Lect 14, 2008: recall FO AXIOMS: all generalizations of:

AXO: Tautologies on at most three boolean variables

AXla: t =t for any term ¢

forterms ty,....t, fe @, r(f) =

Ax1c: (1, :tll/\---/\tk :tZ) — (R(ty,...,t) — R(tll,...,t;c))
forterms¢,...,t,, RelIl,r(R) =k

AX2: Vr(p) — plr « t] t substitutable for x in ¢

AX3: o — Va(p) where = does not occur freely in ¢

AX4: V(o — ) — (Va(p) — Va(v))
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Soundness Theorem
If = pthen = ¢; FO-THEOREMS C FO-VALID

Cor: Proofs Preserve Truth:  If ' Then T’ = .

Meta Theorems: Papadimitriou closed under:
# VYintro
& —intro
# proof by contradiction
# delim
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Plan For Today’s Lecture:

We will prove the completenes®f Papadimitriou’s

axiomatization of first-order logic. The goal is to prove that
any valid sentence is atheorem: o = .

History:

# Early in the 20th century, Hilbert stated his

“Entscheidungsproblem”. give a decision procedure for
first-order validity.

# [n his 1929 Ph.D. thesis, Godel proved the
Completeness Theorem for first-order logic.

# [n 1949, Leon Henkin published a particularly clear

proof of the completeness theorem and this is the one
that | will present today.
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Definitions:

[ Is consistentiff we can’t prove a contradiction from it:
L.

I" is satisfibleiff it has a model, A ET.
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Completeness Theorem: Ifl" is consistent thenl' is satisfiable.

Cor:If =¢ Then
Proof. [Assuming the Completeness Th.] Let » be valid.

Suppose that {—¢} Is consistent, i.e., {—p} t/ L.

Therefore, by the Completeness Theorem, {—¢} is true in
some model, i.e., A = —.

But this is impossible because ¢ is valid, so A = .

1

Therefore, {—¢} - L.

Therefore + ¢ []
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°

Henkin’s Proof of the Completeness Theorem:

Start with consistent I'y € £(X)
Add new constant symbols: ¢, o, ... forming >

Order all formulas ¢, ps, ... from £(>') so that ¢; does
not occur in ¢, ... p;

Inductively, have I';_; is consistent. Conclude that so
IS, I'; = 1,1 U {4y, a; } where y; € {p;, —p;} and if
;= Fv(vy(v)) then a; = ().

CS 601 Lect. 14 — 6/19



Inductively, haveI';_; is consistent.

Conclude sois, I'; = 1", U {4, a;}
where ; € {¢;, 7} and if ¢; = Ju(y(v)) then a; = ~(c).
Proof:

o IfTI,_ Uy, FLand 'y U—gp; - L
Then i1 F L.
1 Thus, I';_; U {«;} IS consistent

Note non-computable step: do we ada; or —p;?

#® Assume ¢; = Ju(vy(v))

01 U{Fv(y(v)),y(ci)p - L
then by F elim, I'; | U{Jv(~(v)))} + L
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°

Henkin’s Proof of the Completeness Theorem:

Start with consistent I'y C £(X)
Add new constant symbols: ¢, o, ... forming >

Order all formulas ¢, ps, ... from £(>') so that ¢; does
not occur in ¢, ... y;

Inductively, have I'; | is consistent. Conclude that so
Is, I'; = I'; 1 U {4, a; } where ¢; € {p;, ~p; ; and if
;= Ju(vy(v)) then a; = ().

Let A = [JZ, 1. Conclude that A Is consistent
Proof: [ CI11yCI9yC--. C A

Suppose A+ |
Since proofs are finite, for some i, I'; - L.
1 []
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°

°

Henkin’s Proof of the Completeness Theorem:

Start with consistent I'y C £(X)
Add new constant symbols: ¢, o, ... forming >

Order all formulas ¢, ps, ... from £(>') so that ¢; does
not occur in ¢, ... y;

Inductively, have I';_; is consistent. Conclude that so
IS, I'; = 1,1 U {y, a;} where ¢; € {p;, —p;} and if
;= Ju(vy(v)) then a; = ().

Let A = [JZ, 1. Conclude that A Is consistent
Ais completg i.e., forall p € L(>), AF ¢, 0r AF —p

A has Henkin property : if A = Ju(~v(v)), then for some
constant symbol, ¢, A F ~(¢)

Use A to build model A satisfying A, and thus also I'.
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UseA to build model A satisfying A

Since A Is complete, it knows the answer to every
guestion, i.e., it tells us all of A’s properties.

Since A satisfies the Henkin Property, if A thinks that
dz(v(z)), then there is a witness, ¢; such that A = ~(¢;).

Thus, the witness constants, ¢;, o, .. ., witness all
properties that hold!

Thus, it might seemappropriate to let the universe, | A|,
of A be the set of withness constant symbols:

{Cl, c2, .. }

However, it could be the case, e.g., that A - ¢ = ¢7. In
this case, we can’t have ¢, and c¢; be different members
of | A|. We must choose a single representativefrom
among the constants that A thinks are equal to ¢ to be
In the universe.
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Definition: ¢, =c¢; Iff AF ¢ =c;

Claim: = Is an equivalence relation.
Proof: —c; = ¢; - c; = Cj — Cj = G
|—(CZ':Cj/\Cj:Ck)—>CZ':Ck []

Al = {le] | ieN]
= e, SULAFz=¢,

RA = “M& Qm ‘AFR@W'”WQ}

—
I
|

{<[Ci1]7 SR [Cir(f)+1]> ‘ A f(cilv s 7Cir(f)) — Cir(f)+1}
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Claim: (4 and R are well defined, i.e., the definitions do
not depend on which representative of the equivalence
class |¢;| we choose.

Proof: Because A = AX1b and AX1c.

Claim: A = A..
Proof. For each » € A, we show by induction on ¢ that

A= .
See Papadimtriou, p. 110 for the detalls.
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°

°

Henkin’s Proof of the Completeness Theorem:

Start with consistent I'y € £(X)
Add new constant symbols: ¢, o, ... forming >

Order all formulas ¢, ps, ... from £(>') so that ¢; does
not occur in ¢, ... p;

Inductively, have I';_; Is consistent. Conclude that so
IS, I'; = 1,1 U {4y, a; } where y; € {p;, —p;} and if
;= Fv(vy(v)) then a; = ().

Let A = [JZ, 1. Conclude that A Is consistent
Ais completg i.e., forall p € L(>), AF o, 0r AF —p

A has Henkin property : if A = Ju(~v(v)), then for some
constant symbol, ¢, A F ~(¢)

Use A to build model A satisfying A, and thus also I'.
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Compactness Theorem:

Let I be a set of first-order formulas.
Suppose every finite subset of I' has a model.

Then I' has a model.

Proof. Suppose that I' is inconsistent, i.e., I' - L

Then since proofs are finite, there is a finite subset I'y C T’
S.t.I'g - L.

Since 'y is finite, it has a model, A E T
Thus, by the Soundness Theorem, A = |
=< Thus I' Is consistent.

By the Completeness Theorem, ' has a model.
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Compactness Applications

Theory(N) = {¢p € L(EN) | NE ¢}
' = TheoryN) U {¢>0,c>1,¢>2¢>3,...}

Claim: I' hasamodel, N'ET

Proof: Every finite subset of I is satisfiable by (N, ) for
sufficiently large. Thus, by Compactness, I is satisfiable. [

Thus, there is a countable model,
N’ |= TheoryN); N %N
Thus, £(3 ) cannot uniquely characterize N.
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“Connectedness” is not expressible inC(%,)

Proof. Suppose that y = “| am connected.”
I = {x} U {~dist(s,¢,1),~dist(s,¢,2),~dist(s,¢t,3),...}
n—1
diSt(:L’(), T, n) = dr{---x5-1 (/\ (37@ = Tjp1 V E(QZL’, 37@'_|_1)>>
i=0

Every finite subset of I' is satisfiable.
By Compactness, I' has a model, A.
Aisnotconnectedbut A = y. =<« O

Thus “Connectedness” is not expressible in the first-order
language of graphs.
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Downward Lowenheim-Skolem Theorem:

If a set of first-order formulas, I', has any model at all, Then
It has a countable model.

Proof. Suppose that ' has a model.
By the Soundness Theorem, I' Is consistent.

By our proof of the Completeness Theorem, there is a
model, A of I' whose universe consists of the equivalence
classes of the withess constants: ¢;,cs, ..., l.e., A IS
countable. []

The set of real numbers is uncountable But if we define a
first-order vocabulary to talk about R, we get a first-order

theory, TheoryR), the set of sentences that are true of R.

This theory has a countable model!

Kind of weird.
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Zermelo Fraenkel Set Theory plus the Axiom of Choice

ZFCs a first-order axiomatization of set theory.
Extensionality: Ve,yVz(z €x = 2 €y) =z =y)
If two sets have the same elements then they are equal

Empty Set: dzVy(y & x)
There is a (unigue) empty set; let’s call it ()

Plus 7 more axioms. . .

“The reader should be reasonably convinced even on a first
reading that the axioms easily encompass all of traditional

mathematics,”
Paul J. Cohen, Set Theory and the Continuum Hypothesis

ZFC is something like what Hilbert was asking for.
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Back to the Compactness Theorem

If ZFC Is consistent, then it has a countable model, A.

Thus, if you believe Paul Cohen, then A is a model of all of
mathematics. In particular, it has N, p(N), o(p(N)), . . ..

Furthermore, ZFCF “p(N) is uncountable.”
Thus, A = “p(N) is uncountable.”

How can this be, when all these sets are part of the
countable universe, |A|?
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What does A = “p(N) is uncountable” mean?

It means that thereisno f: N & o(N).

onto

Now N, o(N)4 C |A|, so they are both countable, so there
IS such an f.

However, f & |A]
A E “p(N) is uncountable”
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