
CS601 Recall From Last Time Lecture 2

We defined Regular Expressions, Regular Sets, DFA’s, and NFA’s, and proved:

Kleene’s Theorem: LetA ⊆ Σ⋆ be any language.TFAE
1. A = L(D), for some DFAD.
2. A = L(N), for some NFAN wo ǫ transitions
3. A = L(N), for some NFAN .
4. A = L(e), for some regular expressione.
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CS601 Some Proof Methods Lecture 2

∀ intro To prove∀x(ϕ(x)): let v be arbitrary, proveϕ(v).

→ intro To proveϕ→ ψ: assumeϕ, proveψ.

or, reasoning from the contrapositive, assume¬ψ, prove¬ϕ.

∧ elim Fromϕ ∧ ψ may concludeϕ, ψ.

∧ intro Fromϕ, ψ may concludeϕ ∧ ψ.

⊥ To proveϕ: assume¬ϕ, proveA ∧ ¬A.

induction To prove∀x ∈ N(ϕ(x)): provebase case:ϕ(0), and,
inductive step: ∀y(ϕ(y) → ϕ(y + 1)).

2



CS601 An Algebraic Approach to Regular Sets Lecture 2

LetA ⊆ Σ⋆ be any language.

Define theright-equivalence relation∼A onΣ⋆:

x ∼A y ⇔ ∀w ∈ Σ⋆(xw ∈ A ↔ yw ∈ A)

x ∼A y iff x andy cannot be distinguished by concatenating some stringw to the right
of each of them and testing for membership inA.
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Example: LetΣ = {a, b} andA1 = {w ∈ Σ⋆ | #b(w) ≡ 0 (mod 2)}

ǫ ∼A1 a ∼A1 aa; b ∼A1 ab ∼A1 bbb

Claim: x ∼A1 y iff #b(x) ≡ #b(y) (mod 2).

Proof: Supposex ∼A1 y. Letw = ǫ.

xw = x ∈ A1 ⇔ yw = y ∈ A1

Thus, #b(x) ≡ #b(y) (mod 2).

Conversely, suppose,#b(x) ≡ #b(y) (mod 2).

Letw ∈ Σ⋆ be arbitrary.

#b(xw) ≡ #b(x) + #b(w) ≡ #b(y) + #b(w) ≡ #b(yw) (mod2)

xw ∈ A1 ⇔ yw ∈ A1

∀w ∈ Σ⋆(xw ∈ A1 ⇔ yw ∈ A1) ∀-intro
Thus, x ∼A1 y. �
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A1 = {w ∈ {a, b}⋆ | #b(w) ≡ 0 (mod 2)}

x ∼A1 y ⇔ #b(x) ≡ #b(y) (mod 2)

[u]∼A
def
= {w ∈ Σ⋆ | u ∼A w}

[a]∼A1
= {w ∈ {a, b}⋆ | #b(w) ≡ 0 (mod 2)}

[b]∼A1
= {w ∈ {a, b}⋆ | #b(w) ≡ 1 (mod 2)}
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Proposition 2.1 For any languageA, ∼A is an equivalence relation. Recall that an
equivalence relation is a binary relation that is reflexive,symmetric, and transitive.

Proof: Here I am giving detailed examples of the proof rules. This ismore formal
than you should be in your homework.

Reflexive: to show:∀x ∈ Σ⋆(x ∼A x)

Letx,w ∈ Σ⋆ be arbitrary (xw ∈ A ↔ xw ∈ A)

∀w ∈ Σ⋆(xw ∈ A ↔ xw ∈ A) ∀ intro

x ∼A x

∀x ∈ Σ⋆(x ∼A x) ∀ intro
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Symmetric: to show:∀x, y ∈ Σ⋆(x ∼A y → y ∼A x)

1. letx, y,∈ Σ⋆ be arbitrary

2. Supposex ∼A y.

3. ∀w(xw ∈ A ↔ yw ∈ A)

4. ∀w(yw ∈ A ↔ xw ∈ A)

5. y ∼A x

6. x ∼A y → y ∼A x → intro 2-5

7. ∀x, y ∈ Σ⋆(x ∼A y → y ∼A x) ∀ intro 1-6
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Transitive: to show:∀x, y, z ∈ Σ⋆(x ∼A y ∧ y ∼A z → x ∼A z)

x, y, z ∈ Σ⋆ arb 1. Supposex ∼A y ∧ y ∼A z

2. ∀w(xw ∈ A ↔ yw ∈ A) ∧ elim 1, def of∼A

3. ∀w(yw ∈ A ↔ zw ∈ A) ∧ elim 1, def of∼A

w ∈ Σ⋆ arb 4. (xw ∈ A ↔ yw ∈ A) ∀ elim 2

5. (yw ∈ A ↔ zw ∈ A) ∀ elim 3

6. (xw ∈ A ↔ zw ∈ A)

7. ∀w ∈ Σ⋆(xw ∈ A ↔ zw ∈ A) ∀ intro

9. x ∼A z

10. x ∼A y ∧ y ∼A z → x ∼A z → intro 1-9

11. ∀x, y, z ∈ Σ⋆(x ∼A y ∧ y ∼A z → x ∼A z) ∀ intro 1-10

�
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A1 = L(D1) = {w ∈ {a, b}⋆ | #b(w) ≡ 0 (mod 2)}

x ∼A1 y ⇔ #b(x) ≡ #b(y) (mod 2)

1

b

b

a
a

0

[a]∼A1
= {w ∈ {a, b}⋆ | #b(w) ≡ 0 (mod 2)}

[b]∼A1
= {w ∈ {a, b}⋆ | #b(w) ≡ 1 (mod 2)}
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Myhill-Nerode Theorem: The languageA is regular iff ∼A has a finite number of
equivalence classes. Furthermore, this number of equivalence classes is equal to the
number of states in the minimum-state DFA that acceptsA.

Proof: SupposeA = L(D) for some DFA, D = ({q1, q2, . . . , qn},Σ, δ, q1, F )

LetSi = {w | δ⋆(q1, w) = qi}

Claim: EachSi contained in single∼A equivalence class.
Letx, y ∈ Si, w ∈ Σ⋆ be arbitrary.

δ⋆(q1, xw) = δ⋆(δ⋆(q1, x), w) = δ⋆(δ⋆(q1, y), w) = δ⋆(q1, yw)

L(D) = {z | δ⋆(q1, z) ∈ F}

xw ∈ A ↔ δ⋆(q1, xw) ∈ F ↔ δ⋆(q1, yw) ∈ F ↔ yw ∈ A

∀w(xw ∈ A↔ yw ∈ A)

x ∼A y

Thus, there are at mostn equivalence classes!
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Conversely, suppose that there are finitely many equivalence classes of∼A: E1, . . . , Em.
Let [x] be the equivalence class thatx is in.
DefineD = ({E1, . . . , Em},Σ, δ, [ǫ], F ) where

F = {[x] | x ∈ A}

δ([x], a) = [xa]

Must show thatδ is well defined, i.e.,

([x] = [y]) ⇒ ([xa] = [ya])

Supposex ∼A y.

∀w(xw ∈ A ↔ yw ∈ A)

∀w(xaw ∈ A ↔ yaw ∈ A)

Thus,xa ∼A ya.
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Claim: δ⋆([ǫ], x) = [x].

Proof: by induction on|x|
base case:δ⋆([ǫ], ǫ) = [ǫ]

inductive case:let x be arbitrary, with|x| = r + 1

sox = wa for somea ∈ Σ, w ∈ Σr

inductive hypothesis tells usδ⋆([ǫ], w) = [w], thus,

δ⋆([ǫ], x) = δ⋆([ǫ], wa) = δ(δ⋆([ǫ], w), a) = δ([w], a) = [wa] = [x]

�

From the claim we see that,

x ∈ L(D) ↔ δ⋆([ǫ], x) ∈ F ↔ [x] ∈ F ↔ x ∈ A

Thus as desired,L(D) = A. �
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Example: Prove that the following language is regular and its minimalDFA has seven
states: A7 = {w ∈ {0, 1, . . . , 9}⋆ | 7|w}.

LetD7 = ({0, 1, . . . , 6},Σ, δ7, 0, {0}); δ7(q, d) = (10q + d)mod7 = (3q + d)mod7

ShowL(D7) = A7 [exercise]; and,∀i 6= j ∈ {0, 1, . . . , 6}(i 6∼A7 j)

Let i 6= j ∈ {0, 1, . . . , 6} be arbitrary.

Pickd s.t. 3i + d ≡ 0 (mod 7). Suppose3j + d ≡ 0 (mod 7).

3i + d ≡ 3j + d (mod7)

3i ≡ 3j (mod7)

15i ≡ 15j (mod7)

i ≡ j (mod7)

⊥

Thus,i ◦ d ∈ A7, j ◦ d 6∈ A7, i 6∼A7 j.
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Recall: NFA,Nn, s.t. L(Nn) = L((0 ∪ 1)⋆1(0 ∪ 1)n)

0,1
0 1 2 3

0,1

1 0,1 0,1 0,1
n+1

Claim: The minimal DFA that acceptsL(Nn) has exactly2n+1 states.

Proof: ∼L(Nn) has exactly the2n+1 equivalence classes:[w], for w ∈ {0, 1}n+1.
These equivalence classes are all distinct:let u, v ∈ {0, 1}n+1, withu 6= v.
Thus,u andv must differ at some position,i. WLOG say thatu = α0β andv = α′1β′

with |α| = |α′| = i− 1.
Thus,u1i−1 6∈ L(Nn) butv1i−1 ∈ L(Nn) and thus as claimed,u 6∼L(Nn) v.
These are all the equivalence classes:letw ∈ {0, 1}⋆. If |w| ≥ n + 1, let T (w) be the
last n + 1 characters ofw. If |w| < n + 1, let T (w) be0n+1−|w|w. In either case it is
easy to see thatw ∼L(Nn) T (w).
The claim thus follows from the Myhill-Nerode Theorem. �
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A languagehomomorphism is a functionh : Σ⋆ → Γ⋆ s.t.

∀x, y ∈ Σ⋆(h(xy) = h(x)h(y)) (2.1)

Examples:
h : {0, 1, 2, 3}⋆ → {a, b}⋆ g : {a, b} → {a, b, c}
h(0) = aa g(a) = a
h(1) = b g(b) = cbc
h(2) = aba
h(3) = ǫ

h(012310) = aabababaa g(baa) = cbcaa

Notation: for functionf : A→ B, setsS ⊆ A, T ⊆ B,

f(S) = {f(a) | a ∈ S}; f−1(T ) = {a ∈ A | f(a) ∈ T}

Example:

A1 = {w ∈ {a, b}⋆ | #b(w) ≡ 0 (mod 2)}

h−1(A1) = {w ∈ {0, 1, 2, 3}⋆ | #1(w) + #2(w) ≡ 0 (mod 2)}

g(A1) = {w ∈ {a, b, c}⋆ | #cbc ≡ 0 (mod 2); no other b or c}
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Closure Theorem for Regular Sets: Let A,B ⊆ Σ⋆ be regular languages and let
h : Σ⋆ → Γ⋆ andg : Γ⋆ → Σ⋆ be homomorphisms. Then the following languages are
regular:

1. A ∪B 2. A ∩B 3. AB

4. Ā = (Σ⋆ − A) 5. h(A) 6. g−1(A)

Proof: (1,3): LetL(e) = A, L(f) = B. ThusL(e ∪ f) = A ∪B ; L(e ◦ f) = AB

(2): A ∩B = A ∪B

(4): LetL(D) = A, DFAD = (Q,Σ, δ, s, F ). LetD = (Q,Σ, δ, s, Q− F ).
ThusL(D) = A

(5) Lete be a regular expression forA. Then we can inductively defineH(e) and then
prove by induction one thatL(H(e)) = h(A).
base cases:for a ∈ Σ,H(a) = h(a); H(∅) = ∅

inductive cases:H(e∪f) = H(e)∪H(f); H(e◦f) = H(e)◦H(f); H(e⋆) = (H(e))⋆

(6): LetD = (Q,Σ, δ, q0, F ) be a DFA acceptingA. DefineD′ = (Q,Γ, δ′, q0, F ) as
follows: δ′(q, γ) = δ⋆(q, g(γ)). Thus,

w ∈ L(D′) ⇔ δ′⋆(q0, w) ∈ F ⇔ δ⋆(q0, g(w)) ∈ F ⇔ g(w) ∈ A ⇔ w ∈ g−1(A)�
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Example Use Of Closure Theorem for Regular Sets

Prop. If A ⊆ Σ⋆ is regular, then so isA/Σ⋆ = {w ∈ Σ⋆ | ∃u ∈ Σ⋆(wu ∈ A)}.

Proof: LetΓ = (Σ ∪ Σ̂) and define the homomorphismst, h : Γ⋆ → Σ⋆ as follows:
t : σ 7→ σ; t : σ̂ 7→ σ; d : σ 7→ σ; d : σ̂ 7→ ǫ.
Thust takes hats off, andd deletes characters with hats on.

By the Closure Theorem for Regular Sets, the following sets are regular:

t−1(A) = {w ∈ Γ⋆ | t(w) ∈ A} (characters may have hats)

t−1(A) ∩ Σ⋆Σ̂⋆ = {w ∈ Γ⋆ | t(w) ∈ A and all characters with hats are at end ofw}

d(t−1(A) ∩ Σ⋆Σ̂⋆) = A/Σ⋆

Note: there is also a simple proof of this proposition by modifyingthe DFA,D,
acceptingA. If D = (Q,Σ, δ, q0, F ), let D′ = (Q,Σ, δ, q0, F

′), whereF ′ is the set
of states inQ for which there is a path of length zero or more to a state inF . Then
A/Σ⋆ = L(D′). �
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