
tion algorithm.PriorresearchhasdescribedMerlin anddiscussedits runningtime[7];
usingourframework,weformally proveits asymptoticrunningtimeandthatthistime
is optimalfor tracegeneration.

Sections2 and3 of this paperdiscussthestructuresandgraphsthatmake up our
framework. Section4 usesthe framework in a seriesof proofs of algorithmic re-
quirements,asymptoticrunningtimes,andoptimalrunningtimes. Finally, Section6
summarizestheseresults.

2. StructuresUsed
Many moderncomputerlanguagesallow objectsto beallocateddynamicallyinto

aheapduringprogramexecution.Thismakeswriting theprogrameasier, but requires
thatobjectsbefreedduringprogramexecutionto avoid runningoutof memory. Many
languages(suchasLisp, Smalltalk,andJava) usegarbagecollection(GC) to reclaim
memoryautomatically, becauseGCincreasesprogramsafetyandmakestheprogram-
mer's job easier. Dif�culty arisesin limiting theamountof time usedfor automated
memoryreclamation.

It haslong beenunderstoodthata program'sheapmemorycanbeenvisionedasa
graph. Thus,our framework presentsthe analysesasgraphtheoreticproblems.We
�rst explainhow aprogramallocatesobjectsdynamicallyandhow garbagecollectors
determinewhichobjectsmaybefreed.We thenproposeaseriesof graphsthatmodel
theheapandcapturetheexecutionof theprogramandgarbagecollector.

2.1. Program Structures
Beforeexplainingour framework, it is importantto understandwhat“objects”are

andhow programsuseobjectsallocateddynamicallyinto theheap.
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Objects and References— We modeleachobjectasa �nite mappingof keys to
referencevalues,i.e.,locationsin theheap;eachkey namesaunique�eld of theobject.
The�elds aretyped;they maycontainvaluesof primitivedatatypes(suchasintegers)
or may referenceotherobjects. A referring �eld may refer to an objectwithin the
heapor may be null (i.e., doesnot refer to any object). Becausegarbagecollection
is concernedonly with how objectsreferto oneanother, our framework considersthe
contentonly of �elds that may containreferencesto otherobjects. Whenprimitive
datatypesandreferringtypescannotbedisambiguated(e.g.,C++ integer�elds may
containreferences),theframework mustconsiderthecontentsof all �elds.

The Heapand ProgramRoots— A program'sheapexistswithin anaddressspace
andholdsthe objectsdynamicallyallocatedduring the program's execution. When
allocatinganobjectinto theheap,thememorymanagerreservesspacein theheapfor
each�eld andsetsthemapfrom theobject'skeys. Typically, thememoryfor anobject
is contiguousanda �eld' smappingkey is theoffsetfrom thestartof theobjectto that
�eld. Objectsresidein theheapbecausetheprogramneedsthem;unneededobjects
mayberemovedfrom theheap.A garbagecollectorreclaimstheseobsoleteobjects.

Determiningwhich objectsareno longerneeded(will not beusedagain)requires
knowledgeof the future. As this is not alwayspossible(true livenessis anundecid-
ableproperty),reachability-basedgarbagecollectorsreclaimonly objectsthey can
demonstratethattheprogramwill notuse.

Objectswithin theheapareallocatedduringprogramexecution;theprogram,not
knowing wherein memorytheobjectsreside,cannotaccessthemdirectly. To access
the heapthe programrelieson its root set, locationsthe programaccessesdirectly
that may hold referencesinto the heap. Like an object, the root set is a mapping
of keys (eachrepresentinga uniqueroot with a referringtype) to referencevalues.
Unlike anobject,this mappingis neitherboundednor �x ed. Keys maybeaddedand
removed,becauseroot referencesarefound in, for example,the programstackand
thestaticandglobalvariabletable,whichchangesizeduringexecution.Theprogram
usesdynamicallyallocatedobjectsonly throughthe root set; objectsnot reachable
from therootsetcannotbeusedby theprogram.Garbagecollectorsdeterminewhich
objectsthe programmay useand which may be safely removed from the heapby
analyzingreachabilityfrom the root set. For conveniencewe use“reachable”and
“li ve” interchangeably, andlikewise“unreachable”and“dead”.

2.2. HeapState
The currentstateof the heapis de�ned by the objectsandreferenceswithin the

heapandtheprogram'srootset.To allow for furtheranalyses,wealsoincludetheset
of objectsthathave beenidenti�ed by thecollectorasunreachable.We representthe
heapstate(thecurrentstateof theheap)asarooted,directedmulti-graph.Wecall this
multi-graphtheheapstatemulti-graph, andexpressit asH ��� L � D � r � E � .1

1Otherelementscouldexist within theheapstatemulti-graph;we includeonly thoseelementsneededfor
thispaper.
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Thesetof verticesof H, V � L � D, includesa vertex for eachobjectallocatedin
theheap,anda specialvertex, calledtherootvertex anddesignatedasr, representing
the root set. ThesetD containstheverticesidenti�ed asdead,while L includesthe
remainingvertices(L � V � D, so L 	 D �

/0). Sincerootsarealwaysreachable,r
mustbe in L. Verticesrepresentonly theexistenceof anobject. This representation
makesmodelinggarbagecollectorseasierby abstractingaway implementationdetails
of objects'actuallocationsin theaddressspace.

Edgesin the multi-graphrepresentreferencesto objectsin the heap. The edge
multiset,E, containsanedge��
 v� n�
� o� if andonly if objectv at the�eld mappedto by
key n containsa referenceto objecto. Noticethatv mayber, in which casen is the
key to a root thatrefersto o.

Thisstructureis not a graph,but a multi-graph,becauseanobjectmayhavemulti-
ple �elds thatreferto thesameobject.Likewise,theremaybemultiple root locations
that refer to thesameobject. Justasa garbagecollectoranalyzestheheapusingthe
rootsetandobjects,thismulti-graphcanbeanalyzedfor therelationshipsbetweenthe
rootvertex andothervertices.

2.3. Reachability
GivenH ��� L � D � r � E � , wesayv refersto o (in H), writtenrefersH � v� o� , if andonly

if v hasat leastone�eld thatrefersto objecto: refersH � v� o������� n������
 v� n��� o��� E � .
Extendingthis de�nition, we sayv reacheso (in H), written reachesH � v� o� , if and

only if v ando areequalor o is in thetransitive closureof objectsto which v refers:
reachesH � v� o����� v � o ����� p�
� refersH � v� p��� reachesH � p � o��� .

Giventhe importanceof objectsthat theprogramcanaccessfrom theroot set,an
objecto is reachable(in H) if andonly if r reacheso(reachableH � o��� reachesH � r � o� ).
Reachableobjectsmaybe usedin the futureby the program.Objectsnot reachable
in theheapstate(e.g.,objectsnot in the transitive closureof the root set)cannotbe
accessedby theprogram,sogarbagecollectorsremoveonly unreachableobjects.

A heapstatemulti-graphH ��� L � D � r � E � is well-formedif andonly if all reachable
objectsarein L: L ��� o  reachableH � o�"! . Fromhereon we areconcernedonly with
well-formedheapstatemulti-graphs.

2.4. Program Actions
Theheapstateandits correspondinggraphareusefulfor analyzingsnapshotsof a

program.But programsandtheir heapsaredynamicentities:theprogrammutatesits
heapasit runs.Thesechangesincludeobjectsbeingdynamicallyallocated,�elds of
objectsbeingupdated,andobjectsbeingpassedto andfrom functions.Thesechanges
occurthroughoutprogramexecutionandadynamicmemorymanagermustbecapable
of handlingall of them.

Inter esting Program Actions— While programsperformmany operations,our
framework is interestedonly in thoseactionsthataffect theheap.Thoughthecauses
of thesemutationsarelanguage-speci�c,wegroupactionsby theireffectontheheap:
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ActionName Effect Precondition
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Et %'&-,/.
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r 0 n1�0 o3

* Et
HeapReferenceCreation Et # 1 $
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+

5

,;6
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,/,/.
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* Et 3

HeapReferenceDeletion Et # 1 $

Et <=&-,/.

v0 n1�0 o34( reachableHt ,

v3

+>,�.

v0 n1�0 o3

* Et
ProgramTermination Et # 1 $

Et <

None
&-,/.

r 0 n1�0 o3"?

,/.

r 0 n1�0 o3

* Et (

Table1. De�nition of actionat . Only changesfrom Ht to Ht # 1 arelisted.

objectallocation,root creation,root deletion,�eld referencecreation,�eld reference
deletion,andprogramtermination.2

We describethe effect eachactionhason the heapstatewith respectto the heap
statemulti-graphat time t, Ht �@� Lt � Dt � r � Et � , andthemulti-graphfollowing theac-
tion, Ht A 1 �@� Lt A 1 � Dt A 1 � r � Et A 1 � .3 We additionallydescribethepreconditionsneces-
sarywithin Ht for thepossibleactionsat . A precisemathematicalde�nition of these
effectsandlimitationscanbefoundin Table1. Thefollowing paragraphsprovidesa
simpledescriptionof eachof theactions:

ObjectAllocationactionsoccurwhenanobjectis allocatedin theheap.An object
allocationactionde�nes a new vertex to be addedto the setof live verticesandthe
key valueof theroot thatreferencesthenewly allocatedvertex.

RootCreationactionsoccurwhenarootreferenceto anobjectis created.Theroot
creationactionde�nesannew edgeto beaddedto theedgesetfrom therootvertex to
a reachablevertex.

RootDeletionactionsremove anexisting edgefrom theroot vertex to a vertex in
thesetof livevertices.Thisactionis equivalentto deletingaroot referenceor making
arootnull.

HeapReferenceCreationactionsoccurwhentheprogramupdatesa heapobject's
unused�eld updatedto referenceanotherobject. Theseactionsaddan edgeto the
edgesetfrom thesourcevertex to thetargetvertex.

HeapReferenceDeletionactionsspecifyanedgein theedgesetbetweentwo ver-
ticesthatis removed.Heapreferencedeletionactionsoccurwheneveranobjectin the
heaphasanon-null�eld madenull.

2Otheractionscouldbe included;theseprimitivesarequitegeneralandcanbecombined.We distinguish
root andheapreferenceactionsbecausemany algorithmstreatthemdifferently. We speci�cally exclude
GCbehavior from programactions.
3ActionsmayalsobeconsideredfunctionsproducingHt B 1 from Ht ; wedo thiswhenit is convenient.
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H0
� L0 � D0 � r � E0 �

a1 H1
� L1 � D1 � r � E1 �

a2 D�D�D

aT HT
� LT � DT � r � ET �

Figure1. ExampleProgramHistory

Program Terminationactionsoccurwhenthe programexecutionends. Program
terminationmayoccurat any time anddeletestheroot set(removesany edgewhose
sourceis therootvertex).

In our framework, as in programexecution,only existing referencesmay be re-
moved,eachobject�eld containsat mostonereference,andonly reachableobjects
may be involved in actions. Sincethe heapstatemulti-graphre�ects the heap,the
programactionsmirror the changesin the heap. By constructionprogramscannot
attemptactionswhosepreconditionsarenot met,sowe neednot considerthepossi-
bility. Further, it is easyto seethatprogramactionspreservewell-formednessof heap
statemulti-graphs(sincethey cannotremoveverticesnorcauseunreachableobjectsto
becomereachable).

2.5. Program History
Everyprogrambeginswith thesameheap.This initial heapstateis representedby

themulti-graphH0 �@� L0 � D0 � r � E0 � . This graphhasonly onevertex (theroot vertex)
andanemptyedgemultiset(L0 �E� r !F� DO �

/0 � E0 �

/0).
We also considera program's heapstatefollowing programtermination. Final

heapstatemulti-graphs,designatedHT �@� LT � DT � r � ET � , have a vertex (in LT � DT)
for eachobjectallocatedinto the heap,plus the root vertex. Final heapstatemulti-
graphscannotcontainedgesfrom therootvertex, soonly therootvertex is reachable
in thesemulti-graphs.

Theinitial and�nal heapstatesdonotcontainmuchinformationabouttheprogram
execution,but theentirerun is necessaryto analyzeGCalgorithmsandoptimizations.
To recordthis information,our framework usesa programhistory. Theprogramhis-
tory begins with the initial heapstatemulti-graph,H0, andthe �rst programaction,
a1. Fromthis multi-graphandaction,we build thesuccessorheapstatemulti-graph,
H1, thenaddaction,a2, andsoon. Theprogramhistorycontinuesup to theprogram
terminationaction(aT) and �nal heapstatemulti-graph,HT . Figure1 illustratesa
programhistory.

Sinceall programsstart from the initial heapstate,and eachprogramaction is
deterministic,theactionsalonearesuf�cient to recreatetheprogramhistory. By re-
playing the actions,GC canbe simulatedor, via pro�le feedback[4], tuned. Files
calledheaptracesstorethe actions(andan additionalpieceof information,aswe
explain in Section3) for thesepurposes.Sinceit works in a mannersimilar to heap
traces,ourprogramhistoryis intuitive to use.

2.6. Null and ReachableMulti-Graphs
Usingtheprogramhistory, our framework cancomputethenull heapstatemulti-

graphfor eachtimestep.Thenull heapstatemulti-graphattimet, H /0
t �G� L /0

t � D /0
t � r � Et � ,
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is theheapstatemulti-graphwhereno objectshave beendeterminedto bedead(e.g.,
D /0

t �

/0).
Using the programhistory, the time wheneachobjectbecomesunreachablecan

be determined. Given Ht �H� Lt � Dt � r � Et � , the reachable heapstatemulti-graph is
H It � Live� Ht ����� L It � D It � r � Et � . Thereachablemulti-graphspeciallyde�nesL andD:
L It ��� v � Lt  reachableHt � v�"! ; D It � Vt � L It , that is, L It is exactly thesetof reachable
vertices,andD It the remainder(the J superscriptis intendedto suggestthe optimal,
i.e.,smallestpossible,Lt set.)

Givena heapstatemulti-graphHt , we de�ne the reducedheapstatemulti-graph,
HR

t � Reduce� Ht � , astheheapstatemulti-graph � LR
t � DR

t � r � ER
t � , where:LR

t � Lt � DR
t �

/0 � ER
t ������
 v� n�
� o�K� Et  v � Lt ! . This reductionremovesthoseverticesidenti�ed as

dead,andany edgesfrom thesevertices,from the multi-graph. By removing edges
and verticesthat are known to be unnecessary, the reducedheapstatemulti-graph
resemblesthephysicalheapfollowing GC.

Finally, givena heapstatemulti-graphHt , we de�ne the reducedreachableheap
statemulti-graph, H Lt , astheheapstatemulti-graphReduce� Live� Ht ��� .

The null, reachable,and reducedreachableheapstatemulti-graphsare similar:
their reductionsvia ReduceM Live arethe same.Further, sinceprogramactionscan
manipulateonly reachableobjects,if we applyat A 1 to H /0

t , H It , andH Lt , we getanal-
ogousresults,a fact we statepreciselyin a moment.First we arguethat if we have
a well-formedheapstateH /0

t andcorrespondingactionat A 1, thenat A 1 is legal for H It
andH Lt .

Lemma 1 If H /0
t ful�lls thepreconditionsof at A 1, thensodoH It andH Lt .

Now we statea strongerrelationshipfor programhistoriesand their corresponding
reachableandreducedreachableheapstates:

Theorem2 If at A 1 takesHt to Ht A 1, thenat A 1 M Live takesH It to H It A 1 and at A 1 M

Live M ReducetakesH Lt to H Lt A 1.

2.7. Modeling Collector Behavior
We modelgarbagecollectorbehavior by following eachprogramactionat with

a garbagecollectoractiongt . Thus,we form Ht by �rst applyingprogramactionat
to Ht

L

1, and thenapplyingcollectoractiongt . A collectoractionpotentially iden-
ti�es someunreachableobjectsasdead. In fact, we will equategt with the set of
objectsit identi�es asdead,andde�ne its effect on the heapstateasmappingheap
stateH ��� L � D � r � E � to � L � gt � D � gt � r � E � , with thepreconditionthatgt N

L �O� o �

L  reachableH � o��! . Whenconvenient,wewill alsousethenotationgt for thefunction
thatthecollectoractioninducesonheapstates.

Thesimplestcollector, whichwecall thenull collector, neveridenti�es any objects
asunreachable.We write its actionsasg/0

t ; it inducesthe identity functionon heap
states.

The most “aggressive” collector, which we call the comprehensivecollector, al-
waysidenti�es all unreachableobjects.Wewrite it asg It andthefunctionit inducesis
complementaryto Live (i.e., it identi�es theunreachableobjects).
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H /0
0

� L /0
0 � D /0

0 � r � E /0
0 �

a1 � g/0
1

H /0
1

� L /0
1 � D /0

1 � r � E /0
1 �

a2 � g/0
2 D�D�D

aT � g/0
T

H /0
T

� L /0
T � D /0

T � r � E /0
T �

C C C

H I0
� L I0 � D I0 � r � E I0 �

a1 � gI1
H I1

� L I1 � D I1 � r � E I1 �

a2 � gI2 D�D�D

aT � gIT H IT
� L IT � D IT � r � E IT �

P Live���

P Live���

P Live���

Figure2. ExpandedProgramHistory, includingthenull (H /0) andreachable(H Q ) heapstates.

Figure2 showshow thenull (H /0) andreachable(H I ) heapstatemulti-graphsrelate
to null andcomprehensivecollectoractions.

Realcollectorsarebounded(in whatthey reclaim)by thenull andcomprehensive
collectors. Further, many collectorsidentify unreachableobjectsonly occasionally.
For example,they may allow a portion of the heapto �ll, andidentify unreachable
objectsin a batchonly after the spaceis full. While we modelonly the endresult
(e.g., the setof objectsidenti�ed asdead),in applyingthe framework it is easyto
associatecostswith collectoractiongt andderive theeffort takenby thecollectorat
eachtimestep.

3. HeapTraces
Whenexploring the performanceof a new garbagecollector, onecanoftenwork

fasterby usinga simulator. For this, onerunsa programin a systeminstrumentedto
produceacollector-neutralheaptrace. Thesimulatoracceptsthetraceasaninputand,
giventheGCalgorithm,systemparameters,andalgorithmtuningparameters(suchas
themaximumheapsizeallowed),estimatesthework neededby thealgorithmfor the
tracedinstanceof theprogram.

A heaptraceis atime-orderedsequenceof records.Therecordsareof thesekinds:
objectallocation, giving the new object's sizeanda uniqueidenti�er; objectdeath,
giving thedying object's uniqueidenti�er; heapreferenceupdate, giving the source
object, �eld key, and target objector null value; androot referenceupdate, giving
a locationof the root, andthe target objector null value. (The updaterecordsalso
implicitly de�ne areferencedeletionif the�eld/root previouslycontainedareference).
With a perfectlyaccuratetracethesimulatorcoulddeterminewheneachobjectdies,
but it is easierto write thesimulator, andthesimulatorrunsmuchfaster, if thedeath
timesareprovidedin thetrace.Thisis sinceasingletrace�le is usedin many different
simulations,it is cheaperto computethedeathtimesoncein advance.

Oneway to obtaindeathtimesfor tracesis to performa comprehensivecollection
wheneveracollectioncouldoccurin practice.Sincemostcollectorsattemptcollection
only in responseto anallocation(i.e.,whenthey requireadditionalspacein theheap),
this requiresdoing a collectionjust prior to eachallocation. This is the brute force
approachto tracegeneration.As theseconstantcollectionstake a substantialamount
of time, researchersoftenusetracesgeneratedwith lessfrequentcomprehensivecol-
lections,resultingin tracesthatmaydistortsimulatorresultssigni�cantly [7]. Wenow
extendour framework to modelobjectdeathtimes,in preparationfor presentingand
analyzingtheMerlin tracegenerationalgorithm.
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3.1. Object DeathTime Multi-Graph
We addto our framework theobjectdeathtimemulti-graph. This multi-graphdif-

fers from the othersbecauseit concernsonly the ef�ciency of a collector. It is not
relatedto the heapat any momentof the programhistory; ratherit exists to prove
theminimuminformationandwork neededto determinetheearliesttimeeachobject
couldbereclaimed.This multi-graphcanalsocomparetheef�ciency of comprehen-
sive collectorsby analyzingthe relative work neededto populateand analyzethis
multi-graph. Beforedescribingthe new graph,we discussa conceptuponwhich it
relies:�nal referencedeletiontime.

An object's �nal referencedeletiontime is thelasttime at which theobjecthasan
incomingreferencedeleted(by a root or heapreferencedeletionactionor at program
termination).Becauseeachobjectis allocatedwith a referencefrom theroot set,and
theprogramterminationactionremovesany rootreferencesthatexist, eachobjecthas
a �nal referencedeletiontime. This time occursbetweentheobject's allocationand
programtermination.Wede�ne thefunction f to mapeachvertex to its �nal reference
deletiontime. Givena vertex v, f is de�ned as: f � v�R� maxi S T ����� o � n�
����
 o � n�
� v�T�

Ei �U��
 o � n��� v�WV � Ei A 1 ��� . An objectmayhave incomingreferencesat its �nal reference
deletiontime, provided that the remainingincomingreferencesarenot deletedby a
programaction;in thename,“�nal” modi�es “deletion”, not “reference”.

With this de�nition, we presentthe last graphstructureof the paper. The object
deathtime multi-graphis alsoa directed,rootedmulti-graph,F �X� V � ET � f � , where
f is the �nal referencedeletiontime function from above. The multi-graph's setof
verticesV containsa vertex for eachobjectallocatedin theheap,i.e.,V � VT �Y� r ! .
Themulti-graph'sedgemultiset,ET , is theedgemultisetof the�nal heapstate.

As the nameimplies, the multi-graphdeterminesthe deathtime for eachobject.
An object's deathtime is the time at which it becomesunreachable—thetime the
correspondingvertex would be includedin a g I action. As the following theorem
shows,thistimecanbecomputedin theobjectdeathtimemulti-graphaseachvertex's
latestreaching �nal referencedeletiontime, the latest�nal referencedeletiontime
amongtheverticesthatreacheachvertex.

Theorem3 Thelatestreaching �nal referencedeletiontime to a vertex in F is the
timethecorrespondingobjectin theheapbecameunreachable.

Wenotethatthismulti-graphis similar to H IT (V � D IT andET � E IT) asonewould
expect,givenits function.Usingthismulti-graph,wecancomputeobjectdeathtimes
in asymptoticallyoptimaltime,asweshow in thenext section.

4. Merlin Algorithm Analysis
TheMerlin tracegenerationalgorithm,proposedby Hertzet al., generatestraces

over 800 timesfasterthanthe previousmethodof tracegeneration[7]. The Merlin
algorithm,shown in Figure3, achievesits speedupby performinga smallamountof
work with (some)programactionsandcanthusdelayperformingmorecostlyanal-
ysesuntil necessary. Designedusinginsightsgainedfrom this research,the Merlin
algorithmcomputeseachobject's �nal referencedeletiontime in conjunctionwith
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if (action = createroot referenceto o) then
rootReferences[o] Z[Z

elseif (action = createheapreference)then
Noactionneeded

elseif (action = deleteroot referenceto o) then
rootReferences[o] �[�

�nalReferenceDeletionTime[o] \ current time
elseif (action = deleteheapreferenceto o) then

�nalReferenceDeletionTime[o] \ current time
elseif (action = allocateobjecto) then

rootReferences[o] \ 1
�nalReferenceDeletionTime[o] \ 0

elseif (action = programtermination)then
for eachvertex v do

if rootReferences[v] V� 0 then
�nalReferenceDeletionTime[v] \ current time

for eachvertex v by decreasing�nal referencedeletiontimedo
pushv ontothestack

while (thestackis notempty)do
popv from thestack
workingTime \ �nalReferenceDeletionTime[v]
for eachnon-null w to whichv refersdo

if (�nalReferenceDeletionTime[w] ] workingTime) then
�nalReferenceDeletionTime[w] \ workingTime
pushw ontothestack

Figure3. TheMerlin TraceGenerationAlgorithm

programactionsandanalyzestheobjectdeathtimemulti-graphthatit constructswith
this information.Fromthis analysis,theMerlin algorithmcaneasilyandquickly de-
termineeachobject'sdeathtimefor tracegeneration.

Thissectionshowsthatour framework canhelponeto discovernew insightsabout
garbagecollectionandalsoproveasymptoticrunningtimesfor garbagecollectional-
gorithms.We begin by proving theasymptoticrunningtimefor theMerlin algorithm.
We thenprovethatthis runningtime is optimalfor heaptracegeneration.

4.1. Merlin' sRunning Time
Brute force tracegeneration,discussedin Section3, computesobjectdeathtimes

by performinga reachabilityanalysiswhenever it wantsobjectdeathtimes.Comput-
ing which objectsarereachablein theheapstateis equivalentto solving thesingle-
source/multi-sinkreachabilityproblemfrom the root vertex, which requiresO � LR

t Z

ER
t � time. Sincethis reachabilityanalysismustberepeatedthroughouttherunningof

theprogram,bruteforcetracegenerationcanrequireup to å T
t ^ 1 O � LR

t Z ER
t � time!



Framework for AnalyzingGarbageCollection 11

To generatetraces,Merlin mustcomputewheneachobjectbecomesunreachable.
For this,Merlin buildsandanalyzestheobjectdeathtimemulti-graphastheprogram
runs.Usingtheobjectdeathtimemulti-graph,�nding whenobjectsbecomeunreach-
ablerequirescomparingthe reaching�nal referencedeletiontimesfor eachvertex;
this processingseemsanalogousto computingall of the transitive closuressets,re-
quiringO � VT _

ET � time[5, p. 766].
Solvingthetransitive closuresdetermineswheneachobjectcanbereclaimed,but

requiresmorework thanis needed.Objectdeathtimesarethe latest reaching�nal
referencedeletiontimes;to �nd deathtimes,Merlin requiresasingledepth-�rstsearch
from eachvertex in reverseorderof vertex �nal referencedeletiontimes.

Lemma 4 Whencomputingobjectdeathtimes,each vertex and each edge needbe
processedonlyonce.

With theframework, wecannow proveMerlin'sasymptoticrunningtime.

Theorem5 Merlin requiresO � T � timeto createtheObjectDeathTimeMulti-Graph
andthenO � VT Z ET � timeto computetheobjectdeathtimes.

This leadsto anadditionaltheorem.

Theorem6 TheMerlin algorithmcomputesobjectdeathtimesin asymptoticallyop-
timal timefor tracegeneration.

5. FutureWork
Our framework hasbeendesignedto beabstractandyet robust. We demonstrate

how it canbeusedto easilyprove asymptoticrunningtimes,optimalrunningtimes,
andspaceboundsfor garbagecollection.It is ourhopethatwe,andotherresearchers,
useandextendthis framework to fully developatheoreticalunderpinningfor garbage
collection.Thereare,in particular, severalareasin whichwehopeto expanduponthe
work in thispaper.

Collector Ef�ciency Analysis
In this researchwe analyzedpropertiesof comprehensive garbagecollection. Using
this framework, we hopeto performa similar analysisfor non-comprehensivecollec-
torsandhelp focusresearchseekingfasteralgorithms.Oneapproachfor this future
work is to �nd andrecastthe importantfeaturesfor the collectorstatemulti-graph
muchastheobjectdeathtimemulti-graphdistills theimportantfeaturesof thereach-
ablemulti-graph.

Collection Optimization Analysis
Anotherdirectionin which we wish to expandthis work is determiningthevalueof
differentoptimizations.By usingour framework to measureboththeasymptoticcost
andpotentialsavingsfor a varietyof optimizations,we couldbetterunderstandwhat
limits garbagecollectorspeedandhow bestto overcomeit.
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6. Summary
This paperintroducesseveralstructuresandanalysesfor garbagecollectors.With

thenew structures,weprovetherunningtimeof theMerlin tracegenerationalgorithm
andshow thatthis time is optimalfor computingobjectdeathtimes.
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