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CS601: Final a previous year

This is aclosed book and notesexam, but our crib sheet and complexity class diagram are on the last two pages.
Please read all four parts of the first question and both partsof the second question.

Please write your answers right on this test, using the back if necessary

Please try to be clear and only write things that are true. Partial credit will be given for partial solutions.

Good luck!

1. [68 pts.] Each of the following four problems is complete for some complexity class among NL, P, NP, co-
NP, PSPACE, EXPTIME, NEXPTIME, r.e., co-r.e. For each problem, determine which complexity class it
is complete for and prove that it is complete for this class. (This involves showing that it is in the class and
hard for the class.)

(a) Sa =
{

m#w#r
∣

∣ Mm acceptsw using at mostr work-tape cells
}
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(b) Sb =
{

D
∣

∣ D is a DFA andL(D) is infinite
}
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(c) Sc =
{

m
∣

∣ there is no prime number,p, s.t.Mm(p) = 1
}
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[In this problem,P is Cantor’s pairing function.]

(d) Sd =
{

P (m, x) ∈ N
∣

∣ (∃y ≤ x)(Mm(P (y, x)) halts within|x|2 steps)
}
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2. [32 pts.] For each of the following two first-order formulas, either it is valid, or it’s unsatisfiable, or neither
of these is true. If it is valid give a first-order proof, if it is unsatisfiable give a first-order proof of its
negation. Your first-order proof may use any of our meta rules. If the formula and its negation are both
satisfiable, describe two logical structures: one that satisfies the formula and one that satisfies its negation.

[Hint and example: the formula(P (x)∨¬P (x)) is valid and it has a one line proof because it is an instance
of Axiom 0. The formula¬((P (x) ∨ ¬P (x)) is unsatisfiable and it’s negation,¬¬((P (x) ∨ ¬P (x)) is also
an instance of Axiom 0. The formulaP (x) is neither. LetA0 be the structure with universe{a, b} and with
PA0 = {a}. Then(A0, a/x) |= P (x) and(A0, b/x) |= ¬P (x).]

(a) ϕ2a ≡ ∀x(P (x)→ ∃y(Q(x, y))) → ∀x∃y(P (x)→ Q(x, y))
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(b) ϕ2b ≡ ∀x∃y(P (x)→ Q(x, y)) → ∃y∀x(P (x)→ Q(x, y))
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This page is left blank to provide extra work space if needed.
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CS601 Final Crib Sheet a previous year

Regular and CFL Pumping Lemmas::

A regular⇒ ∃n∀w∃x, y, z((w ∈ A ∧ |w| ≥ n)→ (w = xyz ∧ |xy| ≤ n ∧ |y| > 0 ∧ (∀i ≥ 0)xyiz ∈ A))

ACFL⇒ ∃n∀z∃u, v, w, x, y((z ∈ A∧|z| ≥ n)→ (z = uvwxy∧|vx| > 0∧|vwx| ≤ n∧(∀i ≥ 0)uviwxiy ∈ A))

COMP∈ PrimRecFcns= Bloop Fcns: COMP(n, x, c, y)⇔ (c is the computation ofMn(x) = y)

Recursive = r.e. ∩ co-r.e. Wi =
{

n
∣

∣ Mi(n) = 1
}

; K =
{

n
∣

∣ Mn(n) = 1
}

Tarski’s Inductive Definition of Truth:
(A, i) |= t1 = t2 ⇔ i⋆(t1) = i⋆(t2) (A, i) |= Rj(t1, . . . , taj

) ⇔ 〈i⋆(t1), . . . , i
⋆(taj

)〉 ∈ RA
j

(A, i) |= ¬ϕ ⇔ (A, i) 6|= ϕ (A, i) |= ϕ ∨ ψ ⇔ (A, i) |= ϕ or (A, i) |= ψ
(A, i) |= ∀x(ϕ) ⇔ (for all a ∈ |A|)(A, i, a/x) |= ϕ

FO Axioms: all generalizations of the following:
0 Tautologies onat most threeboolean variables
1a t = t
1b (t1 = t′1 ∧ · · · ∧ tk = t′k)→ f(t1, . . . , tk) = f(t′1, . . . , t

′
k)

1c (t1 = t′1 ∧ · · · ∧ tk = t′k)→ (R(t1, . . . , tk)→ R(t′1, . . . , t
′
k))

2 ∀x(ϕ)→ ϕ[x← t]
3 ϕ→ ∀x(ϕ), x not free inϕ
4 ∀x(ϕ→ ψ) → (∀x(ϕ)→ ∀x(ψ))

Modus Ponens (M.P.):

Γ ⊢ ϕ→ ψ, Γ ⊢ ϕ
Γ ⊢ ψ

Meta Rules:

∀ Intro: If Γ ⊢ ϕ andx does not occur freely inΓ, ThenΓ ⊢ ∀x(ϕ).

∀ Elim: If Γ ⊢ ∀x(ϕ) ThenΓ ⊢ ϕ[x← t]. → Intro: If Γ ∪ {ϕ} ⊢ ψ, ThenΓ ⊢ ϕ→ ψ.

∃ Elim: If Γ ⊢ ∃x(ϕ), andΓ, ϕ[x← c] ⊢ ψ, wherec does not occur inΓ, ϕ, orψ, ThenΓ ⊢ ψ.

∃ Intro: If Γ ⊢ ϕ[x← t] ThenΓ ⊢ ∃x(ϕ) ∨ Intro: {α} ⊢ α ∨ β; {α} ⊢ β ∨ α

∨ Elim: If Γ ⊢ α ∨ β; Γ ∪ {α} ⊢ γ; andΓ ∪ {β} ⊢ γ, ThenΓ ⊢ γ

∧ Intro: {α, β} ⊢ α ∧ β; ∧ Elim: {α ∧ β} ⊢ α; {α ∧ β} ⊢ β

Proof by Contradiction: If Γ ∪ {¬ϕ} ⊢ ⊥, Then Γ ⊢ ϕ.

Completefor: NL: REACH, 2-SAT, DFA-Empty, NFA-Empty

P: CVP, MCVP, Horn-SAT, AREACH, CFL-Empty

NP: TSP, SAT, 3-SAT, 3-COLOR, CLIQUE, Subset Sum, Knapsack, Unary Tiling

PSPACE:QSAT, GEOGRAPHY, Succinct-REACH, NFA-Σ⋆

NEXPTIME: Tiling

r.e.: K, HALT, FO-VALID; co-r.e.:K, Σ⋆CFL, TM-EMPTY, FO-SAT

Savitch & CKS Ths: Fors(n) ≥ logn, NSPACE[s(n)] ⊆ ATIME [(s(n))2] ⊆ DSPACE[(s(n))2];

ASPACE[s(n)] = DTIME[2O(s(n))]
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