CS601 Recall From Last Time Lecture §

Def: ForU =NorX;, letf: U — U be atotal or partial function. We say thats a
partial, recursive function iff 3TM M(f = M (-)),i.e., Yw € U(f(w) = M(w)).

Def: ForS C U, S is arecursive setiff the function ys is a (total) recursive function,

1 fze s o .
xs(z) = {O otherwise the characteristic function of

S is arecursively enumerable se{(S isr.e.) iff the functionpg Is a (partial) recursive
function,

the partial characteristic function 6f

ps(z) = { 1 fzesS

/" otherwise

Def: Theset accepted by Turing machine Ms defined as follows:
LM) = {welU ]| Mw)=1}.

Prop: Asetisr.e. iffitis accepted by some Turing machine
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Prop: If S isrecursive thery' isr.e.

Def: cote. = {S| Serel}

l.e., Sccote. iff Sere.

Th: Recursive = r.e.n co+.e.



CS601 Palindromes Lecture §

Definition 5.1 A stringw € X* is apalindromeiff it is the same as its reversal, i.e.,

w = we. []

Examples of palindromes:
e 101
¢ 1101001011
e ABLE WAS | ERE | SAW ELBA
e A MAN A PLAN A CANAL PANAMA

Proposition 5.2 The set of PALINDROMES (over a fixed alphabgts a recursive set.
Proof: [Verbal sketch:]

>]|/A/B/L|IEIE|L/B]AU

[]

Fact 5.3TimeO(n?) is necessary and sufficient for a one-tape Turing machinecepat
the set, PALINDROMES.

Proof:. Sufficiency is obvious. To prove necessity do problems 28815 from [P].[]
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CS601 MuliTape Turing Machines

Lecture §

Definition 5.4 A k-tape Turing machiney/ = (Q, 3,9, s)

Q: finite set of statess € ()
>. finite tape alphabet;
0:Qx2F — (QU{h}) x (Ex {e= =, —})"

Proposition 5.5PALINDROMES can be accepted in
DTIME |n| on a 2-tape TM.



Proof: (that PALINDROMESe DTIME [n])
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CS601 DTIME and DSPACE Lecture 5

Time and Space functions:t,s : N — N

Definition 5.6 AsetA C U isin DTIME [¢t(n)] iff there exists a deterministic, multi-
tape TM, M, and a constant, such that,

1.A = LWM) = {weU| Mw)=1}, and
2.Yw € U, M (w) halts withinc - t(|w|) steps. (]

Definition 5.7 AsetA C U isin DSPACE[s(n)]| iff there exists a deterministic, multi-
tape TM, M, and a constant, such that,
1.A = L(M), and

2.Yw € U, M(w) uses at most - s(|w|) work-tape cells.

(Input tape Is “read-only” and not counted as space used.) []

Example: PALINDROMESe DTIME [n|, DSPACE[n].
In fact, as we will see later, PALINDROMES DSPACE]log n|.
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CS601 F(DTIME) and F(DSPACE) Lecture 5

Definition 5.8 f : U — U is in F( DTIME [t(n)]) iff there exists a deterministic,
multi-tape TM, M, and a constant, such that,

1.f = M();
2.Yw € U, M(w) halts withinc - t(|w|) steps;
3. [f(w)| < [w|°W, i.e., fis polynomially bounded.
[]

Definition 5.9 f : U — U is in F( DSPACE|s(n)]) iff there exists a deterministic,
multi-tape TM, M, and a constant, such that,

Lf = M();

2.Yw € U, M(w) uses at most - s(|w|) work-tape cells;

3. f(w)| < |w|°W, i.e., fis polynomially bounded.

(Input tape is “read-only”; Output tape is “write-only”. Mleer is counted as space
used.) []

Example: Pluse F( DTIME [n|), Mult € F'( DTIME [n?])
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CS601 L, P, and PSPACE Lecture §

L = DSPACE]log n]

P = DTIME [n°W)]

| DTIME [n]
1=1

PSPACE = DSPACE[n?"] = | | DSPACE[n]]

1=1
These classes will become your good friends during the lhast of this course.

| jJust wanted to introduce them briefly today.



Theorem 5.10For any functiong(n) > n, s(n) > logn, we have
DTIME [t(n)] <  DSPACE[t(n)]

(
DSPACE[s(n)] C  DTIME [206()]
Proof: Let M be a DSPACE[s(n)] TM, letw € ¥, letn = |w|
M (w) hask tapes and uses at mast{n) work-tape cells.

M (w) has at most**(") possible configurations:

[&] - (n+es(n)+2)F - ||es(m) < ols(n)

# of states - # of head positions # of tape contents

Thus, afte"s(") steps,M (w) must be in an infinite loop.

Corollary5.11 L € P C PSPACE



CS601 PALINDROMES € L Lecture 5

>]lA/B|L EILIB/AlU| |[>]|U

>]|AB|L|E/L|BJA|U| |P]|1]U

Using O(log n) workspace, we can keep track of and manipulate two pointéostihe
iInput.
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CS601 DTIME versus RAMTIME Lecture 5

RAM = Random Access Machine

Memory:| k| rg|ri o | 73| T4 i
K = program counter; rg= accumulator

Instruction | Operand Semantics

READ gl 1l =glro=1(rlrylJ)
STORE |j| 1y (rj | re;) =0

ADD Jl 1gl =glro=ro+(rj|m,|J)
SUB jl1gl =jglro=ro—(rj|r|J)
HALF o .= LTo/QJ

JUMP j K=

JPOS ] if (ro>0)thenk :=j
JZERO j if (rp=0)thenk =}
HALT k=0
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Theorem 5.12 DTIME[t(n)] € RAM-TIME[t(n)] € DTIME [(t(n))]

Proof: Memorize program in finite control. Store all registers oe tape:

>1/1/,/0/:/1/0/1},{2/0/1/:{0/,/1|0(1|2/:{2/0LL
K To (5 11

Store workspace for calculations on second tape:

>11/0(0(,/1/0/1/1 L
K A

Use the third tape for copying and pasting sections of thetée.

>(0|:/1/0|1},/1/0/1}:/0/,/1/0|1|2|:/1 0|UL

70 s 11

Each register contains at mostt(n) bits. [O(log n) would be more realistic.]
The total number of tape cells used is at mositt(n)(n + t(n)) = O((t(n))?).

Each step takes at maS{(¢(n))?) steps to simulate. ]
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CS601 Nondeterministic TM Lecture §

Nondeterministic Turing Machines choose one of two posegibbves each step.

guess.in S g q
o)
1
L] g, U, —|q,U,—1s50,— |s1,—
> s, >, —
comment g org guess Oor 1 |the rest

Nondeterministic Guess Machinas a typical example:

e Write down an arbitrary string; € {0, 1}*: the guess.
e Proceed with the rest of the computation, usjngdesired.

e Accept iff there exists some guess that leads to acceptance.
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guess.tm S g q
0)
1
L gv'—'a_|q7|—|7_ 5707_> ‘8717_>
= > S, >, —
L] comment gorgq guess O or 1 |the rest
L
O L
O L
O|1,L
O|1,L
011
011
11 1
11 1



Definition 5.13 Thesetaccepted by a NTMJV:

L(N) = {weU | somerunofN(w) halts with output “1%}

Thetime taken byN onw € L(N) is thenumber of stepsin theshortest computation
of N(w) that accepts. ]

Unfortunately, this is a mathematical fiction.

As far as we know, you canfeally build a nondeterministic Turing Machine.
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CS601 NTIME and NP Lecture 5§

NTIME [t(n)] = problems accepted by NTMs in tind&(t(n))

NP

NTIME [2°"] = | ] NTIME [n]
1=1

Theorem 5.14For any functiont(n),
DTIME [t(n)] € NTIME [t(n)] € DSPACE[t(n)] C DTIME [200()]

Corollary5.15 L € P C NP C PSPACE

Corollary 5.16 The definition oRecursive andr.e. are unchanged if we use nonde-
terministic instead of deterministic Turing machines.
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