CS601 Recall From Last Time Lecture 6
Def: DTIME, NTIME, DSPACE, measured ddulti-tape Turing Machines.

Th: DTIME [t(n)] € RAM-TIME [¢(n)] € DTIME [(t(n))?]

L = DSPACE]log n]

P = DTIME [n°"] = [ J DTIME [n]
1=1

NP = NTIME [n°0] = [ J NTIME [n]

1=1
00

PSPACE = DSPACER?!"] = | | DSPACE[n]]

Th: Fort(n) > n,s(n) > logn,
DTIME [t(n)] € NTIME [t(n)] € DSPACE[t(n)]
DSPACE[s(n)] C  DTIME [206()]

Cor: L € P C NP C PSPACE



CS601 Busy Beaver Function Lecture 6

Definition 6.1 The busy beaver functiono(n) is the maximum number of one’s that
ann state TM with alphabetl = {0, 1} can leave on its tape and halt when started on
the all O tape. []

Note: In this example, to be consistent with literature, e.g., ¢toft article, we are
taking our tape alphablét = {0, 1}.

Note thato(n) is well defined

There are only finitely many-state TMs, with: = {0, 1}.

My My My Mz ... Moy Mgy ... Moz Msoug ... My
Some finite subset of these eventually halt on input O.
M, M Mo M3043

One of these prints the max # of 1'ss£n).
1 17 22,961 407
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CS601 How quickly doesa(n) grow asn gets large?

Lecture 6

ISo(n) € O(n?) 7
O(n?) ?
O(2") ?
O(n!) ?
O(2%) ?

O(hyperexpn)) ?
O(hyperexphyperexpn))) 7

2
27 bn
hyperexpn) = 2 }



CS601

Some Values ot (n)

Lecture 6

States Max # of 1's| Lower Bound for o(n)
3 o(3) 6
4 o(4) 12
5 a(5) 17
6 o (6) 35
7 o(7) 22,961
8 o (8) 392~ 7.9 x 107




Theorem 6.2Let f : N — N be a total, recursive function.
lim (_f(n)) = 0
= \o(n)

That is,o(n) is eventually bigger than any total, computable function!

Proof:
Let gn) = n-(f(n)+1) g is total, recursive.
Note: lim (M) =0

n—ox \ g(n)

We’'ll show that, a(n)

'V

g(n), for all sufficiently largen.



g(n) is computed by somk-state TM.

For anyn, let TM C, = | print n |computeyg t(t))ll?ﬁgy
Mog 7] b4 17

C,, has[logn| + k + 17 states.
C, printsg(n) 1's.

Forn > [logn| + k 4 17 states,

o(n) > o(llogn| +k+17) > g(n)



CS601 Pairing Function Lecture 6

From Hw2, we have a pairing function:

P:NxN =N

We can use the pairing function to think of a natural number@air of natural numbers.

Thus, the input to a Turing machine is a single binary strifgcv may be thought of
as a natural number, a pair of natural numbers, a triple afrabhumbers, etc.



Numbering Turing Machines

CS601 Lecture 6

Turing machinescan be encoded afaracter stringswhich can be encoded amary
strings which can be encoded astural numbers.

™, 1 2 3 4
O 1,0,— |3, LU,—0,0,—10,0,—
1 | 1,1,— 4,4, —0,1,— 10,1, —
2,4, «— | 0,L, — | 1,0,«—]1,1,
> | 1L,>,— | 0,0, — |0, — | 0,>, —
ASCIl: 1,0,—; 1,1, —: 2, L, «—:1,>, —:: --- 0,>, —
{01} w
N: n

There is a simple, countable listing of all TM’s: My, M, M, - - -

Encoding (transition function to binary string) and
Decoding (binary string to transition function) are trivia compute.
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CS601 Universal Turing Machine Lecture 6

Theorem 6.3There is aUniversal Turing Machine U such that,
U(P(n,m)) = My(m)

Proof: Given P(n,m), computen andm. n is a binary string encoding the state table
of TM M,,. We can simulaté/,, on inputm by keeping track of its state, its tape, and
looking at its state table;, at each simulated step.

n > m L]

Theoreni 6.8 is perhaps the most fundamental fact about daingu
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HALT = {P(n,m) | TM M,(m) eventually halt}

Corollary 6.4 (Unsolvability of the Halting Problem) HALT is r.e. but not recursive.

Proof:
HALT = {w | U(w) eventually halts
= {w | U(w) =1}
U = U |erase tap@rint 1 SimultateU and if it eventually halts, then output

Suppose HALT were recursive. Thertin) would be a total recursive function: Cycle
through alln-state TMs,M;, and if P(i,0) € HALT, then count the number of 1's in
M;(0). Return the maximum of these.

S L
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Lecture 6

Listing All r.e. Sets

CS601

Wo, Wi, Wa, - -

The set of all r.e. sets
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CS601 Diagonalization and Halting Lecture 6

K ={n| M,(n)=1}
= {n | U(P(n,n)) =1}
={n | neW,}

Theorem 6.5K is r.e., butKis not r.e.

Proof: K = {n|ngWw,}

Supposey were r.e. Then for some

K = W. = {n]| M(n)=1)

cc K & Mfe)=1 & cecW, & cec K

= <= N

Corollary 6.6 K € r.e. — Recursive
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“Anyone familiar with the theory of computability will be awe that practical
conclusions from the theory must be drawn with caution. Ifablem can the-
oretically be solved by computation, this does not meanithspractical to do
so. Conversely, if a problem is formally undeciable, thisgloot mean that the
subcases of primary interest are impervious to solutionlggrthmic methods.”

Albert Meyer and Dennis Ritchie

“The Complexity of Loop Programs,”
Proc. 22nd National ACM Conference,
(1967), Washington, DC, 465-470.
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