CS601 Recall From Last Time Lecture 2

We defined Regular Expressions, Regular Sets, DFA's, andsiN&Ad proved:

Kleene’s Theorem: LetA C >* be any languagel FAE
1. A= L(D), for some DFAD.

2. A= L(N), for some NFAV wo ¢ transitions

3. A= L(N), for some NFAV.

4. A = L(e), for some regular expressian



CS601 Some Proof Methods Lecture 2

Vintro  To provevz(p(x)): let v be arbitrary, provep(v).

— intro  To provey — 1. assumep, proveqy.

or, reasoning from the contrapositive, assumg, prove—.
Aelim  Fromoe Ay may concludey, .
Aintro  From g, ) may concludes A .
1 To provey: assume-p, prove A A —A.

iInduction To proveVz € N(p(z)): provebase casep(0), and,
inductive step: Vy(o(y) — ¢y + 1)).



CS601 An Algebraic Approach to Reqgular Sets Lecture 2

Let A C >* be any language.

Define theright-equivalence relation ~ 4 on >*:

T~y & YweX(rwe A — ywe A

x ~ 4 y Iff x andy cannot be distinguished by concatenating some strinig the right
of each of them and testing for membershipiin



Example: LetX = {a,b} andA; = {w e X* | #p(w) = 0(mod 2)}
€ ~4 Q@ ~4, QG b ~a, ab ~4, bbb

Claim:  x ~y4, yiff #,(x) = #4(y) (mod 2).
Proof: Supposer ~,4, y. Letw = e.

rw=x€A & yw=yecA
Thus, #(x) = #,(y) (mod 2).

Conversely, suppose, #,(x) = #(y) (mod 2).
Letw € X* be arbitrary.

#lrw) = #H(x) + #F(w) = #H(y) + #F(w) = F(yw) (Mod2)

I'wEAl e waAl

YVw e Y (zw e Ay & ywe Ay V-intro
Thus, T ~A Y. []



A = {w e {a,b}" | #(w) =0 (mod2)}
T ~a Y & Fh(r) = #ly) (mod2)

., € {wey | u~sw)

a., = {we{a,b} | #yw)=0(mod2)}

b, = {we{ab} | #iw) =1(mod2))



Proposition 2.1 For any languageA, ~ 4 is an equivalence relation. Recall that an
equivalence relation is a binary relation that is reflexiggmmetric, and transitive.

Proof: Here | am giving detailed examples of the proof rules. Thimoe formal
than you should be in your homework.

Reflexive: to show:Vz € ¥*(x ~4 x)

Letx,w € ¥* be arbitrary (zw € A <~ zw € A)
Vw € X (zw € A «— zw € A) v intro
T ~A X

Ve € X (x ~aq 1) v intro



Symmetric: to show:Vz,y € ¥ (x ~4y — y ~4 T)

1. letx,y, € X" be arbitrary
. Suppose ~ 4 y.

Vw(zw € A «— yw € A)
Vw(yw € A «— zw € A)
Yy~ax

T ropY — Y ~AT — Intro 2-5

N o 0o k~ W D

Vr,y €Y (x~ay =y ~ax) v intro 1-6



Transitive:

to show:Vrx,y, z € X (x ~py ANy ~a 2 — T ~g 2)

x,y,z €€ Xrarb 1. Suppose ~4 y Ay ~4z

w € Y *arb

2.

10.
11.

© N o O s~ W

Vw(zw € A «— yw € A)

Vw(yw € A < zw € A)

(rw e A - ywe A)

(yw € A «— zw € A)
(zw e A — zwe A)

Vw € ¥ (zw € A «— zw € A)
T~z

T~AYNY ~AZ— X ~A R

Ve, y,2 € XN ~ay Ny ~a 2 — T~y 2)

A elim 1, def o~ 4
A elim 1, def o~ 4
Y elim 2

Velim 3

Y intro

— Intro 1-9

Y intro 1-10



A = L(D) = {wela,by | #w)=0(mod2)}

vray & ) = #ly) (mod2)

o) (1))

[a]NAl = {w € {a,b}" | #p(w) =0 (mod2)}

[b]NAl = {w € {a,b}" | #p(w) =1 (mod2)}
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Myhill-Nerode Theorem: The languageA is regular iff ~4 has a finite number of
equivalence classes. Furthermore, this number of equicalelasses is equal to the
number of states in the minimum-state DFA that accdpts

Proof: Supposed = £(D) for some DFA, D = ({q1,q2,---,qn}, %, 0, q1, F)
LetS: = A{w | o"(q,w) = ¢}

Claim: EachS; contained in single- 4 equivalence class.

Letz,y € S;, w € X* be arbitrary.

0*(q1, xw) = 0°(0*(q1, ), w) = 0*(0*(q1, ), w) = 0"(q1, yw)
LD) = A{z|d(q,2) € F};

Tw €€ A «— M(q,zw) € F « (q,yw) EF «— ywe A
Vw(zw € A — yw € A)

T ~AY

Thus, there are at mostequivalence classes!

10



Conversely, suppose that there are finitely many equivelelasses of- 4. Ei, . ..

Let[z] be the equivalence class thats in.
DefineD = ({E1, ..., Eyn}, 2,0, €], F') where

F = {l] | veA}

0(|z],a) = |zd]

Must show thab is well defined, I.e.,

Suppose: ~ 4 v.

Vw(zw € A «— yw € A)

Vw(raw € A «— yaw € A)

Thus,za ~ 4 ya.
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Claim: 6*([e], x) = [z].

Proof: by induction onz|

base cased*([e], €) = |¢]

Inductive case:let x be arbitrary, with|x| = r + 1
soxr = wa forsomen € X, w € X"

iInductive hypothesis tells Ws([¢], w) = |[w], thus,

0%(le], ) = 0%(le], wa) = 6(6*([¢], w), a) = d([w], a) = |wa] = |z]

From the claim we see that,
e L(D) « 0 (lel,x) e F «— [z]e F < x€ A
Thus as desired; (D) = A.
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Example: Prove that the following language is regular and its minirb&lA has seven
states: A; = {we{0,1,...,9}" | Tw}.

LetD; = ({0,1,...,6},%,07,0,{0}); d7(¢,d) = (10¢ + d)mod7 = (3¢ + d)mod7
Show( (D7) = Az [exercise]; andVi # j € {0,1,...,6}(i %4 j)
Leti £ 5 € {0,1,...,6} be arbitrary.
Pickd s.t.3i + d = 0 (mod 7). Suppose3j + d = 0 (mod 7).
3i+d = 35 +d(mod7)
3t = 37 (mod7)
15; = 155 (mod?7)
i = 7 (mod7)
1

Thusiod e Az, jod& Az, i 4. J.
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Recall: NFA,N,,, s.t. L(N,)=L((0ul)*1(0u1)™)

Claim: The minimal DFA that accept8(N,,) has exacthp" ! states.

Proof: ~.y,) has exactly the"™! equivalence classe$w], for w € {0, 1}"*.

These equwalence classes are all distindet u, v € {0, 1}, withu # v.

Thus,u andv must differ at some position, WLOG say that: = «03 andv = o1’
with |a| = /| =i — 1.

Thus,ul'~' & L(N,) butvl’~' € L(N,) and thus as claimed; %y,

These are all the equivalence classeket w € {0, 1}*. If |jw| > n + 1, IetT(w) be the
lastn + 1 characters ofw. If |w| < n + 1, let T(w) be 0" ~*ly. In either case it is
easy to see that ~ () T'(w).

The claim thus follows from the Myhill-Nerode Theorem. []
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A languagehomomorphismis a functionh : >* — I'* s.t.

v,y € S (h(ay) = hz)h(y) 2.1)
Examples:

h:{0,1,2,3}* — {a,b}* g:{a,b} — {a,b,c}

h(0) = aa gla) =a

h(l)=10 g(b) = cbc

h(2) = aba

h(3)=¢

h(012310) = aabababaa g(baa) = cbcaa
Notation: for functionf : A — B,setsS C A,T C B,
f(S) = {fla) | a€ S} [ HT) ={acA| fla) €T}
Example:
Ap = {w € {a,b}" | #(w) = 0(mod2)}
hoH (A1) = {w € {0,1,2,3}" | #1(w) + #a(w) = 0 (mod 2)}
g(A) = {w € {a,b,c}" | #4c = 0(mod?2); no other b or ¢
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Closure Theorem for Regular Sets:Let A, B C X* be regular languages and let
h > — I*andg : ' — X* be homomorphisms. Then the following languages are

regular:
1.AUB 2.ANB 3. AB

4. A= (X" - A) 5. h(A) 6. g 1(A)
Proof: (1,3): Letl(e) = A, L(f)=B. ThusL(eUf)=AUB; L(eof)=AB

(2: AnNB=AUB

(4): LetL(D) = A,DFAD = (Q,%,6,s, F). LetD = (Q,%,0,s,Q — F).
ThusZ(D) = A

(5) Lete be a regular expression fod. Then we can inductively defirfé(e) and then
prove by induction or that L(H (e)) = h(A).

base casesfora € X, H(a) = h(a); H(D) =10

iInductive cases:H(eU f) = H(e)UH(f); H(eof)=H(e)oH(f), H(e*) = (H(e))"

(6): LetD = (Q,X,9,qv, F') be a DFA acceptingd. DefineD’ = (Q, T, qv, F) as
follows: ¢'(q,v) = 6*(q, g(v)). Thus,
we LD) & (q,w) €F < 6 q,g9(w) EF & glw) €A & weg (A
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Example Use Of Closure Theorem for Regular Sets

Prop. If A C X*isregular,thensoisi/>* = {w € X* | Ju € X (wu € A)}.
Proof: LetI’ = (¥ U %) and define the homomorphism : I'* — ¥* as follows:
t:o—ot:o—o.,d:oc—o.d:0— e

Thust takes hats off, and deletes characters with hats on.

By the Closure Theorem for Regular Sets, the following getsegular:

t (A = {weTl* | t(w) € A} (characters may have hats)
t 1 (A)NYS* = {we ™ | t(w) € Aand all characters with hats are at end of
dt A NTTH) = A/

Note: there is also a simple proof of this proposition by modifythg DFA, D,
acceptingA. If D = (Q,%,6,q0, F), let D' = (Q,X,9,q0, F'), where F’ is the set
of states inQ) for which there is a path of length zero or more to a statdin Then
A/Yr = L(D). []
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