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Abstract

We present the first completeproblems for dynamic
complexity classes including the classes Dyn-FO and
Dyn-ThC

�
, thedynamicclassescorrespondingto relational

calculus and (polynomially bounded)SQL, respectively.
Thefirstproblemweshowcompletefor Dyn-FOis a single-
stepversionof thecircuit valueproblem(SSCV).

Of independentinterest,our constructionalsoproduces
a first-order formula,

�
, that is in a senseuniversal for all

first-order formulas. Sincefirst-order formulasare strati-
fiedby quantifierdepth,the first-order formula

�
emulates

formulas of greater depth by iterated application. As a
corollary we obtain a fixedquantifierblock, QBC, that is
completefor all first-orderquantifierblocks.

1 Intr oduction

Traditionally complexity theory has focusedon static
problems. All standardcomplexity classesare definedin
termsof thecomplexity of checking– uponpresentationof
anentireinput – whetherthe input satisfiesa certainprop-
erty.

For many applications of computers (including
databases,text editors, programdevelopment)it is more
appropriateto modelthe processasa dynamicone. There
is a large set of datathat is repeatedlymodified by users
overa periodof time. A dynamicalgorithmis a methodof
storingandmodifying datain a datastructure,sothateach
changeandquerymaybeperformedveryefficiently.

There is an extensive literature in dynamicalgorithms
andamortizedanalysis;but with theexceptionof [MSV94],
a theory of dynamic complexity had been lacking. In
[PI97], Patnaikand Immermanbegan the developmentof
a dynamiccomplexity theoryfrom thedescriptive point of
view.

�
Researchsupportedby NSFgrantCCR-9877078.

In this paperwe considera simpler and more general
approachto dynamiccomplexity thanin [PI97]. Ratherthan
considerdynamicversionsof staticproblems,we consider
thegeneralproblemof processingasequenceof operations.
Previouswork on Dyn-FOconsideredonly staticfunctions
of aninput thatwassubjectto simpleupdates;we consider
any dynamic,continuingcomputationin our model. The
completeproblemswehavefoundarea resultof expanding
themodelof dynamiccomplexity in this way.

Wefind thatit is naturalto think of adynamicproblemas
asequenceof regularlanguages,���	��
���� ������
���� ���	�
 � ������� , whereeach 
�� is a polynomial-sizeset of opera-
tions.

Thisresultsin adefinitionof Dyn-� for any (static)com-
plexity class � . Thesedefinitionsareconsistentwith, but
slightly extendthe correspondingdefinitionsin [PI97]. It
is alsonaturalfrom this point of view to definea dynamic
reductionas a uniform sequenceof boundedhomomor-
phisms.

In [PI97] the complexity class, Dynamic First-Order
Logic (Dyn-FO) wasstudied.This is the classof requests
that admit algorithmssuch that eachrequestcan be per-
formed as a first-orderdefinableoperationon the current
data structure. It was shown in [PI97] that many inter-
estingpropertiesare in Dyn-FO including all regular lan-
guages,majority, multiplication, undirectedgraphreacha-
bility, graphreachabilityfor acyclic graphs,transitive re-
ductionfor acyclic graphs,minimumspanningtree,bipar-
titeness,k-edgeconnectivity, etc.

More recently, Hesseshowed that the dynamicversion
of thegeneralgraphreachabilityproblem(DynREACH) is
in Dyn-ThC

�
[Hes01]. It thusalsofollows thatmany linear

algebraproblemsincluding matrix inversionanddetermi-
nant are in Dyn-ThC

�
. This is particularly interestingas

Dyn-ThC
�

is theclassof dynamicproblemscomputablein
(polynomiallybounded1) SQL[Imm99, Th 14.9].

1We say“polynomially bounded”to disallow the creationof new do-
mainelements.Otherwise,anSQL algorithmmight createexponentially
many new elements,letting it decideproblemsthat it couldn’t whenthe
databasesizeremainspolynomiallybounded,cf. [LW99].
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Usingournew formulationof dynamiccomputation,we
presentthefirst completeproblemsfor dynamiccomplexity
classesincluding Dyn-FO andDyn-ThC

�
. Suchproblems

hadlong beensought,cf. [PI97].
Thefirst problemthatwe show completefor Dyn-FOis

a singlestepcircuit valueproblem(SSCV).SSCVis com-
pletein a naturalway for Dyn-FO becauseany fixed first-
order formula canbe simulatedby a uniform sequenceof
AC
�

circuits[Imm99, Th. 5.22].
However, SSCV, is notcompletevia theweakestversion

of reductionsthat we describe,becausetheseweakreduc-
tions do not have the power to producesuchAC

�
circuits

beforethecomputationbegins.
To overcomethis problemwe constructa first-orderfor-

mula
�

whichis in asensecompletefor all first-orderformu-
las.Of course,Sipserprovedthatthereis astrictalternation
hierarchyfor first-orderformulas[Sip83]. Thustherecan
benosinglefirst-orderformulathatis truly completefor all
first-orderformulas.Whatwemeanis thateveryfirst-order
formula, � , canbesimulatedby theformula

�
iterated���! 

timeswhere� is thedepthof � , evaluatedonastructurethat
is apolynomialpaddingof theoriginal structure,i.e.,"$# % � & PAD '(� � "*)�# % �,+.-0/ �21 �
An equivalentwayof statingthisis thatwehaveconstructed
acompletefirst-orderquantifierblock (QBC).

Using
�
, we define the problemCSSCVwhich is the

sameas SSCV except that it is initialized with the first-
orderdefinableAC

�
circuitscorrespondingto

�
. We show

thatCSSCVis completefor Dyn-FOvia ourweakestreduc-
tions: boundedfirst-orderhomomorphisms.

This paperis organizedasfollows: In 3 2 we provide the
necessarybackground,in 3 3 weintroduceournew formula-
tion of theclassof dynamicproblems,in 3 4 we explainour
modelof dynamiccomputation,in 3 5 we definetheresult-
ingdynamiccomplexity classes,in 3 6 weexplainourmodel
of dynamicreductions,in 3 7 we definetheSSCVproblem
andprovethatit is completefor Dyn-FO, in 3 8 weconstruct
a universal first-order formula,

�
, and prove as a corol-

lary thatthereexistsa completefirst-orderquantifierblock,
we then use

�
to constructthe problemCSSCVwhich is

Dyn-FO-completevia ourweakestreductions,in 3 9 we use
our main resultto constructotherDyn-FO-completeprob-
lems including a monotoneversionof CSSCV, andan it-
eratedBooleanmatrix multiplicationproblem.We alsoin-
cludesomecompleteproblemsfor otherclassesincluding
Dyn-ThC

�
. Finally, in 3 10 we describedirectionsfor fur-

therresearch.

2 Background on DescriptiveComplexity

We briefly describe the neededbackground in de-
scriptive complexity [Imm99]. A vocabulary, 4 %

5(6	7�8� � ����� � 6	7:9; �=< � � ����� �><�?0@ , is a tuple of relation symbols
andconstantsymbols.Thesuperscriptsof therelationsym-
bols denotetheir arities. A structure with vocabulary 4 is
a tuple,

"A% 5 # "B# � 6�C� �D�.� 6	C; �=< C � � ����� �=< C ? @ whoseuniverse
is the nonemptyset

# "E#
. We will assumethroughoutthat# "B#F%HG�I �  � ����� �KJML  ON and reserve J %P# # "E# #

for the
cardinalityof the universeof a given structure

"
. We let

STRUC Q 4SR denotethe setof finite structuresof vocabulary4 . Let,

STRUC�TQ 4SR % US"WV
STRUC Q 4SREXX # # "E# #Y% J[Z �

For example,let 4 ? % 5]\ � @ bethevocabulary of binary
strings,andthusSTRUC Q 4 ? R is thesetof binarystringsen-
codedas logical structurescontaininga singleunary rela-
tion.

For any vocabulary 4 there is a correspondingfirst-
order languagê�'_4 ) built up from the symbolsof 4 and
the numeric relation and constantsymbols,

%
, ` , BIT,

0, 1, max, using logical connectives: a �0b�>c , variables:d �=ef�>gh� d � � ����� , andquantifiers:i �>j .
Thenumericrelation ` representstheusualtotal order-

ing ontheuniverse
GkI �  � ����� �KJlL  �N . BIT ' d �Ke ) meansthat

when d is codedasa mon�p J bit number, bit e of this encod-
ing is a one.TherelationBIT allows arithmeticoperations
on mon�pf' J ) -bit numbersto befirst-orderdefinableandit al-
lows subsequencesof a mon�pq' J ) -bit numberto be readand
copied[Imm99, 3 1.2]. This will be neededwhenwe sim-
ulatea first-orderformula � with the completeformula

�
which mayhave fewervariablesthan � .

We will think of a static problem,
\ � STRUC Q 4SR , as

a set of structuresof somevocabulary 4 . It suffices to
only considerproblemson binarystrings,but it is morein-
terestingto be able to talk aboutother vocabularies,e.g.
graphproblems,aswell. We usetheschemefrom [Imm99]
for coding an input structureas a binary string. If

"r%5 GkI �  � ����� �KJsL  ON � 6	C� � ����� � 6	C; �=< C � � ����� �=< C ? @ , is astructure
of vocabulary 4 , then

"
will beencodedasa binarystring

binth' "u) of length J 7v8 �xw�w�w=� J 7�9 �!y{z|mon}p J{~ , consistingof
onebit for each�S� -tuple,potentiallyin therelation

6 � plusz|mon}p J{~ bits to nameeachconstant.2

Definethecomplexity classFO to bethesetof all first-
orderexpressibleproblems.FO is a uniform versionof the
circuit classAC

�
andit is equalto the setof problemsac-

ceptablein constanttime on a polynomialsizeconcurrent
parallelrandomaccessmachine[Imm99, Th. 5.22]. When
mentioningcircuit complexity classesin this paper, we al-
waysmeanthe first-orderuniform versionof theseclasses
[BIS90].

2Thedetailsof theencodingarenot important,but it is usefulto know
that for each � , bin� andits inversearefirst-orderqueries[Imm99, Def.
2.1].
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3 Dynamic Problems

We definea dynamicproblem, � % U � � ��
 �� XX J % �>�,� ����� Z , to be an infinite sequenceof regular languages.
For eachvalueof J , ��� is a regular languageover 
�� , a
polynomial-sizealphabetof operations.If string � V 
 � � is
in ��� , wesaythatthesequenceof operations� is accepted
by thedynamicproblem � .

An exampleof a dynamicproblemis thedynamicgraph
reachability problem DynREACH. This is the dynamic
probleminducedby the static decisionproblemREACH.
An instanceof REACHis adirectedgraphon J nodes,num-
bered

I
through J�L  , with two distinguishednodesy and�

. This instanceis acceptedif thereis a directedpathfrom
node y to node

�
. ThedynamicproblemDynREACH con-

tains,for eachJ , a regular languageDynREACH� defined
over thesetof operations


 � � U
Insert'_� ��� ) � Delete'(� ��� ) XX I `�� ������J Z� U

SetS'_� ) � SetT'(� ) XX I `�� ��J[Z �
The operationInsert'_� ��� ) insertsa directededgefrom

node� to node� in thegraph,andtheoperationDelete'_� ��� )
deletessuchan edge. The operationsSetS'_� ) andSetT'_� )
setor changethestartnodeandthefinal nodeof thereach-
ability query. A sequenceof operations� V 
 � � is accepted
byDynREACHif REACH containsthegraphcreatedby se-
quentiallyapplyingtheoperationsin � to theemptygraph
on J nodes,with y and

�
initially setto node0.

4 Dynamic Machines

Wenext defineamodelof dynamiccomputation,leading
to adefinitionof dynamiccomplexity classes.Ourmodelis
basedon descriptive complexity [Imm99]; it is suitablefor
any dynamiccomputationthatmaintainsa polynomial-size
auxiliarydatastructure.

Definition 4.1 (Dynamic Machine) A dynamicmachine,� % U � � % ']� � � 
 � �=� � � y � �=� � ) XX J %  �0�S� �����oZ , is a
uniform sequenceof deterministicfinite automata.Thedy-
namicproblemacceptedby

�
is thesequenceof languages

acceptedby theDFAs
� � � � � � ����� :� ' � )[% � '2' � � � � � � ����� )K)[% ' � ' � � ) � � ' � � ) � ����� ) �

A state� V ��� reachedby DFA
� � is thecurrentvalue

of the polynomial-sizeauxiliary datastructureof the dy-
namicmachine.We chooseto encodesuchstatesasfinite
logicalstructuresof somevocabulary 4 % 5]6�7v8� � ����� � 6	7:9; @ 3,
i.e. we let ��� %

STRUC��Q 4SR �
3For simplicity in thispaper, we limit � to bepurelyrelational,with no

constantsymbols.This is not essential,but it eliminatesanextra casein
many definitionsandconstructions.

The alphabets,
U 
�� XX JW� I Z , aredescribedby a fi-

nite vocabulary of operatornameswith fixed arities: 
 %5]�	� 8� � ����� � � �2�? @ . An elementof thealphabet
 � is anopera-
tor name

�	���� togetherwith an   � -tupleof parametersdrawn
from the universe

I � ����� �KJ¡L  . Omitting the superscripts
denotingarity, we have


�� %¢U �¤£ ']¥�� � ����� � ¥ ��¦ ) XX I `M¥�� � ����� � ¥ ��¦ ��J¨§  �` � `My Z �
Thusthe sizeof 
 � is

� ' J � ) where   %ª©F«�¬ £   £ . Recall
that in the exampleof DynREACH above, we hadthe op-
eratornamesInsert,Deleteof arity two, andSetS,SetT, of
arity one.

Thetransitionfunctions,
U � �$XX J�� I Z , aregivenby a

setof logical formulas
U � �_ £ XX  ®`ª��` � �  ®` � `¯y Z ,

defining the new state in terms of the old stateand the
operationperformed. For eachrelation name,

6 � V 4 ,
and operatorname,

�°£ V 
 , the formula �¨�( £ expresses
the value of relation

6 � in the new stateafter the tran-
sition specifiedby the operator

�¤£ '±¥�� � ����� � ¥ ��¦ ) . For ex-
ample,if � �T'(� � �°£ ']¥�� � ����� � ¥ ��¦ )K)B% ��² , � % 5 G�I � ����� �=JxL ON � 6 � � ����� � 6�³ @ , and ��² % 5 G�I � ����� �=J¡L  �N � 6 ² ��� ����� � 6 ²³ @ ,
thenwehave,

6 ²� � � �( £ ' 6 � � ����� � 6 ³ � ¥ � � ����� � ¥ � ¦ � d � � ����� � d 7 � ) �
If all theformulas� �_ £ arefirst order, thenthenew state,��² is first-orderdefinablefrom thepreviousstate,� .
Thestartstates,yv� , aregivenasasetof logical formulas,U�´ �¡XX  s`µ�°` � Z , giving theinitial valuesof therelations6 � ,  ¡`$�l` �

. The logic usedto expressthe startstates
maybedifferentthanthelogic usedto expressthetransition
function,meaningthattheinitializationof ourdynamicma-
chinemayhave a differentcomputationalcomplexity than
theimplementationof eachoperation.

Finally, thefinal statesetsaregivenby a singlesentence¶ . A state� V ��� is in � � if f � # % ¶ . ·

Example 4.2 Let PARITY consist of the set of binary
stringscontainingan odd numberof “1”s. The problem
DynPARITY hasunaryoperatorsSetandReset.For aprob-
lem of size J , the initial stateis a string of J “0”s. Set'_� )
setsbit � to “1”, andReset'_� ) setsit to “0”. A sequence
of suchoperationsis acceptediff theresultingstringhasan
oddnumberof “1”s.

Definethedynamicmachinȩ
%WG ¸ � � ¸ � � ����� N accept-

ing DynPARITY asfollows. Thedata-structurevocabulary
is 4 % 5 � � �K¹ � @ . The relation � will storethe current J -
bit string, and ¹ will storethe currentparity of the input.
The start stateof ¸ is given by the formulas, � � false;¹ � false. Thefinal statesof ¸ aredescribedby theatomic
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formula ¹ ' ) . Thetransitionfunctionsaredescribedbelow.

Set'(� )º ��²±' � ) � ���0 � � �u' � ) b � % �¹ ²]' ) � �»�� � � ¹ ' )¼ �*'_� )
Reset'_� )�º ��²±' � ) � ���0 � � �u' � ) aF��½% �¹ ²]' ) � �»�� � � ¹ ' )¼ c �*'_� )
Observe that

� ']¸ )	% DynPARITY, andeachoperation
in ¸ is first-orderdefinable. In the next sectionwe will
defineDyn-FO andit will be obvious that ¸ is a Dyn-FO
machineandthusDynPARITY

V
Dyn-FO. ·

5 Dynamic complexity

Dynamic complexity classesarise naturally from the
abovedefinitionof adynamicmachineasafamily of DFAs.
In general,for any staticcomplexity class� we definethe
dynamiccomplexity classDyn-� to be the setof dynamic
problemsthatareacceptedbydynamicmachineswhoseini-
tial state,transitionfunction,andfinal setareall computable
in � .

If we require that the initial state,transition function,
andfinal set are all describedby first-orderformulas,we
have thedynamiccomplexity classDyn-FO. For example,
DynPARITY

V
Dyn-FO, by the constructionin Example

4.2. The classDyn-FO describedhereis a slight general-
izationof theDyn-FOdescribedby ImmermanandPatnaik
in [PI97]. Thedifferenceis thatin [PI97], only thedynamic
versionsof staticproblemswereconsidered;herewe con-
siderany dynamicproblemwhatsoever. This treatmentpro-
videsamoregeneralnotionof dynamiccomputation,which
helpedusdiscover thecompleteproblemsthatwe describe
in thesequel.

It maybe thecasethat theprecomputationof the initial
statehasgreatercomplexity than the other partsof a dy-
namiccomputation.If the computationof � and � are in� , but theinitial staterequirescomplexity greaterthan � —
up to polynomial— thenwe saythat thedynamicproblem
is in Dyn-� / , i.e.,Dyn-� with polynomialprecomputation,
cf. [PI97].

6 Reductions

Let � % U ���¾�¢
 �� XX J %  �>�,� ����� Z and ¿ %U ¿��À�ÂÁ �� XX J %  �>�,� ����� Z be dynamicproblems. A
simplekind of reductionfrom � to ¿ mapseachoperation´ÃV 
 � to a uniformly boundedsequenceof operationsÄ � w�w�w Ä ³ V Á � � + �k1 for somepolynomial  ,' J ) . Notethatsuch
areductioncorrespondsto a uniform,boundedsequenceof
homomorphismsfrom 
 � � to Á � � + �k1 . Suchreductionsarere-
lated to the boundedreductionsinvestigatedin [MSV94]
and[PI97].

Definition 6.1 (BoundedHomomorphism)
Let  ,' J ) be a polynomial,let Å V N bea constant,and

let Æ % U Æ �¯XX J %  �>�,� �����.Z bea sequenceof homomor-
phisms,Æ � º 
 � �ÈÇ Á � � + �k1 , suchthat for all J , all

´�V 
 � ,
andall � V 
 /� ,

# Æf�T' ´�)�# `MÅ and,

� V � & Æ � '_� )°V ¿ (6.2)

Thenwesaythat Æ is aboundedhomomorphismfrom �
to ¿ ( Æ º �É` bh ¿ ).

We saythatboundedhomomorphismÆ is uniform if the
mapthattakes J to Æ � haslow complexity. For example,ifÆ is uniformly definableby a finite setof first-orderformu-
las— onefor eachoperationsymbol

�°£ V 
 — then Ê is a
boundedfirst-order(bfo) homomorphism.Not surprisingly,
bfo homomorphismspreservedynamiccomplexity classes.·

Note that homomorphismsarememorylessin that they
donotconsiderprevioushistorywhendecidinghow to map
thecurrentoperation.It is sometimesusefulto considerdy-
namicreductionsthatmaintainsomestateasthey transform
onesetof operationsto another. However, homomorphisms
aresimplerandwe will usethemthroughoutthis paper.

Example 6.3 (BoundedHomomorphism fr om Dyn-� to
Dyn-� ² ) Hereis anexampleof aboundedhomomorphism.
Givena regular language�$�ÉÁ � , we definetwo dynamic
versionsof themembershipproblemfor � . Definethedy-
namicproblemDyn-� % U

Dyn-��� XX J %  �0�S� �����DZ such
that � V Dyn-��� if f,

Ë Theoperationsarefrom theset
USÌSÍ:Î '_� � Ä ) XX I `µ� �J¨� Ä V Á Z . Set'(� � Ä ) is interpretedassettingcharacter� of a stringto bethesymbol Ä .

Ë If we begin with thestring ' Ä � ) � andperformtheop-
erations� , thentheresultingstringis in � .

DefinethedynamicproblemDyn-��² astherelatedprob-
lemwith operationsInsert'_� � Ä ) andDelete'_� ) , which insert
characterÄ into thestringatposition� , increasingthelength
of thestring,anddeletethe characterat position � . Again,
anoperationsequence� is in Dyn-� ² if f thesequence,� ,
appliedto the string ' Ä � ) � , yields a string in � . The size
parameterJ restrictsthe problem;“Insert” operationsthat
wouldmakethestringlongerthan J charactersareignored.

Giventhesetwo dynamicproblems,it is easyto seethat
theoperationSet'(� � ´�) from thefirst problemcanbeimple-
mentedasthesequenceof operationsDelete'_� ) , Insert'_� � ´�)
in the secondproblem. Thus a boundedhomomorphism
from Dyn-� to Dyn-��² is given as follows:  ,' J )Ï% J ;Å % � ; and, Æ � ' Set'_� � ´�)K)[% Delete'_� ) Insert'(� � ´�) ·

We say that a complexity class, � , is closedunder a
reduction, ` � , if f for all problems � � ¿ , if ¿ V � and�Ð` � ¿ then � V � . It is obviousthatalmostany conceiv-
abledynamicclassis closedunderbfo homomorphisms.
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Proposition6.4 Let � be any of the complexity classes
AC
� � ThC

�
, �ÒÑ I

, NC
�
, �¢Ñ  , DSPACEQ yY' J ) R ,

NSPACEQ y�' J ) R , yY' J ) ÑÓmDn�p J . ThenDyn-� is closedun-
derbfo homomorphisms.

A difficulty with bfo homomorphisms,is that they only
allow a boundednumberof operationsto setup an initial
structure. Thus,a problemthat would otherwisebe com-
pletemight not be if its initial datastructureis trivial. For
thisreason,to build acompleteproblemfor Dyn-FOvia bfo
homomorphisms,we will have to work hardin 3 8 to build
a universal,first-orderformula to placeasthemainpartof
theinitial datastructureof ourcompleteproblem.

A different approachwould be to increasethe power
of the reductionsso that they can place a polynomially
boundedprefix, Ô � , in front of the homomorphicimageÆ � '(� ) in Equation6.2.

Thus,definea boundedhomomorphismwith polynomial
prefixto bethesameasa boundedhomomorphism(Defini-
tion 6.1)exceptthatthereis alsoasequenceof polynomial-
size prefixes: ÔÕ' J )¡V Á � + �}1 , J %  �>�,� ����� , suchthat for
all J , all

´ÖV 
�� , and all � V 
 /� ,
# Æf��' ´�)�# `×Å and� V � & Ô»' J ) Æq�T'(� )�V ¿ . Similarly, a boundedfirst-

orderhomomorphismwith prefix (bfop) is a first-orderde-
finableboundedhomomorphismwith polynomialprefix.

It may no longer follow that complexity classesDyn-�
areclosedunderbfop’s but thecorrespondingclasseswith
precomputation,i.e. Dyn-� / are. In most naturalsitua-
tions, the applicationof the machine

� � + �k1 for ¿ to the
prefix Ô»' J ) will result in a uniformly first-orderdefinable
datastructurefor ¿ � + �k1 , andthustheextra precomputation
doesnot take usout of Dyn-� .

Example 6.5 (DynPARITY `�Ø�ÙvÚ�Û DynREACH) It is not
clearthatDynPARITY is reducibleto DynREACHvia abfo
homomorphism,but it is easyto show that thereis sucha
bfop homomorphism.Namely, let  ,' J )�% �kJ � � , andlet
prefix ÔÕ' J ) constructaninitial graphwith y %ÜI , � % ��JL  ,
andtheedges

5 � � �:� �}@ , � �M��J . Thisconsistsof two parallel
linesof length J .

The homomorphicimage of the operationSet'_� ) re-
movesthe edges

5 � � �0� �»� �}@ and
5 � �¨�Ð �>� �¨�ÜÝ @ andin-

sertstheedges,
5 � � �0� �Þ�ßÝ @ and

5 � �Þ�M �>� �Þ� ��@ . Similarly,Æà' Unset'(� )K) reversestheseoperations,

Æà' Unset'(� )K) � Insert' � � �>� �f� � ) � Insert' � �T�M �>� �{�ÏÝ ) �
Delete' � � �>� �Þ�ßÝ ) � Delete' � �{�Ü �0� �Þ� � )

It is easyto verify that this is the requiredbfop homo-
morphism. ·

7 A CompleteProblem for Dyn-FO

In this section we constructa completeproblem for
Dyn-FO. Let � % U ���Ð�á
 �� XX J %  �>�,� �����DZ be an
arbitrary Dyn-FO problem. Let the operatoralphabetbe
 % 5]� � 8� � ����� � � � �? @ .

Since� V Dyn-FO, � % � ' � ) for somemachine
� %U � � % ']��� � 
�� �=� � � yv� �=� � ) XX J %  �>�S� ����� Z , in which � ,y , and � areall first-orderdefinable.

Recall that ��� % STRUC�TQ 4SR consistsof all structures
with universe

GkI �  � ����� �=JBL  ON for a fixedvocabulary, 4 %5(6	7�8� � ����� � 6	7:9; @ .
Let the following first-orderformulasbe the definition

of the Dyn-FO machine
�

:
´ � ,  x`Ó�â` �

, defining the�
initial relations; � �( £ ,  	`��ã` � �  �` � `�y , defining the

new valuesof eachof the
�

relationsin responseto each
operator,

� £
; and ¶ , theacceptancecondition.

Wenext observethatany Dyn-FOmachinecanbeeasily
transformedto onewith trivial initial andacceptrelations.

Observation 7.1 Let
�

bea Dyn-FOmachine. Thenthere
is an equivalentDyn-FOmachine

� ² such that all theini-
tial relationsare empty, i.e,

´ � � false, � %  � ����� � � , and
the acceptancecondition is also trivial, ¶ � � where �
is a new relation of arity

I
, i.e., a singleadditional bit of

auxiliary data.

Proof: Let 4h² % 4 � G \ � �=� � N , i.e., we augmentour data
structurewith two bits:

\
(start)and � (final). In theinitial

states,y ²� , all relationsareempty, i.e., false.
Thenew transitionrelations�¨²�_ £ areasfollows: on input�¤£ '±¥�� � ����� � ¥ ��¦ ) , do thefollowing,

1. If c \ , applytheinitializationdefinitions,
6 � ºä%Ü´ � and\ ² ºä% true;

2. Apply thetransitionsasin
�

,
6 ²� ºå% �»�( £ '±¥�� � ����� � ¥ ��¦ ) ;

3. Recordwhetherwearein afinal state: � ² ºä% ¶
Thus

� ² is exactly equivalent to
�

and performsthe
samework that

�
does,exceptthatat theendof eachop-

erationit explicitly recordsin the bit � whetheror not we
arecurrentlyin afinal state.Clearly

� ² is alsoDyn-FO. ·
A secondobservation,whichwill simplify our construc-

tion of a completeproblemfor Dyn-FO, is that theclassof
Dyn-FOproblemsdefinedby Dyn-FOmachinesthathavea
singleunaryrelationastheir auxiliary datais completefor
Dyn-FOunderbfo homomorphisms.

Observation 7.2 AnyDyn-FOproblem� is bfohomomor-
phismreducibleto a problem¿ acceptedbya Dyn-FOma-
chinewhosestatespace��� % STRUC�TQ 4 ? R is thesetof all
relational data structureswith the vocabulary 4 ? % 5]\ � @
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consistingof a singleunaryrelationsymbol.Furthermore,¿ ’s operation vocabulary , 
 % 5]� ��}� ����� � � �? @ , consistsof
onlyunaryoperations.

Proof: Let
�

be a Dyn-FO machinefor � , and let the
statespaceof

� � beSTRUC� Q 4SR , for 4 % 5(6 7�8� � ����� � 6 7:9; @ .
Recall from 3 2 the first-order transformation bint º
STRUC Q 4SR Ç STRUC Q 4 ? R , whoseinverseis alsofirst-order
definable.

We know from [Imm99, Prop. 3.5] that for any first-
ordertransformationæ º STRUC Q ¶ R Ç STRUC Q çàR thereis
a dual map èæ º ^�'|ç ) Ç ^�' ¶ ) suchthat for all sentencesé V ^�'|ç ) andall structures

"ÀV
STRUC Q ¶ R ,

"$# % èæf' é ) & æÞ' "u)°# % é �
Thefirst-orderformulasdefining ¿ arethusgivenasthe

imageunder êbin ë �t of the first-orderformulasdefining � .
ThehomomorphismÆ is the identity map,andthepolyno-
mial blow-upis  S' J )ã% J 7 8 ��w�w�w(� J 7 9 . Wehavethusgiven
abfo homomorphismfrom � to ¿ . Whatis goingon is that¿ maintainsdatastructuresthatarebinarystringsbinth' "*)
exactlysimulatingthedatastructure

"
of � .

For the last requirementthat operationsof ¿ all have
arity one,wemayhaveto makeanadditionalchange.First-
order transformationsmapstructureswith universe

# "E#
to

structureswhoseuniverseis
# "E# ³

, i.e., Å -tuplesfrom
# "E#

.
Thus, Å arguments�h� � ����� � � ³ can be mappedto a single
argument

5 �h� � ����� � � ³ @ . To make the operationsof ¿ have
arity one it suffices to increasethe arity of the first-order
transformationbint from � to ¿ sothatit is at leastaslarge
asthemaximumarity of any of theoperationsof � . ·
7.1 SingleStepCir cuit Value (SSCV)

We now describethe dynamicproblem,singlestepcir-
cuit value(SSCV).Wewill show in Theorem7.4thatSSCV
is completefor Dyn-FOvia bfophomomorphims.In Theo-
rem8.7wewill show thatavariantCSSCVof thisproblem
is completefor Dyn-FOvia bfo homomorphisms.

SSCVis a not-necessarily-acyclic dynamiccircuit value
problem.Initially, theproblemof size J consistsof J “and”
gateswith currentvalue“0” andno wiresconnectingthem.
SSCVallows thefollowing operations:

Ë Insert'_� ��� ) : adda wire from gate� to gate� ;
Ë Delete'(� ��� ) : deleteany wire from gate� to gate� ;
Ë And '_� ) , Or '(� ) , Not '(� ) : make gate � an “and”, “or”,

“not” gate,respectively;

Ë Set'_� ) , Reset'(� ) : setthecurrentvalueof gate � to “1”,
“0”, respectively;

Ë Step: synchronously propagate values one step
throughthewholecircuit. Thenew valueof an“and”
(“or”) gateis theconjunction(disjunction)of thecur-
rentvaluesof thegatesconnectedto its inputs.A “not”
gateis actuallya“nand” gate;its new valueis thenega-
tion of the conjunctionof its inputs. The valueof an
“and” gatewith no inputsis “1”; thevalueof an “or”
or “not” gatewith no inputsis 0.

The acceptancecondition for SSCV is that gate0 has
value“1”. It is easyto seethatSSCVis in Dyn-FO:

Proposition7.3 SSCVis in Dyn-FO.

Proof: Wemaintainthecurrentvalueof thecircuit asalog-
ical structurewith onebinaryedgerelationandfour unary
relationsindicating whethereachgate is “and”, “or”, or
“not”, andits currentbinaryvalue.

The operation“Step” is easyto defineusingfirst-order
formulas.4 All theotheroperationssimply setonevalueof
theaboverelations. ·

Thefollowing is not surprising,

Theorem7.4 SSCVis completefor Dyn-FO via bfop ho-
momorphisms.

Proof: Let � be an arbitraryDyn-FO problem,with cor-
respondingDyn-FO machine,

�
, i.e., � % � ' � ) . Com-

bining Observations7.1 and7.2 we may assumethat
�

’s
datastructurevocabulary is 4 ? , consistingof asinglebinary
string,

\
, it’s initial stateis theall-zerostring,andits final

stateis determinedby bit 0 of its statestring. Furthermore,
thevocabulary, 
 % 5±� �� � ����� � � �? @ , consistsof y unaryop-
erations.

Let �[� � ����� � � ? bethefirst-orderformulasdescribingthe
new value of

�
’s staterelation in reactionto operations� � � ����� � � ? . For an instanceof � of size J , therearethus

a linearnumberof possiblefirst-orderoperationsto beper-
formed: �¨�=' � ) ,  �`��ã`�y ; I ` � ` JâL  .

The prefix ÔÕ' J ) of the bfop homomorphismconstructs
AC
�

circuits for all the operations�¨�K' � ) . Thesearefirst-
orderdefinable[Imm99, Th. 5.22]. Also neededis an J -bit
array of latches,to store the currentvalue of

� � ’s state
relation,

\
. Thecircuit correspondingto � � ' � ) , whengiven

control,will startwith input
\

, andover thenext depth'(� � )
steps,compute� � ' � ) , finally returningthe relation,

\ ² �� � ' �k� \ ) to the J -bit arrayof latcheswhendone.
The homomorphicimage ÆÕ' � � ' � )2) consistsof the fol-

lowing depth']� � ) �ÜÝ operationsto SSCV: setthe control
bit for � � ' � ) , Stepdepth']� � ) times,latch thesenew values
into thearrayof latches,unsetthecontrolbit.

4NotethatSSCVis asingleiterationof thefirst-orderinductive defini-
tion of CVP, cf. [Imm99,Ex. 4.26].
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By construction,theprefixandhomomorphismarefirst-
order definable,and the resultingSSCV computationex-
actly simulatesM. ·

8 A Universal,First-Order Formula, ì
In order to build a completeproblemfor Dyn-FO, via

bfo homomorphisms,we canno longer includethe prefix
definingtheoperations� � ' � ) asin Theorem7.4. We solve
this problem,by constructinga first-orderformula,

�
, that

cansimulateany otherfirst-orderformula.Thissectionis a
diversionfrom dynamiccomplexity andmaybeskippedif
thereadersodesires.

We now constructa first-orderformula,
�
, that is uni-

versalin thefollowing sense:any otherfirst-orderformula,� , canbesimulatedby the formula
�

iterated�u�í times,
where � is thedepthof theparsetreeof � – evaluatedon a
structurethat is a polynomialpaddingof theoriginal struc-
ture,informally,"$# % � & PAD '(� � "*)î# % �,+.-0/ �21 (8.1)

Since
�

hasa fixed numberof variablesit will have to
simulateformulas,� , thathavealargernumberof variables.
A paddingof size J�ï will let eachvariablein

�
correspond

to < mDn�p J bits. UsingBIT we canthusencode< of � ’s vari-
ablesinto a singlevariableof

�
.

Recall that 4�ð % 5±\ � @ is the alphabetof binarystrings.
Theformula

� ' eÞ� \ )¤V ^�'_4 ? ) hasonefreevariableandthus
mapsbinarystringsto binarystrings,asfollows.Let � bea
binarystringof length J . Thestructure

"�ñ¡% 5 GkI � ����� �=JsL ON � \ ñ @ is anencodingof � . (Notethatusingtheencoding
mentionedin 3 2, thestructure

"�ñ
andthebinarystring � %

bint � ' "uñ[) areinterchangeable.)Let

� ' " ñ ) % " ñTò % 5 G�I � ����� �KJâL  �N � \ ² @�§
where

\ ² % U �óXX " ñ � ��ô e # % � Z .
We may slightly abusenotationandwrite

� '_� )â% ��² .
For theremainderof this sectionwe fix a vocabulary 4 and
a formula � V ^�'_4 ) . We will definethe binary string �îõ
whichwill beanencodingof � and 4 thatis convenientfor
thefirst-orderformula,

�
.

Amongotherthings,thestring �°õ will representall the
subformulasof � : Ä � % � � Ä � � ����� � Ä ³ . Let   bethenumber
of distinctvariablesoccurringin � . For simplicity, we will
imaginethatall   variablesoccurfreely in eachsubformulaÄ � . Let

´ö% 5(÷ � � � ����� � ÷ � ³ @ . We will usestructuresfrom
STRUC Q ´ R to representthe currentcomputationof

�
as it

simulates� andits subformulas.
Supposenow that we are given a structure

" V
STRUC� Q 4SR . Let ø � V STRUC� Q ´ R be a blank structure,
i.e., all relations are false. Let �[' "*)�% 5 GkI � ����� �KJµL ON � ÷	ù� � ����� � ÷	ù³ @ be thecorrectstructureof � evaluatedon

"
, i.e., for � %  � ����� � Å ,÷ ù � % U 5 �h� � ����� � � � @ XX " � �h��ô d � � ����� � � � ô d � # % Ä � Zî�
The paddedencodingof � and

"
– what we called

PAD ']� � "u) in Equation8.1 – will be the concatenation
of threestrings: �îõ , binth' "u) , binú�'_ø � ) . The following
lemmastatesthemain resultof this section,namelythat

�
iterated �Ï� % depth'(� ) timescorrectlysimulates� .

Lemma 8.2 There is a universal first-order formula,
�
,

such that for any 4 , � , J ,
"

,

� +.-0/ ��1 '(� õ w bint ' "u) w binú '(ø � )2)x% � õ w bint ' "u) w binú '|�[' "*)2) �
Proof: Althoughthedetailsof theencodingof �îõ havenot
beenexplainedyet, it is an easy-for-

�
-to-readrepresenta-

tion of � ’s alphabet4 anda parsetreefor � . Thevariables
occurringin � are d � � ����� � d � . The subformulasof � are� % Ä � � Ä � � ����� � Ä ³ , andthedepthof � ’s parsetreeis � .

We will build
�

sothaton input � õ w bint ' "u) w binú '_ø ) ,
it outputs� õ w bint ' "u) w binú '_ø ² ) whereø ² is an“improved
approximation”of �[' "u) . More explicitly, if the input rela-
tions

÷�û� arecorrectfor all Ä � of heightlessthan � , thenthe
outputrelations

÷�û ò� arecorrectfor all Ä � of heightlessthan� �Ü .
Claim 8.3 Let 4 , � , J ,

"
, Å , and

´
be as above and letø V STRUC�TQ ´ R . Then,� '(�°õ�w bintq' "u) w binú�'_ø )2) % �îõ	w binth' "*) w binú�'(ø ² ) �

where for all � `�� , if for all Ä � of heightlessthan � , ÷�û� %÷�ü + C 1� , then for all Ä � of height lessthan � �ö , ÷�û
ò
� %

÷�ü + C 1� .

Lemma 8.2 will follow immediately from Claim 8.3.
Furthermore,Claim 8.3 is a completespecificationof the
requirementsof

�
. On input � õ w bint ' "u) w binú '(ø ) , � must

do thefollowing:
of
�

1. DetermineJ . (Note that the lengthof
�
’s input – and

thus the cardinality of
�
’s input structure– is  S' J )

wherethepolynomial   is determinedby � .)

2. Copy the initial portionof its input, � õ w bint ' "*) , di-
rectly to thebeginningof its output.

3. For eachsubformula Ä � of height
I
,
�

lets
÷�û ò� %

÷ ù + C 1� , i.e., it evaluatesthe atomic formula Ä � on
"

andwrites theseJ � bits to the correctportion of the
outputstring.

4. For eachsubformulaÄ � of positive height,
�

evaluatesÄ � usingits definitionin � õ in termsof Ä � ’schildrenin� ’s parsetree.Therearethreecases:
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(a) Ä � % c Ä £ : In thiscase,
�

evaluates
÷ ²� ºå% c ÷�û£ .

(b) Ä � % Ä £ a Ä�ý : � evaluates
÷ ²� ºä% ÷�û£ a ÷�ûý .

(c) Ä � % 'oi d £ ) Ä ý : �
evaluates

÷ ²� ºä% '|i d £ �J ) ÷�ûý ' d � � ����� d � ) .
A key point in the definition of �°õ and the definition

of
�

is that
�

beableto computethepositionsof eachbit of
each

÷ � '±¥ � � ����� � ¥ � ) , andeachinputrelation,
6 ']¥ � � ����� � ¥ 7 ) .

Notethat thelengthof theuniverseof
�
’s input is givenby

thepolynomial,

 ,' J ) % # � õ # � # bint ' "*)�# � # binú '_ø )�# �
We will encodethe string � õ to be self-delimiting

so
�

can determineits length.
#
binú '(ø )�#B% Å J � since´

consistsof Å relations each of arity Å . For 4 %5(6	7�8� � ����� � 6	7:9; �>< � � ����� �=<�?0@ , wewould havethat#
bint ' "u)�# % J 7 8 � J 7:þ ��w�w�wO� J 7 9 ��y{z|mon}p J{~ (8.4)

A smallproblemhereis that from
�
’s point of view the

valueof
�
, the numberof termsin this summation,is un-

bounded.A solutionto this problemis to have theconven-
tion that the sequenceof � � ’s in every 4 is monotonic. In
thiscase,wecanrewrite Equation8.4as,#
bintq' "u)�# % < � J 7v8 � < � J 7 þ �Mw�w�w�� < 7 �� ��y{z|mon}p J{~ (8.5)

where� is thenumberof differentgroupsof arities.Note
that for J Ñ � it mustbe the casethat �l`¯mDn�p # "B# . This
solvesour minor problembecausesummationsof sizeup
to mon�p J arefirst-orderexpressiblein the presenceof BIT
[Imm99].

Since  S' J ) �WJ � , a singlevariableof
�

cansimultane-
ouslyencodevaluesfor all   variablesof � .

The full definition of
�

is now straightforward. Recall
that

� ' \ �=e ) takesas input a binary string, �îõów bintq' "u) w
binúT'_ø ) , encodedvia the unary relation,

\
. e is the free

variableof
�
, as

�
computesa unaryrelation. The output

of
�

is thenew relation
\ ²±' e ) � � ' \ �Ke ) . Thedefinitionof� ' \ �Ke ) is asfollows.

1. computeJ ; ÿ %�# �°õ # ; � % # binth' "*)�# ;
2. if ' eB� ÿ���� ) then return(S(y))

3. elsecompute� ��� s.t. e % ÿs�����x�0' J � ) � �
4. /� \ ' e ) is

÷ �=']¥�� � ����� � ¥ � ) ; � encodes¥�� � ����� ¥ � � /
5. computeandreturn

÷ ²� ']¥ � � ����� � ¥ � )
In line 5, the new valueof

÷ ²� '±¥�� � ����� � ¥ � ) is computed
accordingto the instructionin � õ as in Specification8.1.
Thiscompletestheproofof Lemma8.2. ·

8.1 A Universal First-Order Quantifier Block

Herewepointout thatasaconsequenceof theexistence
of theuniversalformula,

�
, thereis afixed,first-orderquan-

tifier block that can simulateany other first-orderquanti-
fier block. While not completelysurprising,having sucha
quantifierblockseemsveryvaluableandoffersinsightcon-
cerningall thedescriptivecomplexity classes,FOQ � ' J ) R .

Recall, [Imm99, Def. 4.24], that for any function
� º

N Ç N, the descriptive complexity class,FOQ � ' J ) R , is the
set of static problems

\ � STRUC Q 4SR describableby a
quantifier-freeformula,

� � , a tupleof constantsymbols �< ,
anda quantifierblock,

QB
%�� '±�u� d � � � � ) ����� ']� ³ d ³ � � ³ )�� �

in thesensethatfor all
"WV

STRUC Q 4SR ,"WV \ & " � �< ô��d # % QQBR ; +
	 	 C 	 	 1 � � �
Thus,FO[t(n)] is the setof staticproblemsexpressible

by first-orderquantifierblocksiterated
� ' J ) times.Thefol-

lowing equalitiesareknown,

AC
� %

FOQ mDn�p J R § P
%

FOQ J�� + �21 R § PSPACE
%

FOQ � ���� 8
� R
A corollary of the existenceof the universalfirst-order

formula,
�
, is that there is a completequantifier block

(QBC) in thefollowing sense,

Theorem8.6 There exists a fixed quantifier block, QBC,
a fixed quantifier-free formula,

� � , and a tuple of con-
stants, �< , such that for any static problem

\ V
FOQ � ' J ) R ,

there is a correspondingconstant,Å , andfirst-order trans-
lation, �Yð º STRUC Q ´ R Ç STRUC Q 4 ? R , such that for all"WV

STRUC Q ´ R ,"ÀV \ & � ð ' "u) � �< ô��d # % Q ��¿���R
³ ; +
	 	 C 	 	 1 � � �

Thus,any block of quantifierscanbe linearly simulated
by QBC.

8.2 CSSCV: A Dyn-FO-CompleteProblem

We now build the problemCSSCVwhich is the same
asSSCVexceptthat theinitial circuit includesa first-order
definableAC

�
circuit for the universalfirst-orderformula�

, plusanarrayof latchesandsomecontrol logic asin the
proof Theorem7.4. The detailsof this control logic will
beexplainedin theproof of Theorem8.7. Call the revised
problem, i.e. SSCV plus this first-orderdefinableinitial
circuit, CSSCV. Obviously CSSCV

V
Dyn-FO. We next

prove,

Theorem8.7 CSSCVis completefor Dyn-FO via bfo ho-
momorphisms.
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Proof: We just needto show that every Dyn-FO problem
is reducibleto CSSCVvia a bfo homomorphism.Let � %� ' � ) bea Dyn-FOproblemandmachineexactly asin the
proofof Theorem7.4.

An instanceof problem� of size J will bemappedto an
instanceof CSSCVof size �,' J ) for anappropriatepolyno-
mial � . Thatsize �,' J ) circuit will haveanarrayof latchesof
lengthlargeenoughto encodethe J -bit binarystring,

\
, to-

getherwith theencoding� õ � for  *`Ü�¤` y , plus Å J � , bits
to encodethe intermediate-resultstructureø asin Lemma
8.2,for any of the �¨� ’s.

The homomorphicimage ÆÕ' � �=' � )2) consistsof the fol-
lowing operationsto CSSCV:

1. Write the finite string � õ � to the front of the arrayof
latches,shifting therestof thearrayto theright.

2. Step ' depth'(� � ) �ö ) depth' � ) times, thus iterating
�

enoughtosimulate� � . (Thisresultsin thebinarystring� õ w \ w binú '���' \ )K) asin Claim8.3.Thebeginningof
binú '
��' \ )2) is an J � -bit representationof �¨�K' \ � d �Ke ) .)

3. Copy row � of � � ' \ � d �Ke ) backinto thefirst J bits of
the arrayof latches,zeroingthe rest. (Choosingrow� correspondsto taking the valuejust for the desired
parameter� .)

Observe thatasdesired,we have reduced� to CSSCV
via a bfo homomorphism.We have only includedthemain
ideasconcerningthe initial circuits for CSSCV. We have
omitteddetailsconcerningcontrollinesandcopying values,
etc. ·

9 Other CompleteProblems

Now that we know that SSCVis completefor Dyn-FO
via bfop homomorphisms,and CSSCV is completefor
Dyn-FOvia bfo homomorphisms,we canconstructrelated
problemsthatsharetheseproperties.First,

Proposition9.1 Let monotonesingle step circuit value
(MSSCV)be the restriction of SSCVin which there are
“and” gatesand “or” gatesbut no “not” gates. Then
MSSCVis completefor Dyn-FOvia bfophomomorphisms,
and CMSSCVis completefor Dyn-FO via bfo homomor-
phisms.

Proof: We usethe standardreductionof circuit value to
monotonecircuit valuein which for eachgate,� , thereis a
correspondinggate � thatcomputes� ’s negation. If � is an
“and” or “or” gatewith inputs g � � ����� g ³ , then � is an “or”
or “and” gatewith inputs g � � ����� g ³ .

Thus,by at mostdoublingthesizeof thecorresponding
circuits, and the operationsthat createand modify them,

we have transformedany circuit to anequivalentmonotone
circuit. Theresultsof Theorems7.4and8.7thuscarryover.·

A problemrelatedto MSSCV is the following boolean
matrix multiplication problem. An instanceof this prob-
lem is an J��BJ booleanmatrix, ¿ , andabooleanvectorof
length J , � . Theoperationsof thisdynamicproblemallow
the settingor resettingof any bit of the matrix or vector,
togetherwith the operation,Step,which replacesthe cur-
rentvalueof � by multiplying it by thematrix

�
andthen

negatingit, �®² ºä% c � � . The reasonfor the negationis
that

� � computesan J -ary “or” of a binary“and”. In two
suchoperationswe cancomputeJ -ary “or”s and“and”s.

Proposition9.2 The boolean matrix multiplication plus
negationproblemdescribedaboveis completefor Dyn-FO
via bfop homomorphisms.Furthermore, a version of the
problemthat includesa certainfirst-order definableinitial
matrix is completefor Dyn-FOvia bfo homomorphisms.

Proof: In two stepsof matrix multiplicationplusnegation,
we cansimulateall the “or” gates,and thenall the “and”
gatesof MSSCV. ·
9.1 CompleteProblemsFor Other DynamicCom-

plexity Classes

Theabovecompleteproblemsfor Dyn-FOcanbemodi-
fied to obtaincompleteproblemsfor otherdynamiccom-
plexity classes. Of particular interest is the complexity
classDyn-ThC

�
of thosedynamicproblemseachof whose

stepsis computableby boundeddepththresholdcircuits.
Analogousto the fact that FO

%
AC
�
, is the result that

FO(COUNT)
%

ThC
�
, i.e., ThC

�
is equalto the classof

problemsexpressedby first-orderformulaswith counting
quantifiers[BIS90].

DefinetheproblemSSThCVto bethegeneralizationof
SSCVin whichthresholdgatesareused.It is nothardto see
thatwe cangeneralizetheuniversalformula

�
to a formula� ü that is universal for FO(COUNT). Thus, we can also

definetheproblemCSSThCVwhich is like CSSCVexcept
thatwe replace

�
by
� ü . We thusobtain,

Theorem9.3 SSThCVis completefor Dyn-ThC
�

via bfop
homomorphisms,andCSSThCVis completefor Dyn-ThC

�
via bfo homomorphisms.

In a similar, but perhapslessnaturalway, we cancon-
siderothercircuit valueproblemscorrespondingto thecom-
plexity classes,NC

�
, AC

�
, andThC

�
for �âÑá . In these

casesthe circuits look like the correspondingNC, AC, or
ThC circuitsexceptthat they neednot beacyclic. Thesin-
gle stepoperationof SSCVis replacedby a multi-stepop-
erationthat executes'_mon�p J ) � stepsof the circuit. It then
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follows that the correspondingproblemsarecompletefor
thecomplexity classes,Dyn-NC

�
, Dyn-AC

�
, andDyn-ThC

�
for �ãÑ  .
10 Conclusionsand Future Dir ections

We have presentedthe first complete problems for
dynamic complexity classes including Dyn-FO and
Dyn-ThC

�
. We hopeandexpectthat this will enablemany

other researchersto producemorenaturalcompleteprob-
lemsthatwill shedfurtherlight on dynamiccomplexity.

Wehavealsoproducedauniversalfirst-orderformula,
�
,

anda correspondingcompletefirst-orderquantifierblock,
QBC. We look forward to simplersuchuniversalformulas
andquantifierblockswhich mayhelpshedlight on all the
complexity classesFOQ � ' J ) R .

Thefollowing furtherdirectionsarepromising:

Ë Now thatwe have somecompletedynamicproblems,
thereis muchwork to bedoneclassifyingmany other
importantdynamicproblems;i.e.,whicharecomplete,
which are reducibleto others,etc. It would be nice
to know whetherdynamicversionsof staticproblems
canever becompletefor dynamiccomplexity classes.
(They cannotbe completevia memorylessreductions
suchas homomorphisms.This follows becausedy-
namicversionsof staticproblemsare idempotent: ifd e V � then d eYe V � for any sequencesof operationsd and e . Thispropertyis preservedundermemoryless
reductions,but it is not trueof all dynamicproblems.)

Ë It is alsovery desirableto characterizedynamiccom-
plexity from adescriptivepointof view. Wearebegin-
ning this simply by looking at the syntaxof the log-
ical formulasthat we useto expressvariousdynamic
properties.A related,valuabledirectionis to develop
methodsto go from a logical descriptionof adynamic
problem,to a gooddynamicdatastructureandalgo-
rithm for this problem.

Ë Thecompleteproblemsweproducedeachhadtwo ver-
sions:onemorenaturalsuchasSSCV, andonecom-
pletevia a weaker reductionsuchasCSSCV. Further
work clarifying therelationsbetweenbfo andbfopho-
momorphismsandotherreductionsis needed.
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