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Background 

n  Stability well-understood: TCP Reno, 
STCP. 

n  Less so: CUBIC, H-TCP. 
n  Reason: lack of a suitable modeling 

framework. 
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Contributions of this Work 
n  New modeling framework applicable to 

wide variety of loss-based protocols. 
n  Application to TCP CUBIC. 

n  Result: CUBIC is locally asymptotically 
stable. 

n  Simulation framework to test and validate 
the models. 
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Brief Introduction to Stability 

4 

unstable 
equilibrium global  
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Stability: Difference in Responses 
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Stability: Difference in Responses 
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Stability: Difference in Responses 
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x(t) 

time 

oscillatory response 
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Undamped oscillation is 
undesirable behavior. 

Stability: Difference in Responses 
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Convergence to a fixed 
point is desirable 

behavior. 
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Instability with TCP CUBIC 
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This choice of  
initial conditions 
leads to unstable 

behavior. 

Fluid model 
simulation. 

Link capacity of  
1 Gbps,  

delay of 100 ms. 
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Stability with TCP CUBIC 
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104 Fluid model 
simulation. 

Link capacity of  
1 Gbps,  

delay of 100 ms. 

This choice of 
initial conditions 
leads to stable 

behavior. 
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The Lesson 
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TCP CUBIC can be ill-behaved. 
 

In general, more deviation from fixed-point à 
more instability.  

 
Impact on performance metrics  

like bandwidth utilization. 
 

Effective modeling à conditions for stability  
à ensure efficient operation of the protocol. 
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Previous Work 
n  Misra et al. “Fluid-based Analysis of a Network of AQM Routers 

Supporting TCP Flows with an Application to RED.” ACM 
SIGCOMM 2000. 

 

n  Hollot et al. “A Control Theoretic Analysis of RED.” INFOCOM 2001. 
n  Analyze system above, present design guidelines for stable AQM operation. 

n  Liu et al. “Fluid Models and Solutions for Large-Scale IP Networks.” 
ACM/SigMetrics 2003. 
n  Uses (*) as a starting point. Model a network of AQM routers. Obtain transient 

behavior of average queue lengths, packet loss probabilities, latencies. 
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<latexit sha1_base64="oMbsvi/lx8alw+gRlH7HDyIEiNU=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR20TJTBHUhFt24rGBtoVNKJpNpQzMPkjtCGeZz3PgrbkRUdOmfmOl0oa0HAifn3HuTe5xIcAWm+WUsLa+srq0XNoqbW9s7u6W9/XsVxpKyNg1FKLsOUUzwgLWBg2DdSDLiO4J1nPF15ncemFQ8DO5gErG+T4YB9zgloKVB6dL2JKGJ26lANU1cSPEFziUrTWwgcVrLr3lBI7WFHu6SCtQytzoolc26OQVeJNaMlNEMrUHp1XZDGvssACqIUj3LjKCfEAmcCpYW7VixiNAxGbKepgHxmeon00VTfKwVF3uh1CcAPFV/dyTEV2riO7rSJzBS814m/uf1YvDO+gkPohhYQPOHvFhgCHGWGna5ZBTERBNCJdd/xXREdC6gsy3qEKz5lRdJu1E/r1u3J+Xm1SyNAjpER6iCLHSKmugGtVAbUfSIntEbejeejBfjw/jMS5eMWc8B+gPj+wcHN6Yp</latexit><latexit sha1_base64="oMbsvi/lx8alw+gRlH7HDyIEiNU=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR20TJTBHUhFt24rGBtoVNKJpNpQzMPkjtCGeZz3PgrbkRUdOmfmOl0oa0HAifn3HuTe5xIcAWm+WUsLa+srq0XNoqbW9s7u6W9/XsVxpKyNg1FKLsOUUzwgLWBg2DdSDLiO4J1nPF15ncemFQ8DO5gErG+T4YB9zgloKVB6dL2JKGJ26lANU1cSPEFziUrTWwgcVrLr3lBI7WFHu6SCtQytzoolc26OQVeJNaMlNEMrUHp1XZDGvssACqIUj3LjKCfEAmcCpYW7VixiNAxGbKepgHxmeon00VTfKwVF3uh1CcAPFV/dyTEV2riO7rSJzBS814m/uf1YvDO+gkPohhYQPOHvFhgCHGWGna5ZBTERBNCJdd/xXREdC6gsy3qEKz5lRdJu1E/r1u3J+Xm1SyNAjpER6iCLHSKmugGtVAbUfSIntEbejeejBfjw/jMS5eMWc8B+gPj+wcHN6Yp</latexit><latexit sha1_base64="oMbsvi/lx8alw+gRlH7HDyIEiNU=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR20TJTBHUhFt24rGBtoVNKJpNpQzMPkjtCGeZz3PgrbkRUdOmfmOl0oa0HAifn3HuTe5xIcAWm+WUsLa+srq0XNoqbW9s7u6W9/XsVxpKyNg1FKLsOUUzwgLWBg2DdSDLiO4J1nPF15ncemFQ8DO5gErG+T4YB9zgloKVB6dL2JKGJ26lANU1cSPEFziUrTWwgcVrLr3lBI7WFHu6SCtQytzoolc26OQVeJNaMlNEMrUHp1XZDGvssACqIUj3LjKCfEAmcCpYW7VixiNAxGbKepgHxmeon00VTfKwVF3uh1CcAPFV/dyTEV2riO7rSJzBS814m/uf1YvDO+gkPohhYQPOHvFhgCHGWGna5ZBTERBNCJdd/xXREdC6gsy3qEKz5lRdJu1E/r1u3J+Xm1SyNAjpER6iCLHSKmugGtVAbUfSIntEbejeejBfjw/jMS5eMWc8B+gPj+wcHN6Yp</latexit><latexit sha1_base64="oMbsvi/lx8alw+gRlH7HDyIEiNU=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR20TJTBHUhFt24rGBtoVNKJpNpQzMPkjtCGeZz3PgrbkRUdOmfmOl0oa0HAifn3HuTe5xIcAWm+WUsLa+srq0XNoqbW9s7u6W9/XsVxpKyNg1FKLsOUUzwgLWBg2DdSDLiO4J1nPF15ncemFQ8DO5gErG+T4YB9zgloKVB6dL2JKGJ26lANU1cSPEFziUrTWwgcVrLr3lBI7WFHu6SCtQytzoolc26OQVeJNaMlNEMrUHp1XZDGvssACqIUj3LjKCfEAmcCpYW7VixiNAxGbKepgHxmeon00VTfKwVF3uh1CcAPFV/dyTEV2riO7rSJzBS814m/uf1YvDO+gkPohhYQPOHvFhgCHGWGna5ZBTERBNCJdd/xXREdC6gsy3qEKz5lRdJu1E/r1u3J+Xm1SyNAjpER6iCLHSKmugGtVAbUfSIntEbejeejBfjw/jMS5eMWc8B+gPj+wcHN6Yp</latexit>

(⇤)
<latexit sha1_base64="CP1QpjgWPAUUA96iFeTeyS6xg7Q=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJUDyURQb0VvXisaGyhLWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//0cSpZtxnsYx1M6CGS6G4jwIlbyaa0yiQvBEMbyZ+44lrI2L1gKOEdyLaVyIUjKKV7iunJ91S2a26U5BF4uWkDDnq3dJXuxezNOIKmaTGtDw3wU5GNQom+bjYTg1PKBvSPm9ZqmjETSebnjomx1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif14rxfCykwmVpMgVmy0KU0kwJpO/SU9ozlCOLKFMC3srYQOqKUObTtGG4M2/vEj8s+pV1bs7L9eu8zQKcAhHUAEPLqAGt1AHHxj04Rle4c2Rzovz7nzMWpecfOYA/sD5/AGjaozn</latexit><latexit sha1_base64="CP1QpjgWPAUUA96iFeTeyS6xg7Q=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJUDyURQb0VvXisaGyhLWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//0cSpZtxnsYx1M6CGS6G4jwIlbyaa0yiQvBEMbyZ+44lrI2L1gKOEdyLaVyIUjKKV7iunJ91S2a26U5BF4uWkDDnq3dJXuxezNOIKmaTGtDw3wU5GNQom+bjYTg1PKBvSPm9ZqmjETSebnjomx1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif14rxfCykwmVpMgVmy0KU0kwJpO/SU9ozlCOLKFMC3srYQOqKUObTtGG4M2/vEj8s+pV1bs7L9eu8zQKcAhHUAEPLqAGt1AHHxj04Rle4c2Rzovz7nzMWpecfOYA/sD5/AGjaozn</latexit><latexit sha1_base64="CP1QpjgWPAUUA96iFeTeyS6xg7Q=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJUDyURQb0VvXisaGyhLWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//0cSpZtxnsYx1M6CGS6G4jwIlbyaa0yiQvBEMbyZ+44lrI2L1gKOEdyLaVyIUjKKV7iunJ91S2a26U5BF4uWkDDnq3dJXuxezNOIKmaTGtDw3wU5GNQom+bjYTg1PKBvSPm9ZqmjETSebnjomx1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif14rxfCykwmVpMgVmy0KU0kwJpO/SU9ozlCOLKFMC3srYQOqKUObTtGG4M2/vEj8s+pV1bs7L9eu8zQKcAhHUAEPLqAGt1AHHxj04Rle4c2Rzovz7nzMWpecfOYA/sD5/AGjaozn</latexit><latexit sha1_base64="CP1QpjgWPAUUA96iFeTeyS6xg7Q=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJUDyURQb0VvXisaGyhLWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW//0cSpZtxnsYx1M6CGS6G4jwIlbyaa0yiQvBEMbyZ+44lrI2L1gKOEdyLaVyIUjKKV7iunJ91S2a26U5BF4uWkDDnq3dJXuxezNOIKmaTGtDw3wU5GNQom+bjYTg1PKBvSPm9ZqmjETSebnjomx1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif14rxfCykwmVpMgVmy0KU0kwJpO/SU9ozlCOLKFMC3srYQOqKUObTtGG4M2/vEj8s+pV1bs7L9eu8zQKcAhHUAEPLqAGt1AHHxj04Rle4c2Rzovz7nzMWpecfOYA/sD5/AGjaozn</latexit>
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Definitions 

13 

W
max

(t)
<latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit><latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit><latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit><latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit>

s(t)
<latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit><latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit><latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit><latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit>

p(t)
<latexit sha1_base64="xH2qm8FXSnxXS9hAwYLSJSQHKcQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcyltIZnvUrVrbszkGXiFaQKBZq9yle3n7BM8RiZpMZ0PDfFYEI1Cib5tNzNDE8pG9EB71gaU8VNMJndOiWnVumTKNG2YiQz9ffEhCpjxiq0nYri0Cx6ufif18kwugomIk4z5DGbL4oySTAh+eOkLzRnKMeWUKaFvZWwIdWUoY2nbEPwFl9eJv55/bru3V9UGzdFGiU4hhOogQeX0IA7aIIPDIbwDK/w5ijnxXl3PuatK04xcwR/4Hz+AOMojas=</latexit><latexit sha1_base64="xH2qm8FXSnxXS9hAwYLSJSQHKcQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcyltIZnvUrVrbszkGXiFaQKBZq9yle3n7BM8RiZpMZ0PDfFYEI1Cib5tNzNDE8pG9EB71gaU8VNMJndOiWnVumTKNG2YiQz9ffEhCpjxiq0nYri0Cx6ufif18kwugomIk4z5DGbL4oySTAh+eOkLzRnKMeWUKaFvZWwIdWUoY2nbEPwFl9eJv55/bru3V9UGzdFGiU4hhOogQeX0IA7aIIPDIbwDK/w5ijnxXl3PuatK04xcwR/4Hz+AOMojas=</latexit><latexit sha1_base64="xH2qm8FXSnxXS9hAwYLSJSQHKcQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcyltIZnvUrVrbszkGXiFaQKBZq9yle3n7BM8RiZpMZ0PDfFYEI1Cib5tNzNDE8pG9EB71gaU8VNMJndOiWnVumTKNG2YiQz9ffEhCpjxiq0nYri0Cx6ufif18kwugomIk4z5DGbL4oySTAh+eOkLzRnKMeWUKaFvZWwIdWUoY2nbEPwFl9eJv55/bru3V9UGzdFGiU4hhOogQeX0IA7aIIPDIbwDK/w5ijnxXl3PuatK04xcwR/4Hz+AOMojas=</latexit><latexit sha1_base64="xH2qm8FXSnxXS9hAwYLSJSQHKcQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcyltIZnvUrVrbszkGXiFaQKBZq9yle3n7BM8RiZpMZ0PDfFYEI1Cib5tNzNDE8pG9EB71gaU8VNMJndOiWnVumTKNG2YiQz9ffEhCpjxiq0nYri0Cx6ufif18kwugomIk4z5DGbL4oySTAh+eOkLzRnKMeWUKaFvZWwIdWUoY2nbEPwFl9eJv55/bru3V9UGzdFGiU4hhOogQeX0IA7aIIPDIbwDK/w5ijnxXl3PuatK04xcwR/4Hz+AOMojas=</latexit>

⌧
<latexit sha1_base64="Hfh6aFifY+gzOAkIl1QvVGfnlfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqundnTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjlOOHA==</latexit><latexit sha1_base64="Hfh6aFifY+gzOAkIl1QvVGfnlfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqundnTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjlOOHA==</latexit><latexit sha1_base64="Hfh6aFifY+gzOAkIl1QvVGfnlfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqundnTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjlOOHA==</latexit><latexit sha1_base64="Hfh6aFifY+gzOAkIl1QvVGfnlfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqundnTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjlOOHA==</latexit>

W (t)
<latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit><latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit><latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit><latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit>

C
<latexit sha1_base64="sAPrmaXVIyRv3mqrA7bRIJ+KLu0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG/FXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+GoPvNbT6g0T+S9GacYxHQgecQZNVZq1nvlilt15yCrxMtJBXI0euWvbj9hWYzSMEG17nhuaoIJVYYzgdNSN9OYUjaiA+xYKmmMOpjMD52SM6v0SZQoW9KQufp7YkJjrcdxaDtjaoZ62ZuJ/3mdzETXwYTLNDMo2WJRlAliEjL7mvS5QmbE2BLKFLe3EjakijJjsynZELzll1eJf1G9qXrNy0rtNk+jCCdwCufgwRXU4A4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8EgIyb</latexit><latexit sha1_base64="sAPrmaXVIyRv3mqrA7bRIJ+KLu0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG/FXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+GoPvNbT6g0T+S9GacYxHQgecQZNVZq1nvlilt15yCrxMtJBXI0euWvbj9hWYzSMEG17nhuaoIJVYYzgdNSN9OYUjaiA+xYKmmMOpjMD52SM6v0SZQoW9KQufp7YkJjrcdxaDtjaoZ62ZuJ/3mdzETXwYTLNDMo2WJRlAliEjL7mvS5QmbE2BLKFLe3EjakijJjsynZELzll1eJf1G9qXrNy0rtNk+jCCdwCufgwRXU4A4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8EgIyb</latexit><latexit sha1_base64="sAPrmaXVIyRv3mqrA7bRIJ+KLu0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG/FXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+GoPvNbT6g0T+S9GacYxHQgecQZNVZq1nvlilt15yCrxMtJBXI0euWvbj9hWYzSMEG17nhuaoIJVYYzgdNSN9OYUjaiA+xYKmmMOpjMD52SM6v0SZQoW9KQufp7YkJjrcdxaDtjaoZ62ZuJ/3mdzETXwYTLNDMo2WJRlAliEjL7mvS5QmbE2BLKFLe3EjakijJjsynZELzll1eJf1G9qXrNy0rtNk+jCCdwCufgwRXU4A4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8EgIyb</latexit><latexit sha1_base64="sAPrmaXVIyRv3mqrA7bRIJ+KLu0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG/FXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+GoPvNbT6g0T+S9GacYxHQgecQZNVZq1nvlilt15yCrxMtJBXI0euWvbj9hWYzSMEG17nhuaoIJVYYzgdNSN9OYUjaiA+xYKmmMOpjMD52SM6v0SZQoW9KQufp7YkJjrcdxaDtjaoZ62ZuJ/3mdzETXwYTLNDMo2WJRlAliEjL7mvS5QmbE2BLKFLe3EjakijJjsynZELzll1eJf1G9qXrNy0rtNk+jCCdwCufgwRXU4A4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8EgIyb</latexit>

Term Definition 

per-flow capacity 

link delay 

the size of the cwnd immediately before loss 

the time elapsed since last loss 

the cwnd as a function of time 

a loss probability function 

fixed-point value of  
x̂

<latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit><latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit><latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit><latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit>

x

<latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit>
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Congestion window function is given by 
 
 
   
   - scaling factor, 
   - multiplicative decrease constant, 
        - elapsed time since last loss, 
                 - size of cwnd immediately before 
last loss. 
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system is time-delayed, use Razumikhin’s Theorem to show that the candidate is suitable and
that stability holds in a neighborhood of the fixed point of the system. A consequence of the
failed linearization is that we will not prove exponential stability for CUBIC, but we can still
show asymptotic and Lyapunov stability. Finally, we derive convergence results on the system’s
solution.

4.1 TCP CUBIC Fluid Model

TCP CUBIC’s congestion window function is defined in terms of the time since last loss s(t)
and maximum value of cwnd immediately before the last loss W

max

(t) [2]:

W (t) = c

 
s(t)� 3

r
W

max

(t)b

c

!
3

+W

max

(t) (7)

where b is a multiplicative decrease factor and c is a scaling factor. Figure 2 illustrates the
evolution of CUBIC’s cwnd over time. The opaque red curves represent behavior in steady
state: the window is concave until a loss occurs at CUBIC’s fixed-point value of cwnd , Ŵ .
The light red curves describe cwnd behavior if a loss does not occur: the window becomes
convex, also known as CUBIC’s probing phase. The fluid model for CUBIC is then simply (1)
coupled with (7), with (3) as the loss probability function. Prior to the development of (1), we
attempted to develop a fluid model by first computing the equilibrium point for CUBIC, but
this exercise gave a value of s at (7)’s saddle point and consequently, a confounding linearization
of dW/dt = 0. Further attempts at deriving dW/dt, taking into account the time-dependencies
s(t) and W

max

(t), resulted in a highly complex DE involving both W

max

(t), s(t), and their
derivatives. Even obtaining the fixed points of this DE would be highly cumbersome, compared
to obtaining the fixed point of (1).

Figure 2: CUBIC’s saddle point causes dW (t)/dt to evaluate to zero at the fixed point of the
system.

4.2 Fixed Point Analysis

Let Ŵ

max

, ŝ, Ŵ , and p̂ represent the fixed point values of W

max

(t), s(t), W (t), and p(t),
respectively. Using the fact that in steady state, W (t) = W (t�⌧) = Ŵ and p(t) = p(t�⌧) = p̂,

6

c
<latexit sha1_base64="dH/5ouAzGwbHNs4b529AlentnSk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzTgjLs=</latexit><latexit sha1_base64="dH/5ouAzGwbHNs4b529AlentnSk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzTgjLs=</latexit><latexit sha1_base64="dH/5ouAzGwbHNs4b529AlentnSk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzTgjLs=</latexit><latexit sha1_base64="dH/5ouAzGwbHNs4b529AlentnSk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzTgjLs=</latexit>

b
<latexit sha1_base64="fLcFuau32Ix18DXh1X/nqwYgiJk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaYa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAzXYy6</latexit><latexit sha1_base64="fLcFuau32Ix18DXh1X/nqwYgiJk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaYa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAzXYy6</latexit><latexit sha1_base64="fLcFuau32Ix18DXh1X/nqwYgiJk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaYa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAzXYy6</latexit><latexit sha1_base64="fLcFuau32Ix18DXh1X/nqwYgiJk=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaYa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwAzXYy6</latexit>

W
max

(t)
<latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit><latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit><latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit><latexit sha1_base64="h4wMLGeE7RJMYV/5Mma/GfRy8yM=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahXkoignorevFYwdhCGspmu2mX7mbD7kQsoT/DiwcVr/4bb/4bt20O2vpg4PHeDDPzolRwA6777ZRWVtfWN8qbla3tnd296v7Bg1GZpsynSijdiYhhgifMBw6CdVLNiIwEa0ejm6nffmTacJXcwzhloSSDhMecErBS0O7lXUmeJnU47VVrbsOdAS8TryA1VKDVq351+4pmkiVABTEm8NwUwpxo4FSwSaWbGZYSOiIDFliaEMlMmM9OnuATq/RxrLStBPBM/T2RE2nMWEa2UxIYmkVvKv7nBRnEl2HOkzQDltD5ojgTGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JQqNgRv8eVl4p81rhre3XmteV2kUUZH6BjVkYcuUBPdohbyEUUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBSPpDR</latexit>

s(t)
<latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit><latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit><latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit><latexit sha1_base64="uzzccRxPWmW1lQvv2TwqHBg/5jY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcwlU8OzXqXq1t0ZyDLxClKFAs1e5avbT1imeIxMUmM6nptiMKEaBZN8Wu5mhqeUjeiAdyyNqeImmMxunZJTq/RJlGhbMZKZ+ntiQpUxYxXaTkVxaBa9XPzP62QYXQUTEacZ8pjNF0WZJJiQ/HHSF5ozlGNLKNPC3krYkGrK0MZTtiF4iy8vE/+8fl337i+qjZsijRIcwwnUwINLaMAdNMEHBkN4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AOe6ja4=</latexit>
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W (t)
<latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit><latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit><latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit><latexit sha1_base64="y4c6LzFnEzMegionaN7rOvwSI08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtoQ9lsN+3S3STsToRS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8NEmmGfdZIhPdDqnhUsTcR4GSt1PNqQolb4Wj29xvPXFtRBI/4DjlgaKDWESCUcylVg3PepWqW3dnIMvEK0gVCjR7la9uP2GZ4jEySY3peG6KwYRqFEzyabmbGZ5SNqID3rE0poqbYDK7dUpOrdInUaJtxUhm6u+JCVXGjFVoOxXFoVn0cvE/r5NhdBVMRJxmyGM2XxRlkmBC8sdJX2jOUI4toUwLeythQ6opQxtP2YbgLb68TPzz+nXdu7+oNm6KNEpwDCdQAw8uoQF30AQfGAzhGV7hzVHOi/PufMxbV5xi5gj+wPn8Ab0SjZI=</latexit>

t
<latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit>

ŝ
<latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit>

ŝ
<latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit>

ŝ
<latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit><latexit sha1_base64="z4aywzrRmb7bDvBO7ljyYh19v2c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuzeimJtpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPFHePmA==</latexit>

Ŵ
max

<latexit sha1_base64="8VI6X9D9jU+x45L07vtCQZSbqm8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoY9lsN+3S3U3Y3agl5H948aDi1R/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+64EqzWJ5a8YJDQQeSBYxgo2V7rtDbLJW3su6Aj/lvWrNrbtToEXiFaQGBZq96le3H5NUUGkIx1p3PDcxQYaVYYTTvNJNNU0wGeEB7VgqsaA6yKZX5+jIKn0UxcqWNGiq/p7IsNB6LELbKbAZ6nlvIv7ndVITnQcZk0lqqCSzRVHKkYnRJALUZ4oSw8eWYKKYvRWRIVaYGBtUxYbgzb+8SPyT+kXduzmtNS6LNMpwAIdwDB6cQQOuoQk+EFDwDK/w5jw6L8678zFrLTnFzD78gfP5A4hakrs=</latexit><latexit sha1_base64="8VI6X9D9jU+x45L07vtCQZSbqm8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoY9lsN+3S3U3Y3agl5H948aDi1R/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+64EqzWJ5a8YJDQQeSBYxgo2V7rtDbLJW3su6Aj/lvWrNrbtToEXiFaQGBZq96le3H5NUUGkIx1p3PDcxQYaVYYTTvNJNNU0wGeEB7VgqsaA6yKZX5+jIKn0UxcqWNGiq/p7IsNB6LELbKbAZ6nlvIv7ndVITnQcZk0lqqCSzRVHKkYnRJALUZ4oSw8eWYKKYvRWRIVaYGBtUxYbgzb+8SPyT+kXduzmtNS6LNMpwAIdwDB6cQQOuoQk+EFDwDK/w5jw6L8678zFrLTnFzD78gfP5A4hakrs=</latexit><latexit sha1_base64="8VI6X9D9jU+x45L07vtCQZSbqm8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoY9lsN+3S3U3Y3agl5H948aDi1R/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+64EqzWJ5a8YJDQQeSBYxgo2V7rtDbLJW3su6Aj/lvWrNrbtToEXiFaQGBZq96le3H5NUUGkIx1p3PDcxQYaVYYTTvNJNNU0wGeEB7VgqsaA6yKZX5+jIKn0UxcqWNGiq/p7IsNB6LELbKbAZ6nlvIv7ndVITnQcZk0lqqCSzRVHKkYnRJALUZ4oSw8eWYKKYvRWRIVaYGBtUxYbgzb+8SPyT+kXduzmtNS6LNMpwAIdwDB6cQQOuoQk+EFDwDK/w5jw6L8678zFrLTnFzD78gfP5A4hakrs=</latexit><latexit sha1_base64="8VI6X9D9jU+x45L07vtCQZSbqm8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoY9lsN+3S3U3Y3agl5H948aDi1R/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+64EqzWJ5a8YJDQQeSBYxgo2V7rtDbLJW3su6Aj/lvWrNrbtToEXiFaQGBZq96le3H5NUUGkIx1p3PDcxQYaVYYTTvNJNNU0wGeEB7VgqsaA6yKZX5+jIKn0UxcqWNGiq/p7IsNB6LELbKbAZ6nlvIv7ndVITnQcZk0lqqCSzRVHKkYnRJALUZ4oSw8eWYKKYvRWRIVaYGBtUxYbgzb+8SPyT+kXduzmtNS6LNMpwAIdwDB6cQQOuoQk+EFDwDK/w5jw6L8678zFrLTnFzD78gfP5A4hakrs=</latexit>
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Modeling CUBIC 
n  Reno: AIMD 

 
 
n  Scalable TCP: MIMD 
n  CUBIC: 

16 

dW (t)

dt
=

1

⌧
� W (t)

2
�(t� ⌧)
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Figure 1: W (t), W
max

(t), and s(t) for TCP Reno.

and s(t) – the amount of time elapsed since last loss, which are variables common to all loss-
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Above, p(t� ⌧) is a loss probability function. The expression W (t� ⌧)p(t� ⌧)/⌧ describes the
rate of packet loss, which is delayed by ⌧ because loss occurs at the congestion point, not at
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(t) � W (t); otherwise, it increases by the same amount. The second DE describes the
evolution of the time since last loss s(t), which grows by one unit and is reset to zero upon loss.
This system can be adapted to a rate-based scheme in terms of maximum rate and time since
last rate decrease, simply by dividing each DE by ⌧ . Since we will be describing applications of
this model to TCP Reno and CUBIC, which are both cwnd -based, we use (1) in the interest of
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Reno, we define Reno’s cwnd as a function of W
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(t) is halved. This becomes the initial value of W (t) in the new congestion epoch. W (t)
then increases by one segment for every round-trip time, so the total increase is s(t)/⌧ after
s(t) time has elapsed since the last loss. Hence,
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Then the fluid model for Reno is (1) combined with (2).
The loss probability function can be customized according to the specific characteristics of a

given system, such as queue size and AQM policy. For simplicity, we use the following function
in all subsequent models:

p(t) = max
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Note that W (t) must be either derived explicitly, for example as in (2) for TCP Reno or given in the definition

of the controller, as in (7) for CUBIC.
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Figure 1: W (t), W
max

(t), and s(t) for TCP Reno.

and s(t) – the amount of time elapsed since last loss, which are variables common to all loss-
based algorithms. Since W (t), is a function of W

max

(t) and s(t), it is completely determined by
their DEs. The result is the following model2:
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Above, p(t� ⌧) is a loss probability function. The expression W (t� ⌧)p(t� ⌧)/⌧ describes the
rate of packet loss, which is delayed by ⌧ because loss occurs at the congestion point, not at
the source. The first DE describes the behavior of W

max

, which takes the value of W (t) right
before a loss. At the time of loss, if W

max

(t) > W (t), then W

max

decreases by the amount
W

max

(t) � W (t); otherwise, it increases by the same amount. The second DE describes the
evolution of the time since last loss s(t), which grows by one unit and is reset to zero upon loss.
This system can be adapted to a rate-based scheme in terms of maximum rate and time since
last rate decrease, simply by dividing each DE by ⌧ . Since we will be describing applications of
this model to TCP Reno and CUBIC, which are both cwnd -based, we use (1) in the interest of
the paper.

Figure 1 illustrates W

max

(t), s(t), and W (t) for TCP Reno. To adapt model (1) to TCP
Reno, we define Reno’s cwnd as a function of W

max

(t) and s(t). At the time of loss, W (t) =
W

max

(t) is halved. This becomes the initial value of W (t) in the new congestion epoch. W (t)
then increases by one segment for every round-trip time, so the total increase is s(t)/⌧ after
s(t) time has elapsed since the last loss. Hence,

W (t) =
W

max

(t)

2
+

s(t)

⌧

. (2)

Then the fluid model for Reno is (1) combined with (2).
The loss probability function can be customized according to the specific characteristics of a

given system, such as queue size and AQM policy. For simplicity, we use the following function
in all subsequent models:

p(t) = max

✓
1� C⌧

W (t)
, 0

◆
. (3)

2
Note that W (t) must be either derived explicitly, for example as in (2) for TCP Reno or given in the definition

of the controller, as in (7) for CUBIC.
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system is time-delayed, use Razumikhin’s Theorem to show that the candidate is suitable and
that stability holds in a neighborhood of the fixed point of the system. A consequence of the
failed linearization is that we will not prove exponential stability for CUBIC, but we can still
show asymptotic and Lyapunov stability. Finally, we derive convergence results on the system’s
solution.

4.1 TCP CUBIC Fluid Model

TCP CUBIC’s congestion window function is defined in terms of the time since last loss s(t)
and maximum value of cwnd immediately before the last loss W

max

(t) [2]:

W (t) = c

 
s(t)� 3

r
W

max

(t)b

c

!
3

+W

max

(t) (7)

where b is a multiplicative decrease factor and c is a scaling factor. Figure 2 illustrates the
evolution of CUBIC’s cwnd over time. The opaque red curves represent behavior in steady
state: the window is concave until a loss occurs at CUBIC’s fixed-point value of cwnd , Ŵ .
The light red curves describe cwnd behavior if a loss does not occur: the window becomes
convex, also known as CUBIC’s probing phase. The fluid model for CUBIC is then simply (1)
coupled with (7), with (3) as the loss probability function. Prior to the development of (1), we
attempted to develop a fluid model by first computing the equilibrium point for CUBIC, but
this exercise gave a value of s at (7)’s saddle point and consequently, a confounding linearization
of dW/dt = 0. Further attempts at deriving dW/dt, taking into account the time-dependencies
s(t) and W

max

(t), resulted in a highly complex DE involving both W

max

(t), s(t), and their
derivatives. Even obtaining the fixed points of this DE would be highly cumbersome, compared
to obtaining the fixed point of (1).

Figure 2: CUBIC’s saddle point causes dW (t)/dt to evaluate to zero at the fixed point of the
system.

4.2 Fixed Point Analysis

Let Ŵ

max

, ŝ, Ŵ , and p̂ represent the fixed point values of W

max

(t), s(t), W (t), and p(t),
respectively. Using the fact that in steady state, W (t) = W (t�⌧) = Ŵ and p(t) = p(t�⌧) = p̂,
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Above, p(t� ⌧) is a loss probability function. The expression W (t� ⌧)p(t� ⌧)/⌧ describes the
rate of packet loss, which is delayed by ⌧ because loss occurs at the congestion point, not at
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, which takes the value of W (t) right
before a loss. At the time of loss, if W

max

(t) > W (t), then W

max

decreases by the amount
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max

(t) � W (t); otherwise, it increases by the same amount. The second DE describes the
evolution of the time since last loss s(t), which grows by one unit and is reset to zero upon loss.
This system can be adapted to a rate-based scheme in terms of maximum rate and time since
last rate decrease, simply by dividing each DE by ⌧ . Since we will be describing applications of
this model to TCP Reno and CUBIC, which are both cwnd -based, we use (1) in the interest of
the paper.

Figure 1 illustrates W

max

(t), s(t), and W (t) for TCP Reno. To adapt model (1) to TCP
Reno, we define Reno’s cwnd as a function of W

max

(t) and s(t). At the time of loss, W (t) =
W

max

(t) is halved. This becomes the initial value of W (t) in the new congestion epoch. W (t)
then increases by one segment for every round-trip time, so the total increase is s(t)/⌧ after
s(t) time has elapsed since the last loss. Hence,

W (t) =
W

max

(t)

2
+

s(t)

⌧

. (2)

Then the fluid model for Reno is (1) combined with (2).
The loss probability function can be customized according to the specific characteristics of a

given system, such as queue size and AQM policy. For simplicity, we use the following function
in all subsequent models:

p(t) = max

✓
1� C⌧

W (t)
, 0

◆
. (3)

2
Note that W (t) must be either derived explicitly, for example as in (2) for TCP Reno or given in the definition

of the controller, as in (7) for CUBIC.
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(3)
<latexit sha1_base64="vbrC/BXX+k9ccqOeoEFyMKVF/LI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLUS0lUUG9FLx4rGltoQ9lst+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2tt/NHGqGfdZLGPdDKnhUijuo0DJm4nmNAolb4TDm4nfeOLaiFg94CjhQUT7SvQEo2il+8rZSadUdqvuFGSReDkpQ456p/TV7sYsjbhCJqkxLc9NMMioRsEkHxfbqeEJZUPa5y1LFY24CbLpqWNybJUu6cXalkIyVX9PZDQyZhSFtjOiODDz3kT8z2ul2LsMMqGSFLlis0W9VBKMyeRv0hWaM5QjSyjTwt5K2IBqytCmU7QhePMvLxL/tHpV9e7Oy7XrPI0CHMIRVMCDC6jBLdTBBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwCxDozw</latexit><latexit sha1_base64="vbrC/BXX+k9ccqOeoEFyMKVF/LI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLUS0lUUG9FLx4rGltoQ9lst+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2tt/NHGqGfdZLGPdDKnhUijuo0DJm4nmNAolb4TDm4nfeOLaiFg94CjhQUT7SvQEo2il+8rZSadUdqvuFGSReDkpQ456p/TV7sYsjbhCJqkxLc9NMMioRsEkHxfbqeEJZUPa5y1LFY24CbLpqWNybJUu6cXalkIyVX9PZDQyZhSFtjOiODDz3kT8z2ul2LsMMqGSFLlis0W9VBKMyeRv0hWaM5QjSyjTwt5K2IBqytCmU7QhePMvLxL/tHpV9e7Oy7XrPI0CHMIRVMCDC6jBLdTBBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwCxDozw</latexit><latexit sha1_base64="vbrC/BXX+k9ccqOeoEFyMKVF/LI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLUS0lUUG9FLx4rGltoQ9lst+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2tt/NHGqGfdZLGPdDKnhUijuo0DJm4nmNAolb4TDm4nfeOLaiFg94CjhQUT7SvQEo2il+8rZSadUdqvuFGSReDkpQ456p/TV7sYsjbhCJqkxLc9NMMioRsEkHxfbqeEJZUPa5y1LFY24CbLpqWNybJUu6cXalkIyVX9PZDQyZhSFtjOiODDz3kT8z2ul2LsMMqGSFLlis0W9VBKMyeRv0hWaM5QjSyjTwt5K2IBqytCmU7QhePMvLxL/tHpV9e7Oy7XrPI0CHMIRVMCDC6jBLdTBBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwCxDozw</latexit><latexit sha1_base64="vbrC/BXX+k9ccqOeoEFyMKVF/LI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLUS0lUUG9FLx4rGltoQ9lst+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2tt/NHGqGfdZLGPdDKnhUijuo0DJm4nmNAolb4TDm4nfeOLaiFg94CjhQUT7SvQEo2il+8rZSadUdqvuFGSReDkpQ456p/TV7sYsjbhCJqkxLc9NMMioRsEkHxfbqeEJZUPa5y1LFY24CbLpqWNybJUu6cXalkIyVX9PZDQyZhSFtjOiODDz3kT8z2ul2LsMMqGSFLlis0W9VBKMyeRv0hWaM5QjSyjTwt5K2IBqytCmU7QhePMvLxL/tHpV9e7Oy7XrPI0CHMIRVMCDC6jBLdTBBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwCxDozw</latexit>

System of differential 
equations 

Loss probability 
function 

Congestion 
window 
function 
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Given ✏ > 0, for any t > 0,

9 � > 0 s.t.

||x̂� x0|| < � =) ||x̂� x(t)|| < ✏

<latexit sha1_base64="Kp4U2x5tlXbyi2wcvTajW50RgH0="></latexit><latexit sha1_base64="Kp4U2x5tlXbyi2wcvTajW50RgH0="></latexit><latexit sha1_base64="Kp4U2x5tlXbyi2wcvTajW50RgH0="></latexit><latexit sha1_base64="Kp4U2x5tlXbyi2wcvTajW50RgH0="></latexit>

Asymptotic Stability 

24 

✏
<latexit sha1_base64="aht9Nv5/xX1MDCAXHHFAsUVNGck=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940DJTFAMquVTtiGjkTGBgmOHYThWSJOLYikY3U7/1hEozKe7NOMUwIQPBYkaJsVK7i6lmXIpetebVvRncZeIXpAYFmr3qV7cvaZagMJQTrTu+l5owJ8owynFS6WYaU0JHZIAdSwVJUIf57N6Je2KVvhtLZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZSDODgs4XxRl3jXSnz7t9ppAaPraEUMXsrS4dEkWosRFVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAABQ7P8ApvzqPz4rw7H/PWklPMHMIfOJ8/uEOP9A==</latexit><latexit sha1_base64="aht9Nv5/xX1MDCAXHHFAsUVNGck=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940DJTFAMquVTtiGjkTGBgmOHYThWSJOLYikY3U7/1hEozKe7NOMUwIQPBYkaJsVK7i6lmXIpetebVvRncZeIXpAYFmr3qV7cvaZagMJQTrTu+l5owJ8owynFS6WYaU0JHZIAdSwVJUIf57N6Je2KVvhtLZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZSDODgs4XxRl3jXSnz7t9ppAaPraEUMXsrS4dEkWosRFVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAABQ7P8ApvzqPz4rw7H/PWklPMHMIfOJ8/uEOP9A==</latexit><latexit sha1_base64="aht9Nv5/xX1MDCAXHHFAsUVNGck=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940DJTFAMquVTtiGjkTGBgmOHYThWSJOLYikY3U7/1hEozKe7NOMUwIQPBYkaJsVK7i6lmXIpetebVvRncZeIXpAYFmr3qV7cvaZagMJQTrTu+l5owJ8owynFS6WYaU0JHZIAdSwVJUIf57N6Je2KVvhtLZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZSDODgs4XxRl3jXSnz7t9ppAaPraEUMXsrS4dEkWosRFVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAABQ7P8ApvzqPz4rw7H/PWklPMHMIfOJ8/uEOP9A==</latexit><latexit sha1_base64="aht9Nv5/xX1MDCAXHHFAsUVNGck=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940DJTFAMquVTtiGjkTGBgmOHYThWSJOLYikY3U7/1hEozKe7NOMUwIQPBYkaJsVK7i6lmXIpetebVvRncZeIXpAYFmr3qV7cvaZagMJQTrTu+l5owJ8owynFS6WYaU0JHZIAdSwVJUIf57N6Je2KVvhtLZUsYd6b+nshJovU4iWxnQsxQL3pT8T+vk5n4MsyZSDODgs4XxRl3jXSnz7t9ppAaPraEUMXsrS4dEkWosRFVbAj+4svLJDirX9X9u/Na47pIowxHcAyn4MMFNOAWmhAABQ7P8ApvzqPz4rw7H/PWklPMHMIfOJ8/uEOP9A==</latexit>

�
<latexit sha1_base64="DcB1b8OLkocjw+AJ1HQf8Os4oXU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDabTbt2swm7E6GU/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJs014z5LZarbITVcCsV9FCh5O9OcJqHkrXB4O/VbT1wbkaoHHGU8SGhfiVgwilZqdiMukfYqVbfmzkCWiVeQKhRo9Cpf3ShlecIVMkmN6XhuhsGYahRM8km5mxueUTakfd6xVNGEm2A8u3ZCTq0SkTjVthSSmfp7YkwTY0ZJaDsTigOz6E3F/7xOjvFVMBYqy5ErNl8U55JgSqavk0hozlCOLKFMC3srYQOqKUMbUNmG4C2+vEz889p1zbu/qNZvijRKcAwncAYeXEId7qABPjB4hGd4hTcndV6cd+dj3rriFDNH8AfO5w/98I7w</latexit><latexit sha1_base64="DcB1b8OLkocjw+AJ1HQf8Os4oXU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDabTbt2swm7E6GU/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJs014z5LZarbITVcCsV9FCh5O9OcJqHkrXB4O/VbT1wbkaoHHGU8SGhfiVgwilZqdiMukfYqVbfmzkCWiVeQKhRo9Cpf3ShlecIVMkmN6XhuhsGYahRM8km5mxueUTakfd6xVNGEm2A8u3ZCTq0SkTjVthSSmfp7YkwTY0ZJaDsTigOz6E3F/7xOjvFVMBYqy5ErNl8U55JgSqavk0hozlCOLKFMC3srYQOqKUMbUNmG4C2+vEz889p1zbu/qNZvijRKcAwncAYeXEId7qABPjB4hGd4hTcndV6cd+dj3rriFDNH8AfO5w/98I7w</latexit><latexit sha1_base64="DcB1b8OLkocjw+AJ1HQf8Os4oXU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDabTbt2swm7E6GU/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJs014z5LZarbITVcCsV9FCh5O9OcJqHkrXB4O/VbT1wbkaoHHGU8SGhfiVgwilZqdiMukfYqVbfmzkCWiVeQKhRo9Cpf3ShlecIVMkmN6XhuhsGYahRM8km5mxueUTakfd6xVNGEm2A8u3ZCTq0SkTjVthSSmfp7YkwTY0ZJaDsTigOz6E3F/7xOjvFVMBYqy5ErNl8U55JgSqavk0hozlCOLKFMC3srYQOqKUMbUNmG4C2+vEz889p1zbu/qNZvijRKcAwncAYeXEId7qABPjB4hGd4hTcndV6cd+dj3rriFDNH8AfO5w/98I7w</latexit><latexit sha1_base64="DcB1b8OLkocjw+AJ1HQf8Os4oXU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDabTbt2swm7E6GU/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJs014z5LZarbITVcCsV9FCh5O9OcJqHkrXB4O/VbT1wbkaoHHGU8SGhfiVgwilZqdiMukfYqVbfmzkCWiVeQKhRo9Cpf3ShlecIVMkmN6XhuhsGYahRM8km5mxueUTakfd6xVNGEm2A8u3ZCTq0SkTjVthSSmfp7YkwTY0ZJaDsTigOz6E3F/7xOjvFVMBYqy5ErNl8U55JgSqavk0hozlCOLKFMC3srYQOqKUMbUNmG4C2+vEz889p1zbu/qNZvijRKcAwncAYeXEId7qABPjB4hGd4hTcndV6cd+dj3rriFDNH8AfO5w/98I7w</latexit>

x̂

<latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit><latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit><latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit><latexit sha1_base64="PVC3trCjT5oyCzRz2IPAohRBJu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsTsQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXJtRKLucZzyIKYDJSLBKFqp1R1SzJ8mvWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfnTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBOq2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBiN4hld4c1LnxXl3PuatJaeYOYQ/cD5/ABwLj50=</latexit>

x0
<latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit><latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit><latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit><latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit>

Lyapunov 
stability 

and lim
t!1

||x̂� x(t)|| = 0.
<latexit sha1_base64="1IQgaIetF4JR3UoTfM2VgwDBJ+Q="></latexit><latexit sha1_base64="1IQgaIetF4JR3UoTfM2VgwDBJ+Q="></latexit><latexit sha1_base64="1IQgaIetF4JR3UoTfM2VgwDBJ+Q="></latexit><latexit sha1_base64="1IQgaIetF4JR3UoTfM2VgwDBJ+Q="></latexit>

convergence 
to fixed point 

trajectory 

x(t) = W (t)
<latexit sha1_base64="BVR0JXEE8rC0mReq7SKrIlTqkIA=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBKHrxWMG1lXYp2TTbhibZJcmKZemv8OJBxat/x5v/xrTdg7Y+SHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717HqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHF5P/OYjVZrF8s6MEhoI3JcsYgQbKz08Vc3xZdN+3XLFrblToEXi5aQCORrd8lenF5NUUGkIx1q3PTcxQYaVYYTTcamTappgMsR92rZUYkF1kE0XHqMjq/RQFCv7pEFT9XdHhoXWIxHaSoHNQM97E/E/r52a6DzImExSQyWZDYpSjkyMJtejHlOUGD6yBBPF7K6IDLDCxNiMSjYEb/7kReKf1C5q3u1ppX6Vp1GEAziEKnhwBnW4gQb4QEDAM7zCm6OcF+fd+ZiVFpy8Zx/+wPn8Abqfjz4=</latexit><latexit sha1_base64="BVR0JXEE8rC0mReq7SKrIlTqkIA=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBKHrxWMG1lXYp2TTbhibZJcmKZemv8OJBxat/x5v/xrTdg7Y+SHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717HqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHF5P/OYjVZrF8s6MEhoI3JcsYgQbKz08Vc3xZdN+3XLFrblToEXi5aQCORrd8lenF5NUUGkIx1q3PTcxQYaVYYTTcamTappgMsR92rZUYkF1kE0XHqMjq/RQFCv7pEFT9XdHhoXWIxHaSoHNQM97E/E/r52a6DzImExSQyWZDYpSjkyMJtejHlOUGD6yBBPF7K6IDLDCxNiMSjYEb/7kReKf1C5q3u1ppX6Vp1GEAziEKnhwBnW4gQb4QEDAM7zCm6OcF+fd+ZiVFpy8Zx/+wPn8Abqfjz4=</latexit><latexit sha1_base64="BVR0JXEE8rC0mReq7SKrIlTqkIA=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBKHrxWMG1lXYp2TTbhibZJcmKZemv8OJBxat/x5v/xrTdg7Y+SHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717HqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHF5P/OYjVZrF8s6MEhoI3JcsYgQbKz08Vc3xZdN+3XLFrblToEXi5aQCORrd8lenF5NUUGkIx1q3PTcxQYaVYYTTcamTappgMsR92rZUYkF1kE0XHqMjq/RQFCv7pEFT9XdHhoXWIxHaSoHNQM97E/E/r52a6DzImExSQyWZDYpSjkyMJtejHlOUGD6yBBPF7K6IDLDCxNiMSjYEb/7kReKf1C5q3u1ppX6Vp1GEAziEKnhwBnW4gQb4QEDAM7zCm6OcF+fd+ZiVFpy8Zx/+wPn8Abqfjz4=</latexit><latexit sha1_base64="BVR0JXEE8rC0mReq7SKrIlTqkIA=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquCOpBKHrxWMG1lXYp2TTbhibZJcmKZemv8OJBxat/x5v/xrTdg7Y+SHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717HqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHF5P/OYjVZrF8s6MEhoI3JcsYgQbKz08Vc3xZdN+3XLFrblToEXi5aQCORrd8lenF5NUUGkIx1q3PTcxQYaVYYTTcamTappgMsR92rZUYkF1kE0XHqMjq/RQFCv7pEFT9XdHhoXWIxHaSoHNQM97E/E/r52a6DzImExSQyWZDYpSjkyMJtejHlOUGD6yBBPF7K6IDLDCxNiMSjYEb/7kReKf1C5q3u1ppX6Vp1GEAziEKnhwBnW4gQb4QEDAM7zCm6OcF+fd+ZiVFpy8Zx/+wPn8Abqfjz4=</latexit>
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<latexit sha1_base64="4mGl8PUXYVanUQ0w5NR/TEN7ipE="></latexit><latexit sha1_base64="4mGl8PUXYVanUQ0w5NR/TEN7ipE="></latexit><latexit sha1_base64="4mGl8PUXYVanUQ0w5NR/TEN7ipE="></latexit><latexit sha1_base64="4mGl8PUXYVanUQ0w5NR/TEN7ipE="></latexit>
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C = 1 Gbps

⌧ = 50 ms

| ˆW �W0| = 0.008 segments

|ŝ� s0| = 0.044 seconds

<latexit sha1_base64="AGjgeBctANZhCIyykdlge0PGak8="></latexit><latexit sha1_base64="AGjgeBctANZhCIyykdlge0PGak8="></latexit><latexit sha1_base64="AGjgeBctANZhCIyykdlge0PGak8="></latexit><latexit sha1_base64="AGjgeBctANZhCIyykdlge0PGak8="></latexit>

initial conditions deviate 
too far from fixed point 

initial conditions yield 
asymptotically stable response 
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Model Validation 
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one flow

<latexit sha1_base64="fjeTyoTTUyd6Lgf+6XA17S9X1KM=">AAACIXicbZDLSgMxFIYzXmu9VV26CRbFVZkRQbsQxC50qWBV6JSSSc9oMJMMyRm1DPVV3PgqblyouBNfxrSO4O2HwJ/vnENy/iiVwqLvv3kjo2PjE5OlqfL0zOzcfGVh8cTqzHBoci21OYuYBSkUNFGghLPUAEsiCafRZWNQP70CY4VWx9hLoZ2wcyViwRk61KnU1xo7wW2IcIP5fpTafhiW10JkGd0J/IInX3Rw0QpoLPV1v1Op+jV/KPrXBIWpkkKHncpr2NU8S0Ahl8zaVuCn2M6ZQcEl9MthZiFl/JKdQ8tZxRKw7Xy4Yp+uOtKlsTbuKKRD+n0iZ4m1vSRynQnDC/u7NoD/1VoZxtvtXKg0Q1D886E4kxQ1HeRFu8IAR9lzhnEj3F8pv2CGcXSpll0Iwe+V/5rmRq1eC442q7t7RRolskxWyDoJyBbZJQfkkDQJJ3fkgTyRZ+/ee/RevNfP1hGvmFkiP+S9fwDxFqOR</latexit><latexit sha1_base64="fjeTyoTTUyd6Lgf+6XA17S9X1KM=">AAACIXicbZDLSgMxFIYzXmu9VV26CRbFVZkRQbsQxC50qWBV6JSSSc9oMJMMyRm1DPVV3PgqblyouBNfxrSO4O2HwJ/vnENy/iiVwqLvv3kjo2PjE5OlqfL0zOzcfGVh8cTqzHBoci21OYuYBSkUNFGghLPUAEsiCafRZWNQP70CY4VWx9hLoZ2wcyViwRk61KnU1xo7wW2IcIP5fpTafhiW10JkGd0J/IInX3Rw0QpoLPV1v1Op+jV/KPrXBIWpkkKHncpr2NU8S0Ahl8zaVuCn2M6ZQcEl9MthZiFl/JKdQ8tZxRKw7Xy4Yp+uOtKlsTbuKKRD+n0iZ4m1vSRynQnDC/u7NoD/1VoZxtvtXKg0Q1D886E4kxQ1HeRFu8IAR9lzhnEj3F8pv2CGcXSpll0Iwe+V/5rmRq1eC442q7t7RRolskxWyDoJyBbZJQfkkDQJJ3fkgTyRZ+/ee/RevNfP1hGvmFkiP+S9fwDxFqOR</latexit><latexit sha1_base64="fjeTyoTTUyd6Lgf+6XA17S9X1KM=">AAACIXicbZDLSgMxFIYzXmu9VV26CRbFVZkRQbsQxC50qWBV6JSSSc9oMJMMyRm1DPVV3PgqblyouBNfxrSO4O2HwJ/vnENy/iiVwqLvv3kjo2PjE5OlqfL0zOzcfGVh8cTqzHBoci21OYuYBSkUNFGghLPUAEsiCafRZWNQP70CY4VWx9hLoZ2wcyViwRk61KnU1xo7wW2IcIP5fpTafhiW10JkGd0J/IInX3Rw0QpoLPV1v1Op+jV/KPrXBIWpkkKHncpr2NU8S0Ahl8zaVuCn2M6ZQcEl9MthZiFl/JKdQ8tZxRKw7Xy4Yp+uOtKlsTbuKKRD+n0iZ4m1vSRynQnDC/u7NoD/1VoZxtvtXKg0Q1D886E4kxQ1HeRFu8IAR9lzhnEj3F8pv2CGcXSpll0Iwe+V/5rmRq1eC442q7t7RRolskxWyDoJyBbZJQfkkDQJJ3fkgTyRZ+/ee/RevNfP1hGvmFkiP+S9fwDxFqOR</latexit><latexit sha1_base64="fjeTyoTTUyd6Lgf+6XA17S9X1KM=">AAACIXicbZDLSgMxFIYzXmu9VV26CRbFVZkRQbsQxC50qWBV6JSSSc9oMJMMyRm1DPVV3PgqblyouBNfxrSO4O2HwJ/vnENy/iiVwqLvv3kjo2PjE5OlqfL0zOzcfGVh8cTqzHBoci21OYuYBSkUNFGghLPUAEsiCafRZWNQP70CY4VWx9hLoZ2wcyViwRk61KnU1xo7wW2IcIP5fpTafhiW10JkGd0J/IInX3Rw0QpoLPV1v1Op+jV/KPrXBIWpkkKHncpr2NU8S0Ahl8zaVuCn2M6ZQcEl9MthZiFl/JKdQ8tZxRKw7Xy4Yp+uOtKlsTbuKKRD+n0iZ4m1vSRynQnDC/u7NoD/1VoZxtvtXKg0Q1D886E4kxQ1HeRFu8IAR9lzhnEj3F8pv2CGcXSpll0Iwe+V/5rmRq1eC442q7t7RRolskxWyDoJyBbZJQfkkDQJJ3fkgTyRZ+/ee/RevNfP1hGvmFkiP+S9fwDxFqOR</latexit>

C = 1 Gbps

⌧ = 10 ms

20 flows

<latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="VS/bEfGX0MBj771lE71yNZMBQbE=">AAAB43icbVBNS8NAEJ34WeNX9eplsQieSuJFvQlePFYwttCGstls2qWb3bA7EUroH/DgRfHqf/Lmv3H7AWrrg4HHezPMzEsKKSwGwZe3tr6xubVd2/F39/z9g8P60aPVpWE8Ylpq00mo5VIoHqFAyTuF4TRPJG8no9up337ixgqtHnBc8DinAyUywSg6qdWvN4JmMANZJeGCNGCBfv2zl2pW5lwhk9TabhgUGFfUoGCST/xeaXlB2YgOeNdRRXNu42p25oScOSUlmTauFJKZ+nuiorm14zxxnTnFoV32puJ/XrfE7CquhCpK5IrNF2WlJKjJ9GeSCsMZyrEjlBnhbiVsSA1l6JLxXQbh8serJLpoXjfD+58soAYncArnEMIl3MAdtCACBik8w6s39F68N+993rjmLSaO4Q+8j2+HtIrW</latexit><latexit sha1_base64="81LVTDPitoAZecb9pmLv9nLxrw4=">AAACIXicbZDLSgMxFIbPeHe8VV26CYrFVZlxo10UBBe6rGBtoTOUTJppg5kLyRm1DPVV3PgqblyodCe+jOlFvNQfAn++cw7J+YNUCo2O827NzM7NLywuLdsrq2vrG4XNrSudZIrxGktkohoB1VyKmNdQoOSNVHEaBZLXg+vTYb1+w5UWSXyJvZT7Ee3EIhSMokGtQrl4WnHvPeR3mJ8Fqe57nl30kGak4joTHo3p4dc9lMmt7rcKe07JGYlMG3di9mCiaqsw8NoJyyIeI5NU66brpOjnVKFgkvdtL9M8peyadnjT2JhGXPv5aMU+2TekTcJEmRMjGdGfEzmNtO5FgemMKHb139oQ/ldrZhge+7mI0wx5zMYPhZkkmJBhXqQtFGcoe8ZQpoT5K2FdqihDk6ptQnD/rjxtaoelcsm9+A4DlmAHduEAXDiCEziHKtSAwQM8wQu8Wo/Ws/VmDcatM9ZkZht+yfr4BK3Covw=</latexit><latexit sha1_base64="81LVTDPitoAZecb9pmLv9nLxrw4=">AAACIXicbZDLSgMxFIbPeHe8VV26CYrFVZlxo10UBBe6rGBtoTOUTJppg5kLyRm1DPVV3PgqblyodCe+jOlFvNQfAn++cw7J+YNUCo2O827NzM7NLywuLdsrq2vrG4XNrSudZIrxGktkohoB1VyKmNdQoOSNVHEaBZLXg+vTYb1+w5UWSXyJvZT7Ee3EIhSMokGtQrl4WnHvPeR3mJ8Fqe57nl30kGak4joTHo3p4dc9lMmt7rcKe07JGYlMG3di9mCiaqsw8NoJyyIeI5NU66brpOjnVKFgkvdtL9M8peyadnjT2JhGXPv5aMU+2TekTcJEmRMjGdGfEzmNtO5FgemMKHb139oQ/ldrZhge+7mI0wx5zMYPhZkkmJBhXqQtFGcoe8ZQpoT5K2FdqihDk6ptQnD/rjxtaoelcsm9+A4DlmAHduEAXDiCEziHKtSAwQM8wQu8Wo/Ws/VmDcatM9ZkZht+yfr4BK3Covw=</latexit><latexit sha1_base64="LI3htf9eSgeHCP9XAulelRPMMs0=">AAACIXicbZDLTgIxFIY7eEO8oS7dNBKJKzLDRlmQEFnoEhNHSBhCOqUDDZ1L2jMqmeCruPFV3LhQw874MhYYEwX/pMnf75yT9vxuJLgC0/w0Miura+sb2c3c1vbO7l5+/+BWhbGkzKahCGXLJYoJHjAbOAjWiiQjvitY0x3Wp/XmHZOKh8ENjCLW8Uk/4B6nBDTq5ivFetV6dIA9QHLpRmrsOLmiAyTGVctMuT+n5Z+7J8J7Ne7mC2bJnAkvGys1BZSq0c1PnF5IY58FQAVRqm2ZEXQSIoFTwcY5J1YsInRI+qytbUB8pjrJbMUxPtGkh71Q6hMAntHfEwnxlRr5ru70CQzUYm0K/6u1Y/DOOwkPohhYQOcPebHAEOJpXrjHJaMgRtoQKrn+K6YDIgkFnWpOh2Atrrxs7HKpUrKuzULtIk0ji47QMTpFFjpDNXSFGshGFD2hF/SG3o1n49X4MCbz1oyRzhyiPzK+vgHVHKN+</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit><latexit sha1_base64="Onf0v4KdLOJmZ4hZLCLHpXzCrx8=">AAACIXicbZDLSgMxFIYzXmu9jbp0EywWV2WmCNpFodiFLitYW+iUkkkzbWjmQnJGLUN9FTe+ihsXKt2JL2PajqCtPwT+fOcckvO7keAKLOvTWFpeWV1bz2xkN7e2d3bNvf1bFcaSsjoNRSibLlFM8IDVgYNgzUgy4ruCNdxBdVJv3DGpeBjcwDBibZ/0Au5xSkCjjlnKV8v2owPsAZJLN1Ijx8nmHSAxLttWyv0ZLf7cPRHeq1HHzFkFayq8aOzU5FCqWsccO92Qxj4LgAqiVMu2ImgnRAKngo2yTqxYROiA9FhL24D4TLWT6YojfKxJF3uh1CcAPKW/JxLiKzX0Xd3pE+ir+doE/ldrxeCdtxMeRDGwgM4e8mKBIcSTvHCXS0ZBDLUhVHL9V0z7RBIKOtWsDsGeX3nR1IuFUsG+Ps1VLtI0MugQHaETZKMzVEFXqIbqiKIn9ILe0LvxbLwaH8Z41rpkpDMH6I+Mr2/WXKOC</latexit>

NHPL – Non-Homogeneous  
Poisson Loss Simulation 

Possible application of what 
we learned: fixed point 
value can be used to 
choose initial ssthresh. 
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Summary 
n  New modeling framework consisting of a set of 

differential equations, loss probability function, and 
congestion window or sending rate function. 

n  Model used to analyze TCP CUBIC and establish that 
it is locally asymptotically stable. 

n  New lightweight simulation framework generalizable 
to a variety of protocols. 
n  Used this to validate the fluid model. 
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See Vardoyan et al. arXiv:1801.02741, Jan 
2018 for full proofs, convergence result, 

detailed description of simulation framework, 
and more... 
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Thank you! 
 
 
 

Questions? 
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Figure 1: W (t), W
max

(t), and s(t) for TCP Reno.

and s(t) – the amount of time elapsed since last loss, which are variables common to all loss-
based algorithms. Since W (t), is a function of W

max

(t) and s(t), it is completely determined by
their DEs. The result is the following model2:

dW

max

(t)

dt

= �(W
max

(t)�W (t))
W (t� ⌧)

⌧

p(t� ⌧)

ds(t)

dt

= 1� s(t)
W (t� ⌧)

⌧

p(t� ⌧)

(1)

Above, p(t� ⌧) is a loss probability function. The expression W (t� ⌧)p(t� ⌧)/⌧ describes the
rate of packet loss, which is delayed by ⌧ because loss occurs at the congestion point, not at
the source. The first DE describes the behavior of W

max

, which takes the value of W (t) right
before a loss. At the time of loss, if W

max

(t) > W (t), then W

max

decreases by the amount
W

max

(t) � W (t); otherwise, it increases by the same amount. The second DE describes the
evolution of the time since last loss s(t), which grows by one unit and is reset to zero upon loss.
This system can be adapted to a rate-based scheme in terms of maximum rate and time since
last rate decrease, simply by dividing each DE by ⌧ . Since we will be describing applications of
this model to TCP Reno and CUBIC, which are both cwnd -based, we use (1) in the interest of
the paper.

Figure 1 illustrates W

max

(t), s(t), and W (t) for TCP Reno. To adapt model (1) to TCP
Reno, we define Reno’s cwnd as a function of W

max

(t) and s(t). At the time of loss, W (t) =
W

max

(t) is halved. This becomes the initial value of W (t) in the new congestion epoch. W (t)
then increases by one segment for every round-trip time, so the total increase is s(t)/⌧ after
s(t) time has elapsed since the last loss. Hence,

W (t) =
W

max

(t)

2
+

s(t)

⌧

. (2)

Then the fluid model for Reno is (1) combined with (2).
The loss probability function can be customized according to the specific characteristics of a

given system, such as queue size and AQM policy. For simplicity, we use the following function
in all subsequent models:

p(t) = max

✓
1� C⌧

W (t)
, 0

◆
. (3)

2
Note that W (t) must be either derived explicitly, for example as in (2) for TCP Reno or given in the definition

of the controller, as in (7) for CUBIC.

4

This function is presented in [10] as an approximation of the M/M/1/B drop probability when
the bu↵er size B ! 1.

Note that model (1) does not specify W (t), and therein lies the versatility of this scheme.
For a given cwnd -based transport algorithm, the modeler need only to substitute a function
describing the evolution of cwnd over time, as we did for Reno. We demonstrate this technique
again with CUBIC in Section 4. This property of the model is useful both for analyzing existing
algorithms and examining the stability of new ones.

3.2 Model Equivalence for TCP Reno

Consider the well-established model for TCP Reno’s cwnd from [8] (equation (4) to be precise):

dW (t)

dt

=
1

⌧

� W (t)

2

W (t� ⌧)

⌧

p(t� ⌧). (4)

We assume ⌧ to be constant for simplicity, even though the round-trip time in [8] varies in time
as a function of both the propagation and queueing delays.

We now show that the two models (i.e. the model represented by (1), (2) and the model
represented by (4)) are mathematically equivalent. Di↵erentiating (2) with respect to t, we
have:

Ẇ =
Ẇ

max

2
+

ṡ

⌧

. (5)

Substituting (1) into (5) yields
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From (2), we know that W

max

= 2(W � s/⌧). Substituting this expression for W

max

into
(6) and simplifying yields
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The last line corresponds to equation (4) and completes our proof of the equivalence of the
models. When used with Reno, model (1) can be linearized and used to derive a transfer
function. The latter can be analyzed to yield system parameter-dependent conditions for Reno’s
stability. This analysis is similar to the one presented in [10].

4 Analysis of TCP CUBIC

In this section, we perform a local stability analysis of TCP CUBIC. To do so, we first create a
fluid model for this congestion control algorithm using the framework introduced in the previous
section. Then, we show that the system has a unique fixed point and prove the existence and
uniqueness of a solution. Next, we show that the linearization method yields inconclusive results
when applied to the model, and are thus motivated to use Lyapunov’s direct method to prove
the stability of the system. First, we introduce a Lyapunov function candidate and since the
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Ẇ =
1

⌧

✓
1� s

W

⌧

⌧

p

⌧

◆
+

1

2

✓⇣
W � 2

⇣
W � s

⌧

⌘⌘
W

⌧

⌧

p

⌧

◆

=
1

⌧

� s

W

⌧

⌧

2

p

⌧

� W

2

W

⌧

⌧

p

⌧

+ s

W

⌧

⌧

2

p

⌧

=
1

⌧

� W

2

W

⌧

⌧

p

⌧

.

The last line corresponds to equation (4) and completes our proof of the equivalence of the
models. When used with Reno, model (1) can be linearized and used to derive a transfer
function. The latter can be analyzed to yield system parameter-dependent conditions for Reno’s
stability. This analysis is similar to the one presented in [10].

4 Analysis of TCP CUBIC

In this section, we perform a local stability analysis of TCP CUBIC. To do so, we first create a
fluid model for this congestion control algorithm using the framework introduced in the previous
section. Then, we show that the system has a unique fixed point and prove the existence and
uniqueness of a solution. Next, we show that the linearization method yields inconclusive results
when applied to the model, and are thus motivated to use Lyapunov’s direct method to prove
the stability of the system. First, we introduce a Lyapunov function candidate and since the

5

This function is presented in [10] as an approximation of the M/M/1/B drop probability when
the bu↵er size B ! 1.

Note that model (1) does not specify W (t), and therein lies the versatility of this scheme.
For a given cwnd -based transport algorithm, the modeler need only to substitute a function
describing the evolution of cwnd over time, as we did for Reno. We demonstrate this technique
again with CUBIC in Section 4. This property of the model is useful both for analyzing existing
algorithms and examining the stability of new ones.

3.2 Model Equivalence for TCP Reno

Consider the well-established model for TCP Reno’s cwnd from [8] (equation (4) to be precise):

dW (t)

dt

=
1

⌧

� W (t)

2

W (t� ⌧)

⌧

p(t� ⌧). (4)

We assume ⌧ to be constant for simplicity, even though the round-trip time in [8] varies in time
as a function of both the propagation and queueing delays.

We now show that the two models (i.e. the model represented by (1), (2) and the model
represented by (4)) are mathematically equivalent. Di↵erentiating (2) with respect to t, we
have:
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CUBIC has a fixed 
point located at its 

saddle point. =)
<latexit sha1_base64="MVUiW0zQYy1dO/VLt2JuWiNVEpY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3S3STuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4DH6hhuB7VQhlaHAVji6mfqtJ1SaJ/G9GacYSDqIecQZNVZqd7m0W1D3qjW37s5AlolXkBoUaPaqX91+wjKJsWGCat3x3NQEOVWGM4GTSjfTmFI2ogPsWBpTiTrIZ/dOyIlV+iRKlK3YkJn6eyKnUuuxDG2npGaoF72p+J/XyUx0GeQ8TjODMZsvijJBTEKmz5M+V8iMGFtCmeL2VsKGVFFmbEQVG4K3+PIy8c/qV3Xv7rzWuC7SKMMRHMMpeHABDbiFJvjAQMAzvMKb8+i8OO/Ox7y15BQzh/AHzucPraSP7Q==</latexit><latexit sha1_base64="MVUiW0zQYy1dO/VLt2JuWiNVEpY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3S3STuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4DH6hhuB7VQhlaHAVji6mfqtJ1SaJ/G9GacYSDqIecQZNVZqd7m0W1D3qjW37s5AlolXkBoUaPaqX91+wjKJsWGCat3x3NQEOVWGM4GTSjfTmFI2ogPsWBpTiTrIZ/dOyIlV+iRKlK3YkJn6eyKnUuuxDG2npGaoF72p+J/XyUx0GeQ8TjODMZsvijJBTEKmz5M+V8iMGFtCmeL2VsKGVFFmbEQVG4K3+PIy8c/qV3Xv7rzWuC7SKMMRHMMpeHABDbiFJvjAQMAzvMKb8+i8OO/Ox7y15BQzh/AHzucPraSP7Q==</latexit><latexit sha1_base64="MVUiW0zQYy1dO/VLt2JuWiNVEpY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3S3STuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4DH6hhuB7VQhlaHAVji6mfqtJ1SaJ/G9GacYSDqIecQZNVZqd7m0W1D3qjW37s5AlolXkBoUaPaqX91+wjKJsWGCat3x3NQEOVWGM4GTSjfTmFI2ogPsWBpTiTrIZ/dOyIlV+iRKlK3YkJn6eyKnUuuxDG2npGaoF72p+J/XyUx0GeQ8TjODMZsvijJBTEKmz5M+V8iMGFtCmeL2VsKGVFFmbEQVG4K3+PIy8c/qV3Xv7rzWuC7SKMMRHMMpeHABDbiFJvjAQMAzvMKb8+i8OO/Ox7y15BQzh/AHzucPraSP7Q==</latexit><latexit sha1_base64="MVUiW0zQYy1dO/VLt2JuWiNVEpY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3S3STuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4DH6hhuB7VQhlaHAVji6mfqtJ1SaJ/G9GacYSDqIecQZNVZqd7m0W1D3qjW37s5AlolXkBoUaPaqX91+wjKJsWGCat3x3NQEOVWGM4GTSjfTmFI2ogPsWBpTiTrIZ/dOyIlV+iRKlK3YkJn6eyKnUuuxDG2npGaoF72p+J/XyUx0GeQ8TjODMZsvijJBTEKmz5M+V8iMGFtCmeL2VsKGVFFmbEQVG4K3+PIy8c/qV3Xv7rzWuC7SKMMRHMMpeHABDbiFJvjAQMAzvMKb8+i8OO/Ox7y15BQzh/AHzucPraSP7Q==</latexit>

1.  Derive DE for 
cwnd, W(t). 

2.  Linearize DE 
about fixed point. 

3.  Obtain dW(t)/dt=0. W(t) 
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Current and Future Work 
n  Developed a linearizable version of 

CUBIC. 
n  Simulations show that while this controller 

is more responsive, it is also less stable. 
n  Application of fluid model to H-TCP. 

n  Conditions derived for stability. 
n  Simulations show that H-TCP in general 

less stable than CUBIC. 
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