601 Lecture 18: Recall From Last Time

Savitch’s Th:  For s(n) > logn,

NSPACE[s(n)] C DSPACE[(s(n))?

Immerman-Szelepcényi Th:  For s(n) > logn,

NSPACE|s(n)] = ¢c0-NSPACEs(n)]
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Finite Model Theory

Consider the input (the object we are working on) to be a
finite logical structure, e.g., a binary string, a graph, a
relational database . . .

Def. FO is the set of first-order definable decision problems
on finite structures. Let S C STRUG;,[X].

S e FO Iff for some p € L(X)
S = {A € STRUG,[X] | A ¢}

FO is a complexity class:

the set of all first-order definable problems.
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Addition Q. : STRUCOY.5] — STRUQY]
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B + bl b2 O bn—l bn
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AG) @ B() @ C()
Q+(k) € FO
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Encode structure A ¢ STRUG;, X as binary string: bin(A).

Example:
# Dbinary strings: bin(A,,) = w

# graphs: G=({1,...,n}, E,s,t)
bln(G) = a11a12 . ..AnnS159 . . . Slogntl .. -tlogn
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Thm: FO C L = DSPACE]logn|
Proof: Given: ¢ = driVag - Vo (¢)
Build DSPACE[logn| TM M s.t.,

A= & M(bin(A)) =1
By induction on k.

Base case: k£ = 0.
p = E(s,1)

s <t

Y
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Inductive step: ¢ = 3z Vas (¢); ¢ = JxzVay - - Vg (V)

By inductive assumption, there is logspace TM M,

AE¢ = M(bin(4) =1

Modify M’ by adding 2[logn| worktape cells.

Worktape of M: T1 T9 Worktape of M’

\ 2 _J/
~ ~

[logn | [logn |

M cycles through all values of z; until it finds one such that
for all x5, M’ accepts. []
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Second-Order Logic

Second-order logic consists of first-order logic, plus new
relation variables over which we may quantify.

14A"(¢):  For some r-ary relation A, ¢ holds.

SO s the set of second-order expressible problems.

SOH is the set of second-order existential problems.

CS 601 Lect. 18 — 7/12



(I)S-color

< <
== =
T >~ R
< < <
DENCING)
g > 3
T T
H

=

G

2

N—

o)

p=

<




SAT is the set of boolean formulas in conjunctive normal
form (CNF) that admit a satisfying assignment.

Oopar = 35T VEI2 (C(t) — (P(t,2)AS(x)) V (N(t, 2)A=S(x)))

Q
||

“t Is a clause; otherwise ¢ is a variable.”
“Variable = occurs positively in clause ¢
“Variable = occurs negatively in clause ¢.”

P(t,x)
N(t,x)

e = (r1VTaVasy) A by

(1 V2o VT3) A tz |

(T1 V 22 V T3) ts ]
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CLIQUE is the set of pairs (G, k) such that GG is a graph
having a complete subgraph of size k.

Let Inj(f) mean that f is an injective function, i.e., 1:1

Inj(f)

Derioue

Vay (f(z) = fly) — = =y)

IfPAN(f)Vay((z £y A flz) <k A fly) <k) — E(z,y))
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Fagin's Thm: NP = SO4.
Proof: NP D SO43:
Given SO sentence: @ = JR|' ... 3R Y € L(X)

Build NP machine N s.t. for all A € STRUG;,[X],
AP < N(bin(4) =1 (??)

A € STRUG;, (2], n = |A|, N(bin(.A)) nondeterministically:
write binary string of length »n™ representing R,
n representing R,

n'* representing R;.
A" = (A, R, Ry, ..., Ry); N accepts iff A’ |= 1.

FOCL C NP \/
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NP C SOF: Let N be an NTIME[ »*] TM.

ToWrite: ~ SO3 sentence: & = 3CZ"...C2H AP (p)

meaning: “J accepting computation ', A of N
To Show: AE® <« N(bin(A4) =1

Fact: If have numeric relations and constants:

< Sug 0, max

ordering, successor, minelt.,, max elt.,

Then g is universal: ¢ = Vxi---2; (), « quantifier free
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Encoding N’'s Computation
Fix A, n=|A|

Possible contents of a computation cell fofV:

F'={7, 71} = (@ xX)UX

Ci(s1,-..,5k t1,...,tx) means cell 5 at time ¢ is symbol ;

A(t) means the t + 1% step of the computation makes
choice “1”; otherwise it makes choice “0”.
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Space
0 1 3 n—1 n nf—1] A
0 | {q0,wo) w1 Wp—1 U L] 00
1 wWo (1, w1) Wp—1 U | 01
Time : :
t a_1| ag | a1 Ot
t+1 b 011
n®—11 (g, 1) | N |
Accepting computation of N on input wowy - - - wy,_1
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Write first-order sentence, ¢(C', A), saying that C', A codes
a valid accepting computation of V.

o = a NG AN

a = row 0 codes input bin(A)
B = Vst # j(=(Ci(51) AC;(5,1)))

vt ((row t + 1 follows from row ¢ via move A(t) of N))

=
]

¢ = lastrow of computation is accept ID

AED® < N(bin(A) =1
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a = row 0 codes input bin(A)

Assume X has only single unary relation symbol, R.

‘ 0 1 n—1 n nk—l‘

‘<Q(),wo> wyp ot Wp—1 U L] ‘

Y0 =0; y1=1; 2 =L v3 =1(q0,0); 74 = (qo, 1)

a = R(0) — C4(0,0)
A —=R(0) — C3(0,0)
A Vi >0(R(GE) — C1(04,0)
A —R(i) — Cp(0i,0))
A V5> n(Cy(5,0))
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Most interesting case: 7

: N
a_1,ap,a; leads to b viamove o of N:  (a_1,a9,a1,0) — b

m = Vi.t<max V5.0 < 5 < Mmax A (JA(E)V

<CL_1 ,ao,a1 ,5>ﬂ>b

—Cy_ (8= 1,1) V =C4,(5,1) V=Ca, (§+ 1,t) V Cp(5,t + 1))
Here —° is — if § = 1 and it is the empty symbol if § = 0.

n = mno ANm N n2

where 1y and 7, encode the same information when s =0
and max respectively. []
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Cook’'s Thm: SAT is NP-complete.

Proof: Let B € NP. By Fagin’s theorem,

B={A| AE2}; o = HC'gk-~C§ﬁlAkVa:1o--xt(oz(f))

with o quantifier-free and CNF,
o) = NT;@)
j=1

with each 77 a disjunction of literals.
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A arbitrary, n = |A|, Define boolean formula ¢ 4:

boolean variables: Cj(eq,...,eor), Aler, ..., ex)
i=0,...,9—1, e1,...,eq € |A|

clauses: Tj(e), j=1,...,r, €€ |Al

Ti(e) is Tj(e) with 1(¢), replaced by T or L according as
Ak R(e); C;(e),and A(e) are just boolean variables.

¢ = EIC% C% Aka - T /\T

A /\T’

e1,...,et €| Al =1

pS}
=
I

AeB & A= O & p(A) € SAT
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3-SAT = {p € CNF-SAT | ¢ has < 3 literals per clause}

Prop: 3-SATis NP-complete.
Proof: Show SAT < 3-SAT.

Example: C = (U1VlaV---Viy)

C'" = (L1 VIl Vdi) A (di VL3V dy) A (do V Ly V d3) A
(d3 V 5 V dy) N (dg V lg V l7)

Claim: C e SAT =3 C!' e 3-SAT

Do this construction for each clause independently. []
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Arithmetic Hierarchy r.e.

co-r.e. K
W co-r.e. FO(N) re. complete

FOV(N)

Recursive FO3(N)

Primitive Recursive

EXPTIME

PSPACE

co-NP
complete

SOV

Polynomial-Time Hierarchy < NP
SO complete

SO4

co—NP NP

NP M co-NP

"truly feasible"

NC

NC 2

log(CFL) SAC’

N L REACH

L

1

Regular NC
Thc?

FO

Logarithmic—Time Hierarchy AC’
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