CS601: Homework 2 Due in main office before 4:30 pm, Tuesday, Feb. 10, 2}2009

Note: This problem setis mostly a review of context free languayes may assume everything
in the slides from Lecture 3, plus the following basic facbabCFL's:

Closure Theorem for Context Free Languages. Let A, B C X* be context-free languages, let
R C ¥* be aregular language, and let >* — I'* andg : I'* — X* be homomorphisms. Then
the following languages are context-free:

1. AUB 2. AB 3.ANR
4.h(A) 5. g~ 1(A)

Exercise: (not to be handed in). Prove the Closure Theorem for CFLse fhbst interesting case
is number 5. A hint for this case is to consider a PDAs.t. £L(P) = A. You want to build a PDA,
P's.t. L(P') = g '(A). Note that for any stringy € T'*, w € L(P') < g(w) € P. Suppose
w = ajas - --a,. We can test itv € £(P’) by simulatingP on g(w) = g(ai)g(az) - - - g(a,). We
can thus build?’ from P by adding a front end that feeds characterg(ef) one by one to P. Since
the largest number of characters we have to remember isngénlef the longest string(~) for

~ € I', we can create the “front end” with finitely many states anthgeocombined machiné’ is
still a PDA.]

Problems

1. [10 pts.] Prove that the langua§BV = {ww | w € {a,b}*} is not a CFL. | would
like you to do this by using the Closure Theorem for CFLs tbgetwvith the fact proved in
Lecture 3 that?, = {a"b™a"b™ | n,m € N} is not a CFL.

2. [10 pts.] Prove using the pumping lemma tat= {w € {a,b,c}* | #.(w) = #p(w) =
#.(w)} is not a CFL. [Hint: it suffices to show that = {a"b"¢" | n € N} is not a CFL.
Why?]

3. [10 pts.] Show using the fact from (2) thatis not a CFL, plus the Closure Theorem for
CFLs, that; = {wwfw | w € {a,b}*} is nota CFL. [Byw’ | mean the string reversed,
e.g.(abb) = bba.]

4. [10 pts.] Build a PDA for the language, = {a'¥/ | i < j} and argue briefly why your
construction is correct.

5. [10 pts.] Show thats = {a, b, c}* — L4 is a CFL.

6. [10 pts.] IsCs = {a'b/c* | i = j (mod5) andj = k} a CFL? Prove your answer.

7. [20 pts.] Describe a very efficient algorithm for the feliog decision problem:
EMPTY-CFL= {G | GaCFG,L(G) = 0}

Analyze the time complexity of your algorithm and give a clegplanation of why it works.
There is a linear time algorithm for this problem. A hint istlyou should efficiently mark
all those nonterminals that can generate some string ofrtatsn The size of a given context-
free grammar is the sum of the lengths i.e., number of symbbls rules.
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8. LetX = {0,1}. Recall that a 1:1 correspondenge; A — B, is a function fromA to B
that is 1:1 and onto. For example, the mgp) = 2n defines a 1:1 correspondence from the
natural numbers to the even natural numbers.

(a) [5 pts.] Define the map : ¥* — N as follows: p(w) = ((int)1w) — 1, i.e., add a “1”
to the left ofw, consider the result as a binary natural number, and sulitraérove
thatp is a 1.1 correspondence.

From now on, when we talk about the natural number correspgrd binary string
w, we will meanp(w) and when we talk about the binary string corresponding to the
natural numbern, we will meanp=!(n).

(b) [15 pts.] Georg Cantor defined the following functién: N x N — N asP(i, j) =
DD 4. Prove thatP is a 1:1 correspondence. [It may help to remember the

fact — which you do not have to prove —tha}' , i = w.]
[Notice by the way that there are thus corresponding funstio & : N — N satisfying

the following properties:

i. Vn € N(P(L(n),R(n))) =n

ii. Ya,b e N(L(P(a,b)) =a N R(P(a,b)) =Db)
iii. Yn(L(n) <n A R(n) <n)

One of the useful things about the pairing functiéh,is that we can now think about
all computable functiong as functions fronN to N. If we want to consider an inpuit

as a pair of inputs, finex = P(L(n), R(n)). Similarly, we can consider it as a triple:
n = P(P(L(L(n)), R(L(n))), R(n)), etc. Thus a single natural number (aka binary
string) can be any finite number of arguments as desired. Whwme dealing with the
ultimate untyped programming language: there is only ope,tyamely the natural
number. More about this later.]

Cantor was the first person to develop a formal understandlirie cardinality of
infinite sets. He defined that two setsand B have thesame cardinality (A ~ B)

iff there exists a 1:1 correspondence frofrio B. Thus, from the above we get a few
weird consequences of this definition such as the facthat Even where Even is
the set of even natural numbers. Even more weird, the pafungtion tells us that
N ~ N x N, i.e., there are the same number of natural numbers as ganastral
numbers.



