Recall From Last Time

Prop: The following functions are in PrimReckFcns

Mi(n) = if (n>0)thenn — 1 else0
aob = max(a—0b,0)
[I)|US(CL7 b) = a+b
mult(a, b)
eXIX(,‘L, b) —
hyperexpga) = if a =0thenl elseaYPerexpe-1)
— S’ < > #7 P7 L7 R

= a-b
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Prop: PrimRecFcnsis closed under
1. Definition by cases,
2. Bounded )  and Bounded ||, and
3. Bounded minimalization.

Prop: PrimRecPredsis closed under:
1. Boolean operations, and
2. Bounded quantification.

Seqag, ai,...,a,) = 2%ti3atl  pRp)ant]
Prop: I1sSeqlength Item € PrimRecFcns
IsSedS) = “Sis a Sequence number”
length'Sedag, ai,...,a,)) = n+1

ltem(Sedag, a1, ...,an),1) = a;
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Kleene’'s COMP Theorem

Let COMP(n, z,c,y) mean M, (x) =y, and c IS a sequence
number encoding M,,’s entire computation on input z.
Then COMP e F(Bloop).

Encode TM computations: ¢ = Seq(IDg,IDq,...,IDy).
Each ID; Is a sequence number of tape-cell contents:

|Dj = SeCI(I>, at,...,a;—1, [U, CLZ'], Qi1 - - - ,ar)
state: o, head: cell i, tape:r>.,ay,...,a,,, L, ...

COMP(n,x,c,y) =
START(Item(c,0),z) A END(Iltem(c,lengthc) — 1),y) A
V5 < length(c)(NEXT (n, Item(c, j), Item(c, j + 1)))
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Logic

Mathematical logic provides a mathematical model of the
process of doing mathematics.

It is very abstract.

Its tools and methods are very useful and appropriate for
computer science.
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Propositional Logic = Boolean Logic: Syntax

Boolean variables: X = {x1,z2,23,...}

A boolean variable represents an atomic statement that
may be either true or false.

Boolean expressions: (also called propositional formulas)
& atomic: z;, T, L
® (aV ), na,for o, Boolean exp’s.

Literal: atomic expression or its negation: x;, —x;, T, L.
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Abbreviations

—s IS an abbreviation for “is an abbreviation for”
(A ) — ~(mar v =p)

(v — 5) — (ma V)

(v = B) = (0= 0 A J—a)

The fewer symbols we have, the fewer cases there will be In
Inductive proofs and definitions.
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© o o o

Examples of Boolean Expressions

I1
bo V —bo
T < X9

((a = b)A(b—¢c)) = (a—c)
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Precedence

»
o AV

®» — —

—aAb—c ((ma) Ab) — ¢

a—b—c

a— (b— c)
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Boolean Logic: Semantics

Truth assignment: 7T : X' C X — {true, false}
var(p) = {xz;€ X | z; occursin ¢}

If var(p) C X', then T is appropriate to ¢. T" assigns truth
value to o:

=T T L
— T = T(%z) = frue

= (aVp) & TEaoO TEP

N N N4 M

= & T«
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Lemma:

T=(aNp) & TEaoaand TE=Q
T'ra—p & THKEao TEP

TEa—f < Tkalf TES

Proof:
Exercise: plug in definitions of abbreviations: A, —, <. []
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Def: o and § are semantically equivalent, (a = p3),
iff for all 7 appropriate to aand 5, T E (a < ),

l.e., o and 3 have identical truth tables

r1 = x1V_L
a—a = T
a—b = —b— —a contrapositive
a—b = —-aVb
—(aANb) = —aV-b de Morgan
—(aVb) = —aA-b de Morgan
aVb = bVa commutative
(avb)Ve = aV(bVc) associative
aV(bAc) = (aVb)A(aVc) distributive

S
|

/(]
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Prop: Every boolean expression, ¢, Is equivalent to one in
Conjunctive Normal Form (CNF), and to one in Disjunctive
Normal Form (DNF).

Proof: DNF: look at the truth table for :

rlylz|lrzey| (reoy) <z
000 1 0
0(0|1 1 1
010 0 1
O0[1]1 0 0
1,0|0 0 1
1101 0 0
1110 1 0
111 1 1

(ZAYAN2Z) V (ZAYNZ) V (xANYGNZ) V (T Ay A z)
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CNF: put - in DNF
Use De Morgan’s law:

GV V) = (201 A - A G
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Prop:
® o iIs unsatisfiable iff p = 1.

® o is satisfiable iff o £ L.

® pisvalidiffo = T.
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Prop: SAT € NP
Proof: p € SAT & AT(T = )

Given ¢, with
Var(gp) = {5131, T2, I3, ..y Ip—1,

Nondeterministically,
T := by, by, b3, ..., bp_1,

Acceptiff T' = ¢
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Horn-SAT

Horn formulas are CNF formulas with at most one positive
literal per clause.

(zVy)
(zVYyVZ)
()

l. y « =z

W N

2. L «— x,y,2
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Thm: HORN-SAT € P
Algorithm:  HORN-SAT ()

1. T :=0 /I no variables assigned true

2. while (T £ ) {

3. choose clausé <— «aq, ..., o, not satisfied
4, T:=TU{g}}

5. If (L €T) thenreject else accept
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Thm: HORN-SAT € P
Algorithm:  HORN-SAT ()

1. T :=0 /I no variables assigned true

2. While (T t£ ) {
3. choose clausé < aq, ..., a, not satisfied

4, T:=TU{s}}
5. If (L €T) thenreject else accept

y <« @

~
]
——

1L «— z,9,z

r <« |
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Thm: HORN-SAT € P
Algorithm:  HORN-SAT ()

1. T :=0 /I no variables assigned true

2. While (T t£ ) {
3. choose clausé < aq, ..., a, not satisfied

4, T:=TU{s}}
5. If (L €T) thenreject else accept

y — X

~

|
——

S
—

1L «— z,9,z

r <« |
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Thm: HORN-SAT € P
Algorithm:  HORN-SAT ()

1. T :=0 /I no variables assigned true

2. While (T t£ ) {
3. choose clausé < aq, ..., a, not satisfied

4, T:=TU{s}}
5. If (L €T) thenreject else accept

y <« &
J_ N x7y7z T:{ x? y }

r <« |
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2-SAT = {p € SAT | ¢ € CNF, 2 literals per clause}

o = (x1VT2) N (x2VT3) A (x3V 21)

Fact: 2-SAT e P. Infact, 2-SAT Is complete for NL.

Given a 2-CNF formula ¢, define the directed graph
fle) = (V,, E,) as follows:

VQO — {331733_17---73777,7%}

E, = {(u,v) | (@ Vwv)or(vVu)ocecursin ¢.}

(Two bars cancel out, so & = u.)

(p € 2-SAT) & Va e X(¢)(“z,z notin same SCC”)

SCC = strongly connected component
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p € 2-SAT & Vx € X(p)(z,z notin same SCQ

Example: oy = Vy) A@VIZ)A(TV2)A(ZV 1)

There iIs a path from x to 7, so x must hold.

There is a path from z to Z, so Z must hold.
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Boolean Circuit: rooted, directed, acyclic graph

C=((V,Esr), s:V—-{01V A -} U {x,20,...}

CS 601 Lect. 10 — 21/24



Prop: Circuit-SAT € NP

r

ORORORO
(DA (=
ORORORERO
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Circuit Value Problem (CVP) € P

r
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Circuit Value Problem (CVP) € P

r
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Circuit Value Problem (CVP) € P

r

EIRCINCINCD
)
OROROEERO
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Circuit Value Problem (CVP) € P

r

EIRCINCINCD
)
OROROEERO
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Circuit Value Problem (CVP) € P

r

EIRCINCINCD
)
OROROEERO
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Circuit Classes
Circuits give a low-level model of computation.

C ={C1,(C5, Cs,...} a sequence of boolean circuits.
where C,, has inputs z1, zs, ..., x,

E(C) = {w S {O, 1}* ‘ C’,w,(w) = 1}
Circuits are straight-line programs in hardware.

Complexity Resources for Circuits:

# Size = number of gates and wires
#® Depth = length of longest path from r to leaf
# Uniformity = complexity of f : n — C),
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