Recall From Last Time

Boolean variables: X = {x1,29,23,...}

Boolean expressions:
o literals: z;, —x;, T, L
® (aV ), na,for o, Boolean exp’s.

Truth assignment: 7T : X' C X — {true, false}

var(p) = {z; € X | z; occursin o}

If var(p) C X', then T is appropriate to ¢. 7" assigns truth
valuetop: T Ee or T E-p.
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Facts:

1. SAT and Circuit-SAT are NP-complete.
2. Horn-SAT and CVP are P-complete:
3. 2-SAT is is NL-complete:

Boolean circuits provide another model of computation
analogous to Turing machine, lambda calculus, etc.
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First-Order Logic with Equality

Vocabulary: > = (&, 11, r):
®: function symbols, II: predicate symbols, r: arity

Variables: V ={z,y,z,21,y1,21,...}

Number Theory: Yy = (®n, Iy, ryN)

(I)N — {07 o, 1+, X, T}
rn(0) =0,rn(0) =1,rn(+) = rn(x) =rn(T) =2
My = {= <}  r5(=) = ry(<) = 2

Graph Theory: X, = (®4,1I, g)
O, = s}, rg(s) =
M, = {= B},  ry= ) = rg(E) = 2
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L(X) = set of formulas of vocabularyX: = (P, 11, r)

terms: Inductive definiton of terms
1. variables: z,v, z, . ..

2. constants: c € &, r(c) =0
3. f(t1,...,tx), wherety,... t, areterms, f € &, r(f) =k

atomic formulas:
R(t1,...,t;), Wwhere ty,... tp. terms, R €1l, r(R) = k

formulas: Inductive definiton of formulas
1. atomic formulas

2. -A, (AV B), where A, B are formulas
3. Vx(A), where A is a formula

CS 601 Lect. 11 — 4/13



More Abbreviations:

Ju(A) < Vi (—A)

t1 # 19 — —t1 = t9
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o O A~ b RE

L(3 ) Abbreviations:

1 <19 — (tlztz V t1<t2)

1 —  (0)

2 —  o(1)

3 —  0(2)

tl‘tg — Hx(tl X r = tz)

prime(tl) — 1<t A Vw(w\tl — ($ =1Vax= tl))
Ve(r+0=x)

Yy +y =1z

Vey(r <y < Fz(z+2=y))
Vedy(x <y A prime(y))

Voy(o(z) =o(y) — = =1y)
Vey(x <y — o(z) <y)
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L(%y)

. Vay(E(z,y) — E(y, 7))

. Va(=E(z, )

. Vady(E(z,y) V E(y, z))
 Va(=E(z, s))

CJyz(y # 2 A E(z,y) A E(x, 2))

. \V/yly2y3((E(x7 yl) A E(:Ea y?) A E(SIJ, y?)))
— (y1=y2Vy1 =y3Vyo2=1ys3))



Free and Bound Variables

An occurrence of a variable = i1s bound iff it occurs within the
scope of a quantifier, Vx or 3z. Otherwise the occurrence is

free.

1. Ayz(y # 2 N E(x,y) N E(x, 2))
2. Vz(z+ 2 = 2)

3. Vy(y+z=y)

4. Ve(r+x =2x)

5.

r#y N Jyly <)

Bound variables are dummy variables.

A first-order formula says something about its free
variables.
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Logical Structures

A structure — also called model — of vocabulary
¥ = (®,II,r) isapair A= (U,u) such that U = | A| # () and :

The interpretation . maps each symbol, o of X to its
meaning () = o in A.

| A| is the universe so Vax means “for all elements = € | A

piV = Al prae p(r) =4
u: ® — total functions on U : f u(f) = AU S U
p: 11 — relations on U 4 R— u(R) = RA c U"®)

Example: A graph, G = ({v1,...v,},sY,tY, EY) is a structure
of vocabulary ¥, I.e, G € STRUQX|.

s9.t9 e {u1,...,ont; B9 C{or,..., o0} x {v1,..., 00}
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G= (VY s ¢ BEO) H = (V1 H 1 FpHY ¢ STRUQY,]

SG:L tG:?); SH:2, tH =4
Ve = {0,1,2,3,4}; E¢ = {(1,2),(3,0),(3,1),(3,2), (3,4), (4,0)}
VH = {1,2,3,4,0}; EY = {(2,3),(4,1),(4,2),(4,3),(4,0),(0,1)}
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Binary String: w = “01101"

A, = ({0,1,...,4},<,{1,2,4}) € STRUQX,]

YNs = (0,{=<5}{(=2),(<,2),(51)})

= (;<%5

1. Javy(y <z A S(x))
2. Vey((x <y A-S(x)A-S(y)) — Jz(x < 2 < y))

sentence = formula with no free variables
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Relational Database

Ygen = (GF1 P%S?) Female, Parent, Spouse
By = (Uo, Fo, Po, So) € STRUGE ¢, ]

Uy = {Abraham, Isaac, Rebekah, Sarah, ...}
Fy = {Sarah, Rebekah, ...}

Py = {(Abraham,lsaac), (Sarah,lsaac),...}

So = {(Abraham,Sarah), (Isaac,Rebekah), ...}

Af,m(x FyNf#£m A
P(f,x) NP(f,y) A P(m,x) A P(m,y))

Spsibling(xa y)

@aunt(«% y) Elp, S(P(p, y) A @Sibling(py 5) A

(s=axVS(x,s)) N F(x))
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N =(N,0,0,4, X, T, <), the standard model of the naturals
Z/pZ = ({0,1,...,p—1},0,+1p,4+p, Xp, Tp, D), p prime
N,Z/pZ € STRUQX y]

Multinverses = Vu(u=0V Jv(uxv=1))

N = —=Multinverses; Z /pZ = Multinverses
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