CS513:

Homework 2 Due in class, Oct. 8, 20Q9

Reading Please read Sections 2.1 through 2.4 by the time this assiginsdue. | suggest that
you only read one section at a sitting and that you think abbaff the exercises — assigned or not
— to help make sure that you are understanding all the comesptou read.

Problems

1. [20 pts.] Another take on the compactness theorem forgsitipnal logic is that every
infinite binary tree has an infinite branch.

Nodes of a binary tree are naturally named by binary striligs:empty stringg, is the root.
Each node at height is named by a binary string of lengthn. The left child ofw is w0
and the right child isv1.

Let 7" be such a binary tred. has the property that it € {0,1}" is a node in the tree, then
so are all its ancestors, i.e., the prefixeswof

() Prove thatifl" is an infinite binary tree, i.e, it has infinitely many nodéen it has an

(b)

infinite branch,o, i.e, an infinite sequence, = (¢, a;, a1az, ajasas, . ..) where each
a; € {0,1}. [Hint: definec inductively: sincel" is infinite, either the subtree whose
root isO or the subtree whose rootisnust be infinite. Keep going in this way.]

Now suppose that is a set of propositional formulas every finite subset of Whg
satisfiable. Assume th&thas no two formulas that are equivalent — otherwise we can
just delete all but the first formula of each equivalencescld3efineS,, = {a € S |
atoma) C{Ay,..., A, }}.

Since.s,, is a finite subset of it must be satisfiable by assumption. Let’'s encode any
truth assignment that is defined exactly on the at¢ris ..., A,,} as a binary string

of lengthn. For example, the string1011 is the truth assignment that assign$o

Ag, Ay, A5 and0 to A;, A;. Now define the tree of all satisfying truth assignments of
the S,’s as follows: Ts = {w | InJw € {0,1}";w = S, }.

Show thafl’s is an infinite binary tree. Conclude from (a) tHathas an infinite branch,
o and thato is a satisfying assignment 6f. Thus you have proved the compactness
theorem for propositional logic.

2. [15 pts.] Exercise 42, p. 43: Let Fidé) be the set of all variables that occur freelyfih
Define Fre€F') formally by induction on terms and then on formulas.

3. [15 pts.] Exercise 45, p. 49: Consider the following seoésR, S, T which express that
the predicate” is reflexive, symmetric, and transitive:

=

= VzP(x,z)
vay(P(z,y) — Py, x))
T = VYayz(P(z,y) N P(y,z) — P(z,2))

U
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Show that these sentences are independent by construnteggdtructures that satisfy each
possible pair of the sentences but not the third.

[Note thatA andV bind more tightly than—, so | didn’t use extra parentheses in the defini-
tion of 7'.]

. [15 pts.], cf. Exercise 49, p. 50. Find two satisfiable seoesF;, F5, such that every model
of F; or of F; has a universe of cardinality at least threg. should be in predicate logic
without equality, andF;, should be in predicate logic with equality, af@ should have no
function symbols and no predicate symbols exeept

. [15 pts.] Exercise 55, p. 52: show that the following pairformulas are not equivalent by
constructing structures that satisfy one of them but nobther:

(VeP(x) vveQ(r)) # Va(P(z)VvQ(x))
(BuP(x) A3xQ(x)) # Fu(P(x) AQ(x))

. [20 pts.] Exercise 57, p. 53: Prove thiatvv P(v, u) = Vx3dyP(x,y), but that these formulas
are not equivalent.



