‘ CS601: Homework 6 Due in main office before 4:30 pm, March, 31, 2¢09

Problems:

1. [25 pts.] For each of the following three formulas, produce structuregl;, 5; such that
A E ¢; andB = —¢;, and very briefly explain why these properties hold.

@) v = Va(A(z) — B(z))

(b) 2 = VaVy (f(z) = fly) >z =y)
(€) w3 = VYyIz P(x,y) — JxVy P(x,y)

2. [25 pts.] Consider the following three first-order sectn

p = (Vo)P(x,x) “ P is reflexive’
o = (Vay)(P(z,y) — P(y,x)) “ P is symmetric”
7 = (Veyz)((P(x,y) A P(y,2)) — P(z,z)) “Pistransitive”

Show that these three sentencesiagependent by producing three structures satisfying the
following,

@ pANo AT
(b) pA—-T AT
() pANo AT
3. [20 pts.] Prove the Lemma on slide 20 of Lecture 12, i.&.Xl&e a vocabulary ang €

L(X). Then for all structuresd, A’ € STRUCX] such that4d and.A’ are identical except in
how they interpret variables not freen

Ay & AEe.

[Hint: you should prove this by induction gn as outlined on slide 20.]

4. [30 pts.] This problem studies the relationships betwalementary equivalence and iso-
morphism, as described in slides 7 and 8 of Lecture 12.

(&) Show that ifA = B then A = B. [Hint: to do this, | suggest that you assume that
A = B and then show by induction ogpnthat A = ¢ < B = ¢. Using problem 3,
you may assume that for all variables(v!) = v®. Start by showing by induction
that the same holds for every tert,

(b) Show thatifA = B and|.A| is finite then4 = B. [Hint: show how to write a complete
description ofA in first-order logic. For simplicity, you may assume thais finite.]



