CS601: Homework 3 Due in main office before 4:30 pm, Tuesday, Feb. 24, 2}2009

Notere Honesty: | wanted to make explicit that it is not okay and will be coresield cheating
to explicitly search for solutions to a problem or to read dedhout solutions to problems from
previous years of 601. Please ask if you have any questiang #fis policy.

Typo on HW1 1b Answer:  While the analysis was correct we forgot to list the last grodi
equivalence classes. Here is the corrected first paragfapk solution.

1b. We claim that the equivalence classes-of, are exactlyc|, [a'], [a’b], [a""'bc], for all i € N.
We first argue that all these classes are different. The fitgvalence classe¢|, contains all words
no extension of which is inl;. The strings in the classég| can be appended with all strings of
the forma’bc?+7) to get a word fromA,, the strings fronfa’b] can only be appended with’ to
form a valid word fromA;. Finally, the strings froma®**bc| can only be appended witi*! to
form a valid word fromA4;. Thus all these classes are different.

Problems:

1. [25 pts.] Do problem 2.8.4, page 52 of [P] concerning Kayomv complexity. Hint for (b):
remember that this definition is up to some fixed additive tanmisc, so you are really being
asked to show that for a fixed constantX (z) < |z| + ¢. Hint for (c): count how many
strings there are of length

2. Define @-head non-writing TMM = (Q, %, 4,5, F), 6 : Q x3F — Q x ({«,—, =}k, to
be a TM that ha& read-only heads, all on the input stringy, w, . . . w,LI. The heads are all
started at the leftmarker and not allowed to move offithe 2-character string)M accepts
by entering an accept state. You may assume that once iserterccept state is stays there
forever.

(@) [5 pts.] To get a feel for this, construct a 2-head, noiting TM that accepts exactly
the palindromes ovef0, 1}*. Please describe the machine clearly, in English.

(b) [20 pts.] Show that every language accepted byhead non-writing TM is in L.
(The converse holds as well, i.e. L is equal to the set of lagga accepted by some
multi-head non-writing TM, but you do not need to prove this.

3. [25 pts.] Prove that a non-empty set_ N is recursive iff there is a total recursive function,
f, such thatf is non-decreasing, i.&n(f(n) < f(n+ 1)), andS is the range off, i.e.,

§=f(N)={f(n) [ neN}.

4. Define Bloop —bounded looping — as the following tiny stloéhe programming language
Ruby [There is no need to know Ruby, the part we are using igptetely self explanatory.
The only advantage is that you can actually run all the dedimitin Ruby.]

Bloopl. there is only one type: the natural number, i.e.-negative integer.

Bloop2. there are no built in functions except the succesmtion s(n) = n+1 and the
constant 0. (Since Ruby doesn’t actually have the built ncfion, s, we place the following
definition at the top of our bloop programs, but this is theyarde of “+” or “1".)
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defs(n)
returnn + 1)
end

Bloop3. no functions may be called recursively, i.e., yon oaly call functions that have
been previously defined in an acylic way.

Bloop4. the only iteration method is ”.times”:
v.timesdo body end

meaning do body times, where we mean the valuewbefore beginning this loop. Loops
may not be nested.

Bloop5. there are no global variables, only the variableally defined inside the definition
of a function.

Bloop6. there are no nested function definitions.

Bloop7. each line inside a bloop definition is either an agsignt:v = f(uy, ... ux), Where
uy . . . uy are variables and is a previously defined bloop function, or the start of araitien:
“v.times do” wherev is a variable, or an end or return statement.

Bloop8. Define the bloop functions to be exactly the set otfioms definable in a bloop
program.

Bloop9. Each function definition must end with a statemerthefform return(v) where v
is a variable, and return statements may occur no where Riseininitiated variable may
appear in any statement except of course as the left sideadsagnment.

For examples, see the Ruby prografwsiw.cs.umass.edu/ ~immerman/cs601/bloopl.rb
and www.cs.umass.edu/ ~immerman/cs601/bloopZ.rb

Use bloopl.rb to compute hyperexp(n) for n = 0, 4, but don’t go beyond this! You can
use bloop2.rb to compute hyperexp(n) forn=0, ..., 5, buttdpmbeyond this.

(@) [5 pts.] Write a bloop program that defines the functiorign) = n—1if n > 0 else 0
and the functiosub(a, b) = maz(a —b,0). [Hint: itis a bit tricky to getm1. | suggest
that you use a loop that starts with a value of 0 artdénes, increments the value. To
getn — 1 you can copy the value to the ans variabétore you increment it.]

(b) [20 pts.] Show by induction on the length of the bloop peog that every bloop func-
tion is total recursive, i.e., it is computable by a Turingaimiae that halts on all inputs.
[Hint: | want you to think about how you could translate a gaheloop program into
a TM, but your solution does not need to have any explicit TNRather | want you to
figure out the tasks that a TM simultating a bloop program w@dve to do, convince
yourself that you can do each of these tasks on a TM, and skietglly but clearly why
TMs can perform each of these tasks. The purpose of the pndblt get a handle on
the power of TM’s that are guaranteed to halt on all inputs. W\elater see that the
the bloop functions compute exactly the Primitive Recw$tunctions. This is a large
subclass of the total recursive functions.]


www.cs.umass.edu/~immerman/cs601/bloop1.rb
www.cs.umass.edu/~immerman/cs601/bloop2.rb

