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This is aclosed book and notegxam, but our crib sheet and complexity class diagram arbelast two pages.
Please read all four parts of the first question and both pétte second question.

Please write your answers right on this test, using the Hawcessary

Please try to be clear and only write things that are trueidParedit will be given for partial solutions.
Good luck!

1. [68 pts.] Each of the following four problems is complete $ome complexity class among NL, P, NP, co-
NP, PSPACE, EXPTIME, NEXPTIME, r.e., co-r.e. For each peoio] determine which complexity class it

is complete for and prove that it is complete for this clagig involves showing that it is in the class and
hard for the class.)

(@) S. = {m#w#" | M,, acceptsw using at most work-tape cellg



(b) S, = {D | DisaDFAandL(D) is infinite}



(€) S. = {m | thereis no prime numbep, s.t.M,,(p) =1}



[In this problem,P is Cantor’s pairing function.]

(d) Sy = {P(m,z) € N | (3y < z)(M,,(P(y,z)) halts within|z|? steps) }



2. [32 pts.] For each of the following two first-order formsiaither it is valid, or it's unsatisfiable, or neither
of these is true. If it is valid give a first-order proof, if & unsatisfiable give a first-order proof of its
negation. Your first-order proof may use any of our meta tuléshe formula and its negation are both
satisfiable, describe two logical structures: one thasBasi the formula and one that satisfies its negation.

[Hint and example: the formul@P(x) V —P(z)) is valid and it has a one line proof because it is an instance
of Axiom 0. The formula~((P(x) vV =P(z)) is unsatisfiable and it's negation;-((P(z) V - P(x)) is also

an instance of Axiom 0. The formul&(x) is neither. LetA, be the structure with univerde, b} and with

P = {a}. Then(Ay, a/z) | P(x) and(Ay, b/x) E —P(z).]

@ = Va(Pr) = (Q(x,y)) — VaIy(P(r) — Q(z,y))



(0) o Vedy(P(z) — Q(x,y)) — JyVe(P(z) — Q(x,y))



This page is left blank to provide extra work space if needed.
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Regular and CFL Pumping Lemmas::

Aregular= InVwdr,y,z2((w € AN |w| >n) — (w=zyz A |zy|<n A |y >0 A (Vi > 0)zy'z € A))
A CFL= InVz23u,v,w,z,y((z € AN|z| > n) — (z = wwwzyAlvz| > 0Avwz| < nA(Vi > 0)uv'wz'y € A))

COMP € PrimRecFcns= Bloop Fcns: COMPn, z, ¢, y) < (c is the computation oM,,(z) = y)
Recursive =r.e. N co-r.e. W, = {n| My(n)=1} K = {n | My(n) =1}

Tarski’'s Inductive Definition of Truth:

(A, Z) ): t1 =1, & Z*(t1> = Z*(tg) (A, Z) ’: Rj(?l; - 7ta]~) =4 <7;*(t1), ol
=

<A7Z) ): Y = (‘sz) l# ¥
(A,i) EVz(p) < (foralla € |A|)(A,i,a/z) ¢

FO Axioms: all generalizations of the following:
0 Tautologies orat most threeboolean variables
la t=1
b (L=t A At =1t)) — f(tr,...,te) = f(t), ..., t]})
lc (L=t AN Ntp=1t,)— (R(t1,...,tx) — R(t},...,1}))
2 Va(p) — plr —t]
3 © — Va(p), x not free inp
4 Va(e — ) — (Va(p) — Vz(¥))
Meta Rules:

VIntro: If T' - ¢ andx does not occur freely i, ThenI - Vx(y).

Modus Ponens (M.P.):

'p—y, I'kFop
'k

VElim: If I'+Vz(p) Thenl' k- @[z «t]. —Intro: If TU{¢}F ¢, Thenl'F ¢ — 9.

JElim: If I' - 3z(p), andl’, [z < ¢| F ¢, wherec does not occur i, p, orv, Thenl - 4.

Jintro: If I' - o[z « t] ThenD' - 3x(y) Vintro: {a} FaVj;

VEIM: fT'FaVv g, Tu{altyandl U{G} v, ThenI' v

Alntro: {a, B} Fanp; AEIM: {aAGFa; {aAB}ES

Proof by Contradiction: If T' U {-¢} F L, ThenT F ¢.

Completefor: NL: REACH, 2-SAT, DFA-Empty, NFA-Empty
P: CVP, MCVP, Horn-SAT, AREACH, CFL-Empty

{a} F BV a

NP: TSP, SAT, 3-SAT, 3-COLOR, CLIQUE, Subset Sum, Knapsack,riiding

PSPACE: QSAT, GEOGRAPHY, Succinct-REACH, NFA*
NEXPTIME: Tiling

re.: K, HALT, FO-VALID; co-re.: K, ¥*CFL, TM-EMPTY, FO-SAT
Savitch & CKS Ths: For s(n) > logn, NSPACHs(n)|] C ATIME[(s(n))?] € DSPACH(s(n))?];

ASPACEs(n)] = DTIME[20¢(m)]



FO-SAT Arithmetic Hierarchy FO-VALID

co-r.e. .e.
W co-r.e. FO(N) r.c. complete

FOV(N) Recursive FO3(N)

Primitive Recursive

ASPACE[NC® ] EXPTIME
ATIME[n ()] PSPACE OSAT
co-NP PH SO sat NP
complete co-NP NP o complete
SOV NP N co-NP
P HORN-SAT
ASPACE[log n] SO-HORN
"truly feasible"
CRAM[(log n)©C)] NC
NC 2
log(CFL) sAC’
NL 2-SAT
L
Regular NC1
Thc®

FO LH CRAM[1] AC ®




