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Abstract

We compare four different approaches to modeling frame-level errors in GSM chan-
nels. One of these, the Markov-based Trace Analysis model (MTA), was developed
explicitly for this purpose. The next two, � -th-order Markov models and hidden
Markov models (HMMs), have been widely used to model loss in wired networks.
All three of these have difficulty modeling empirical GSM frame-level error traces.
The MTA model and HMM predict frame error rates substantially different from
that measured from the trace, and all three models have difficulty capturing the
long term temporal correlation structure. We propose a fourth model, the extended
on/off model, which alternates between an ON (error-free) and an OFF (error-
filled) state. The state holding times are taken from mixtures of geometric distri-
butions. We show that this model, with mixtures of four to seven geometric distri-
butions captures first order and second order statistics significantly better than the
preceding three approaches.

1 Introduction

There has been substantial recent interest in the development and deployment of
wireless data communication systems such as 3G wireless networks, IEEE 802.11,
and Bluetooth. The characteristics of such wireless channels (in particular, with
respect to frame-level errors) are quite different from those of traditional wired
links [8]. Most wireless channel modeling efforts have focused on physical layer
properties such as the signal to noise ratio. Communication protocols at the network
layer and above, however, operate on the basic unit of a frame (or packet); and
the choice of error model matters for the behavior of higher layer protocols [14].
Frame-level wireless channel models are thus of particular interest in the design
and evaluation of such protocols in wireless networks.

A recent paper by Konrad et al. [5] proposed and evaluated a frame-level error
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model for GSM channels. They used a high-order Markov model to capture channel
behavior in a so-called bad state, and empirically fit exponential distributions to
measured data to model the lengths of alternating intervals of time spent in “bad”
and “good” states. Their Markov-based Trace Analysis (MTA) model was shown
to capture the correlation structure during “bad” periods better than the classical
Gilbert model [9]. However, the MTA model is unable to match important statistics
such as the frame error rate and the autocorrelation function of the frame-level error
time series.

In this paper, we consider three alternative approaches towards modeling frame-
level errors in GSM channels. Our analysis of the frame-level traces in [5] re-
veals temporal correlation in the frame-level error process over relatively long time
scales, as well as high variability in the distribution of consecutive error-filled and
error-free frames, neither of which is captured by the model proposed in [5]. The
first two alternative approaches, based on � -th order Markov chains and hidden
Markov models, have been used to model wired links. Unfortunately, they do little
better than the MTA model to accurately model various first order and second order
statistics, even when they are allowed to have relatively large state spaces. On the
other hand, we find that a two state semi-Markov model (henceforth referred to as
an extended ON/OFF model), where the state holding times of one or both states are
characterized by mixtures of geometric distributions captures first order and second
order statistics such as frame error rate and autocorrelation function. Furthermore,
we find that each mixture needs no more than four geometric distributions, and EM
algorithm improves the capability of the extended On/Off model on capturing the
frame error rate.

The remainder of this paper is organized as follows. In Section 2, we analyze the
GSM channel frame-error trace from [5], study its statistical properties, and identify
the characteristics of the frame-error trace that should be captured in a frame-level
error model. Section 3 describes the MTA model and two other approaches that
have been used to successfully model packet errors in wired links, and their appli-
cation to modeling GSM channels. Section 4 introduces the schemes of deriving the
first order and the second order statistics from a Markov model. Section 5 describes
our extended On/Off model in detail. In Section 6, we demonstrate the ability of
our extended On/Off model to more accurately capture both first- and second-order
statistics of the frame-error process. Section 7 concludes the paper.

2 Modeling GSM Channels

We begin by analyzing the GSM channel link-layer frame-error trace gathered by
Konrad et al. [5]. In this trace, frame-level wireless communication was recorded
for approximately 215 minutes between a laptop host and a fixed end host. When a
frame was received without bit errors, a ‘0’ was recorded, when a corrupted frame
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Fig. 1. Smoothed error rate of empirical data with window size 10k

was received, a ‘1’ was recorded (regardless of whether the link layer protocol
was able to recover the frame via re-transmission [7,5]). Thus, a binary sequence
representing the frame errors of the GSM channel was generated; see [5] for details.

Figure 1 shows the frame error rate (FER) of this GSM trace smoothed over a win-
dow of 10,000 samples. While the entire trace shows large variations over time, we
can roughly identify three distinct portions of the trace, as shown in Figure 1. Part1
and part3 each contains approximately 225,000 samples, while part2 contains about
170,000 samples. Note that the third part of the trace shows a trend of increasing
FER.

2.1 Stationarity Test

Since our goal is to develop Markov models for stationary loss processes, it is im-
portant to identify segments of the trace that are stationary. We study the stationarity
of the three trace parts shown in Fig 1 separately using the runtest and the reverse
arrangements test [1], which perform hypothesis tests on the underlying trend and
other variations of random data sequences.

To perform the stationarity test, we assume that the GSM frame level error is a
random process ���
	���
	���� , where � is the total number of samples in the sequence,
and each sample �
	 takes on value 1 (when a GSM frame is corrupted) or value 0
(when a GSM frame is correct). The stationarity of ����	�� can thus be tested by the
steps shown in Fig 2.

Note that, step 3 of Fig 2 introduces two approaches, runtest and reverse arrange-
ment test, that can be used to examine the underlying trends or variations of a ran-
dom sequence. The runtest and the reverse arrangement test are hypothesis tests,
which assume that there are no underlying trends for the random sequence being
tested and uses contradictory conclusions to invalidate the assumption. The details
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1. Divide a GSM frame error trace, ����	�� 
	���� , into equal length time intervals,

each of which contains � samples.

2. Compute a mean value for each time interval and align these sample mean

values in a time sequence, ���������	 � , where ���������	 � is an aggregation of���
	�� , and �������	  �� ! �" ��� � � 	$#%� ����& " .
3. Test the sequence of mean values, ���'�����	 � , for the presence of underlying

trends or variations other than those due to expected sampling variations.

For examining the underlying trends or variations, we use two approa-

ches: the runtest and the reverse arrangements test.

4. If there is an underlying trend in the mean values, then the original GSM

sample trace is not stationary.

Fig. 2. Procedure of testing the stationarity for a GSM frame-level error trace

of both stationarity tests can be found in [1].

We apply both of the runtest and the reverse arrangements test on the entire GSM
trace and on each subtrace of the empirical GSM trace. Basically, each subtrace
shown in Fig 1 is divided into ( equal length segments. A sample mean is calcu-
lated for each segment, and is used in the stationarity tests. The results of both the
runtest and the reverse arrangements test typically depend on the segment length
used, and thus we applied these tests to the entire GSM trace, and to the three sub-
traces separately, using various segment lengths. We found that, at the significance
level of 0.02, the entire GSM trace passes the stationarity tests only when the seg-
ment size is larger than 50,000 samples. Part1 passes the stationarity tests when the
segment size exceeds 2,200 samples, part2 passes all the stationarity tests with a
segment size larger than 800 samples, and part3 cannot pass the reverse arrange-
ments test because of its significant increasing trend. Given these observations, we
chose to study the three trace parts separately, and focus on part1 and part2.

2.2 Examine the First Order and Second Order Statistics of GSM Trace

We are interested in modeling the behavior of the frame-level errors of GSM chan-
nels, and we focus on the following first order and second order statistics in our
analysis.

Let ���
	)� denote a wide sense stationary sequence of random variables correspond-
ing to the frame error trace. Let �+*,	�� , �+-�	�� denote the lengths of error- and error-
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free bursts, respectively, where we define an error burst as a sequence of consecutive
corrupted frames (1’s), and an error-free burst as a sequence of consecutive correct
frames (0’s). Furthermore, let * be the random variable of error burst length with
mean .* , and - be the random variable of error-free burst length with mean .- , and
let /10 and /32 be the standard deviation of the error and error-free burst lengths,
respectively.4 Frame error rate (FER). The frame error rate is given by .� .4 Coefficient of variation (Cov): The coefficient of variations of the error and error-

free burst lengths are5'6+798 *;:  /10=<>.* (1)5'6+798 -?:  /32@<�.- (2)4 Complementary cumulative distribution function (ccdf). The ccdf of * and -
are defined asA ��B��0 8�C :  ED �+*GF C � (3)A �HB��2 8�I :  ED �+-JF I � (4)4 Autocorrelation. The autocorrelation function of a frame-error trace is defined asKML 8�N :  PORQ 8 ��	 &1SUT .�V: 8 �
	 T .�W:YXZ< ORQ 8 ��	 T .�V:Y[\X (5)

where,
N

is the lag, and .� is the sample mean of � .

For each of the three GSM trace parts, we calculated its FER and the Cov’s of the
error and error-free burst lengths. The resulting FER and Cov’s are shown in Table
1. From Table 1, we observe that

5�6+7]8 *;: and
5�6^798 -?: of the three trace parts

are greater than one, implying that the burst lengths demonstrate higher variability
than that of a geometric distribution (which has a coefficient of variation less than
or equal to one).

FER CoV of Burst Length

error burst error-free burst

part1 0.0503 2.064 5.116

part2 0.0134 1.087 3.452

part3 0.0799 2.850 5.875
Table 1
Frame error rate (FER) and coefficient of variation (CoV) for error and error-free bursts

In addition, Fig 3 shows the complementary cumulative distribution functions (ccdfs)
of the error and error-free burst lengths of the three GSM trace parts, and Fig 4
shows their autocorrelation functions with the confidence bounds of significance
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Fig. 3. The complementary cumulative distribution functions of the three parts of GSM
empirical trace

level 0.05 shown as the dashed lines � . From the above first- and second-order
statistics of the empirical traces, we observe that the GSM frame-level error trace
exhibits high loss and high variability. We would like to build models to capture
such behaviors of the first- and second-order statistics of the GSM channels. To do
that, we first examine several Markovian based models.

3 Three Models for Predicting Frame-Error Performance Measures

As noted in the Introduction, a recent paper by Konrad et al. [5] proposed and eval-
uated a model for frame-level errors in GSM channels. In this section, we review
this model, as well as two other models – � -th-order Markov model and hidden
Markov model – that have been used to successfully model loss behavior in wired
networks. Our goal here is to determine how well these models predict the first-
and second-order frame-error statistics discussed in the previous section. Before
describing these models, we first introduce some notation associated with Markov
models.� For details of the calculation of confidence bounds, please see [2].
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(b) Autocorrelation Function of Part2
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Fig. 4. The autocorrelation functions of the first and the second parts of GSM empirical
trace

We introduce a stochastic process �+* 
`_bac
 �^d
 �1e , where �+* 
 � is a sequence of states
associated with a finite state discrete time Markov chain that has transition proba-
bility matrix f  gQih 	 " X , and � aj
 � is a sequence of outputs generated by the Markov
chain. In our context, aj
Ek � 0,1 � and �  ml _�no_�pqp�p , where 0 represents an error-
free frame and 1 represents a corrupted frame. The statistics of aV
 are described asDrQ ac
  n s * 
  ut 	vX  xw 	 and DyQ aj
  zl s * 
  zt 	$X  8 n T w 	�: ; more specifically,
a state, t 	 , in the Markov process can output either 0 or 1, with a probability of
outputting 1 as w 	 .
Let us now briefly describe three discrete time Markov models. We begin with the� -th-order Markov model as it is a component of the model proposed by Konrad et
al.

3.1 � -th-order Markov Model

� -th-order Markov models have been used to characterize packet loss in the Internet
[13]. Since the states of a � -th-order Markov model are observable, the transition
probability matrix f is obtained by directly counting the frequencies of transitions
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occurring in the sample traces.

We define t{ � l _�n �^| to be the state space of a � -th-order Markov process, where}  } � } [�~Z~Z~ } |Uk t and w��� } | . Meanwhile, the transition from a state }��  }q� � }q�[ ~Z~Z~ }q�|to the state }  } � } [�~o~o~ } | occurs only if } "  }��" & � , where �  no_ ~�~�~ _ � T n . More
precisely,

��� � 
 & �
���q���+���q� |o� � 
 ��� � �9�b�b� � � | � �
������ �����
� � � � � " ��� �" & ���)� ��� � �b�b� ���W� � ; � | ���� � � � � � � " ��� �" & � �)� ��� � �b�b� ���W� � ; � | �{�� � "W���� �" & ���)� ��� � �b�b� ���W� � (6)

Thus, deriving the transition matrix f of a � -th-order Markov model from a loss
sequence is based on counting the number of transitions from subsequence } � to
subsequence } . We define the number of occurence of subsequence } as � � , and
the number of occurence of subsequence } � followed by subsequence } as � � � � .
Thereafter, the transition probability from state } � to state } is calculated as follows.

h � � �  
��� �� 
�� � �
 � � _ � � � F l
l _ otherwise

(7)

Note that when �  n , the � -th-order Markov model reduces to a two-state Markov
model. Since a � -th-order Markov model needs � | states, the value for � is usually
chosen to be small (typical values for � are 2 to 6).

3.2 MTA Model

In [5], Konrad et al. propose a Markov-based Trace Analysis (MTA) algorithm. The
MTA algorithm is as follows. The frame-error trace is divided into lossy periods
and loss-free periods. A lossy period starts with an error frame, and terminates
after

5
consecutive correctly received frames. Here,

5
is the sum of the mean and

the standard deviation of error-frame burst lengths. After the trace is divided into
lossy and loss-free frame sequences using

5
, the lengths of these frame sequences

are assumed to be geometric with the averages obtained from the trace. While in
a loss-free period, the output can only be 0 (the frame contains no error). In a
lossy period, the output is determined by the states of a � -th-order Markov model.
The lossy period sequences are concatenated, and the concatenated lossy-period
sequence is used to calculate a � -th-order Markov model. To generate synthetic
traces consisting of correct or corrupted frames, the MTA algorithm first determines
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Fig. 5. Converting the MTA algorithm to a 2nd-order MTA model

the lengths of pairs of loss-free and lossy states according to the two geometric
distributions. Frame sequences are then generated as follows - a sequence of 0s fills
in the error-free period, and a sequence of 0s and 1s, generated by the � -th-order
Markov model, is used to fill in the lossy period.

A careful study of the MTA algorithm reveals that it is equivalent to a discrete-time
Markov model, where a � -th-order Markov chain, as presented in Section 3.1, is
used to model the concatenated lossy periods. In Fig 5, we illustrate an example
of the MTA algorithm with a 2-nd-order Markov model in the lossy period. In Fig
5, a separate state is used to represent the loss-free period, where the transition
probabilities for leaving or entering this special state ( n T � or n T �

, respectively)
are derived from two geometric fittings of the lossy and loss-free period sequence
lengths, and the transition probabilities among the lossy-period states are derived
from the concatenated lossy trace by using the scheme introduced in Section 3.1.
Note that, in Fig 5, h �	 " and � �	 are the transition probabilities and the stationary prob-
abilities, respectively, of the � -th-order Markov model only for the lossy period.

In this paper, for the convenience of comparison, we will refer to this model as� -th-order MTA model, where � denotes the order of the high-order Markov model
that is used to model the lossy period.

3.3 Hidden Markov Models

Hidden Markov Models (HMMs) [10], have recently been used to characterize In-
ternet link losses [11], and have been found to better match certain statistics of the
loss process than � -th-order Markov models using the same number of states. In
an HMM, the states and transitions between states are not observable. Each state
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can produce an output when it is visited, with the distribution of produced out-
puts being state-dependent. For example, for frame error traces, the possible out-
puts of a state are either 1 or 0, with probabilities w 	 and n T w 	 respectively, andl�� w 	 � n . The EM algorithm, also known as the Baum-Welch algorithm, is used
to estimate the parameters of the HMM that maximize the probability of outputting
the observed sequence. Since the Baum-Welch algorithm is well described in many
existing works, we omit its description in this paper. Interested readers can find de-
scriptions of Baum-Welch algorithm and how a HMM is used to model a loss trace
in [10] and [11].

In the next Section, we will introduce the algorithms for calculating the first or-
der and the second order statistics from a generic Markov model and compare the
statistics derived from the three Markovian models introduced in this section with
the statistics obtained from the empirical GSM frame error trace.

4 Deriving the Performance Metrics From A Markov Model

Let us now consider how well the performance measures predicted by the models
match the measures found in the trace data. Two approaches are possible here: (i)
use a model to generate synthetic traces and determine the measures from these
traces, or (ii) for our Markovian models, derive the performance measures di-
rectly from the model. In this paper, we use the second approach to evaluate the
performance of different Markovian models. We use the notation introduced in
Section 3.3. Note that, for a Markov model with observable states (e.g., the � -th-
order Markov model and the MTA model), w 	  n or l . However, for an HMM,l�� w 	 � n for any state t 	 .4 Frame Error Rate: We use the stationary distribution � to calculate the frame

error rate as

A O��P �� 	���� �3	 ~ w 	 (8)

where ( is the number of states.4 Burst Length Distribution The ccdf of the burst lengths, either of ‘1s’ or ‘0s’,
is given by

A ��B����� 8�C �"! �ê:  � 8$# T&% 8$' : : 8 f % 8$' : :�
 n n� 8$# T&% 8$' : : n n _ ' k � 0,1 � , � ! n (9)

In equation (9),
C �

represents the burst length of output
'
; � is the vector of the

stationary probabilities; n n is the column matrix of ones; and % 8 n :  )(+*�h+, � w 	��
while % 8 l :  -(+*�h., � n T w 	�� .
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Fig. 6. Comparison of complementary cumulative distribution for error- and error-free burst
length of existing related models4 Autocorrelation Function Alternative methods for calculating the autocorrela-

tion functions from a Markov model can be found in [6,10–12]. Here, we present
one method. We assume that the system is in steady state at time 0. The autocor-
relation function of a Markov model is

K 80/ :  ORQ 8 a e T21 : 8 a43 T21 :�X1 [ (10)

where
/

is the lag, and 1 is the expectation of a model’s output,

1  �
�65	7 e98 �;: ' ~ � % 80' : ~ n n (11)

Expanding equation (10), we obtain

K 80/ :  !=<?> 5@7 e98 �;: !A<?B 5@7 e98 �;: 8 a e TC1 : 8 a43 TC1 : DED%Q a e _ba43 X
1 [ (12)

where, the probability density of a Markov model generating output a e at timel and generating output aF3 at time
/

is

DGD%Q a e _ba43 X  � % 8 a e�: f 3 % 8 a43 : ~ n n (13)

Thus, the autocorrelation function of a Markov model can be acquired.

We now show the first- and second-order statistics derived from the three Marko-
vian models that we presented, and compare them to the statistics of the empirical
trace. Figure 6 compares the burst length distributions of all three models to the
burst length distributions of the empirical traces, part1 (Fig 6(a)) and part2 (Fig
6(b)) of the GSM channel. Figure 7 compares their auto-correlations. For trace
part2, we observe that the 4-th-order MTA model, 4-th-order Markov model and 5-
state HMM all provide error-burst length distributions reasonably close to original
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Fig. 7. Comparison of autocorrelation of existing related models

data trace. However with respect to the error-free burst length distribution, these
models differ significantly from the original trace in their tail behavior. For trace
part1, these three models cannot capture the tail behavior of either the error burst
or the error-free burst length distribution of empirical trace. In addition, we also
observe that these models do not capture the autocorrelations of part1 and part2
well, as shown in Fig 7. Finally, we note that, as shown in Table 2 of Section 5, the
4th-order MTA model does not predict the frame error rate for either part1 or part2
accurately, and the 5-state HMM also does not accurately predict the FER for part2
on average.

These results suggest that existing models do not capture the tail behavior of the
burst length distributions, the autocorrelation, or even the frame error rate very
well. In the next section, we use insights gained from our trace analysis to develop
an extended On/Off model in order to more accurately reflect the variations in burst
length.

5 The Extended On/Off Model

Recall from Section 2 our analysis of the empirical traces indicates that the error-
and error-free burst-length distributions exhibit a greater variability than that of a
geometric distribution. Furthermore, the trace exhibits significant temporal corre-
lation. In the following subsection, we will observe that the successive loss and
loss-free burst lengths are independent.

5.1 Cross-Correlation of the Error and Error-free Bursts

Let K B 8YN : be the sample correlation between the error- and error-free burst-length,
with a lag

N
. We have
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Fig. 8. Cross-correlation between error- and error-free burst length of the GSM frame error
trace

K B 8YN :  
�
 # S ! 
 # S	���� 8 *?	 T .* : 8 -�	 &1S T .-,:/10 /32 (14)

where, � is the number of sample bursts, �+*y	�� and �+-9	�� are i.i.d. sequences of
random variables corresponding to error- and error-free burst lengths, with averages.* and .- , and standard deviations /�0 and /�2 , respectively. In Fig 8, we show the
cross-correlation, K B , between error- and error-free burst length of part1 and part2.
The confidence bounds of K B with significance level 0.05 are indicated as dashed
lines in Fig 8. From Fig 8, we observe that the cross-correlation of error and error-
free burst-lengths is negligible for the GSM frame error trace. This suggests that
error burst lengths and error-free burst lengths are independent. In addition, we also
studied the auto-correlations of the error and error-free burst lengths, and found
negligible correlations within �+*?	�� and �+-9	)� . Thus, the frame-level error process
might be well modeled by a discrete time two state model in which frames are
lost while the model is in an Off (error) state and not lost while the model is in
an On (error-free) state. In order to capture the variability in the amount of time
spent in each of these states, a mixture of geometric distributions is used. To avoid
confusion, we will henceforth refer to a geometric distribution of the mixture of
distributions as a geometric phase.

5.2 Fitting Mixture Geometric Distributions to the On and Off Period

To obtain our extended On/Off model, we develope a scheme for fitting a mixture of
Geometric distributions to the burst length distributions of the On and Off periods
of the empirical frame-error trace. This technique is based on a previous work by
Feldmann et.al [3] that presented a scheme for fitting a mixture of exponential
distributions to a heavy-tail distribution.

The Geometric distribution has the density function D 8 *  C :  CH � #%� 8 n T H : , and
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the cumulative distribution function (cdf), D 8 * � C :  8 n T H : ! �	����SH 	$#%�  n T H � .Therefore, a mixture of � Geometric distributions has the following ccdf:

T 8�C :  |�	���� � 	 H �	 _ (15)

where, � 	 _ 8 n �U*V� ��: denotes the weight parameter placed on the * -th Geometric
phase. The parameters H 	 in equation (15) are labeled so that H �EW H [ W p�p�p W H | .
Hence, the higher indexed components have tails which decay more rapidly. If H [ is
sufficiently larger than H � , then

! |	�� [ � 	 H 	 � should be negligible compared to � � H � �
for

C
sufficiently large (in the tail). Similarly, when HYX is sufficiently larger thanH [ , then
! |	�� X � 	 H �	 should be negligible compared to � � H � �[Z � [ H � [ , and so forth.

Using this attribute, we fit the components of
T 8�C : recursively to the empirical

data, starting with the pair
8 � � _ H �b: and then proceeding to the pair

8 � [ _ H [ : and so
on. In the rest of this paper, we denote the complementary length distribution of the
On period of the empirical trace as

A ��B��e , and the complementary length distribution
of the Off period of the empirical trace as

A ��B��� .

To perform the fitting, we first choose the number � of Geometric phases used to
fit the length distribution of the On or Off period, as well as the � points at which
we will match the empirical quantiles: l W C | W C | #%�\W C | # [ W p�p�p W C � . We
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assume that the ratios
C 	)< C 	 & � are sufficiently large; e.g., we use

C 	  C � n l # � 	v#%� �
for � �{*\� � . An example of how to define quantiles

C 	 is shown in Figure 9.
In Figure 9, a mixture of three Geometric distributions is chosen to fit the ccdf of
the On-period burst length distribution. We assign

C � to be the longest empirical
burst length. Since there are two unknown parameters � 	 and H 	 for each phase,
two empirical points are required to compute

8 � 	 _ H 	�: . Let w be such that n W w WC 	)< C 	 & � for all * ; e.g., with
C 	  C � n l # � 	$#%� � we choose w  � , and for each phase

we choose the empirical quantiles
C 	 and

C 	)< w to perform the fitting. We fit the last
phase first as follows,

��� �� A ��B��e 8)C ��:  � � H �	|�A ��B��e 8)C �b< w :  � � H � |0};~� (16)

For the other phases, we have

��� �� A ��B��e 8)C 	�:  � 	 H �
�	 Z ! 	$#%�" ��� � " H �
�"A ��B��e 8)C 	 < w :  � 	 H �
� };~	 Z ! 	$#%�" ��� � " H �
� };~" (17)

where
8 � 	 _ H 	 : are the only two unknown parameters. We fit

T 8)C : to the On state
and the Off state of the original frame-error trace separately, and thus get two mix-
tures of Geometric distributions for the original trace. An extended On/Off model
is shown in Fig 10.

5.3 Using EM algorithm to Estimate Model Parameters

We use the EM algorithm to improve the model parameters of our extended On/Off
model. To initiate the EM algorithm, we first perform the fitting algorithm intro-
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duced in Section 5.2 on the GSM loss sequence. More specifically, the extended
On/Off model obtained by the fitting algorithm can be represented in the way shown
in Fig 11. Note that we assume that each state in the extended On/Off model only
has one output, 1 for states in the Off period and 0 for states in the On period.
No transitions occur between pairs of off-period states or pairs of on-period states.
We define the self-loop transition probability of an off-period state as H � � �	 wheren ��*�� ( � , ( � is the number of geometric phases for the off-period; and the
self-loop transition probability of an on-period state as H � e �" , where n � � � ('e , ('e
is the number of geometric phases for the on-period. The transition probabilitiesH � � �	 and H � e �" are obtained by fitting the mixture of geometric distributions to the
burst length distributions of the loss and the loss-free period of the GSM empirical
trace. We define the weight parameters obtained from the fitting algorithm for the
off-period as � 	 ( n ��*E� ( � ), and

� " ( n � � � ('e ) for the on-period. Thus the
transition probability from an off geometric phase * to an on geometric phase � is
initalized to be

8 n T H � � �	 : � " , and conversely,
8 n T H � e �" : � 	 .

In this way, a generic On/Off model is acquired as shown in Fig 11, where each
state of the model is observable (being fixed to be either 1 or 0), yet the non-zero
transition probabilities between states can be tuned. We then use the EM algorithm,
particularly the Baum-Welch algorithm, to improve the model parameters for this
extended On/Off model, so that the model exhibits a higher likelihood of generating
the GSM empirical trace.

When tuning the model parameters based on the GSM empirical trace, we keep the
state transition structures of the extended On/Off model unchanged as shown in Fig
11. Since during the iterations of the Baum-Welch algorithm, the zero state transi-
tion probabilities and zero w 	 values remain the same, we directly employ Baum-
Welch algorithm to fine tune the model parameters for our extended On/Off model.
Our results show that the extended On/Off model with or without EM algorithm
visually exhibits close performance on predicting the burst length distributions and
the auto-correlation of the empirical trace parts (Figure 12 shows the performance
of part2, while part1 has similar results). However, the EM algorithm significantly
improves the model’s capability of capturing the frame error rate (FER). Given
these observations, in our later discussions, we only show the performance results
of the model obtained after the EM algorithm is applied, and the extended On/Off
model refers to the model utilizing EM algorithm.

To summarize, the state holding times of our extended On/Off model of the GSM
channel are characterized by mixtures of geometric phases. The mixtures for each
state are obtained by an alogrithm that fits mixtures of geometric distributions to the
On and Off period. The EM algorithm is then used to fine tune the model parameters
based on the initial extended On/Off model obtained by the fitting algorithm.
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6 Evaluation Results of the Extended On/Off Model

As in the previous section, we are interested in how well the performance measures
predicted by the extended On/Off model match the measured observations in the
empirical traces, and how the predictions of the extended On/Off model compare
with those of the other models we described in the previous section.

In Table 2, we compare the predicted frame-error rates of all the models presented
in this paper. For HMMs, the final HMM depends on the initial estimate of the
parameters [10]. Thus, we computed ten 5-state HMMs, and their corresponding
FERs, and show the mean value and the errors of the FERs in Table 2. The extended
On/Off model for part1 has three Geometric phases in the Off period and four
Geometric phases in the On period, and the extended On/Off model for part2 has
one Geometric phase in the Off period and three Geometric phases in the On period.

Frame Error Rate

Part1 Part2

GSM trace 0.0503 0.0134

4-th-order MTA 0.0663 0.0209

4-th-order MM 0.0503 0.0139

5-states HMM l p l.��lS����l p l�lolol l p l n	� l���l p lolz�ol
Extended On/Off 0.0504 0.0134

Table 2
Prediction of frame error rate

From Table 2, we observe that the Extended On/Off model accurately captures the
FER for both part1 and part2 of the GSM trace. The 4-th-order MTA model, even
with larger state space, fare less well. The 4-th-order Markov model and the 5-states
HMM can predict FER for part1 accurately; yet for part2, neither of them performs
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as well as the extended On/Off model. Note that although the HMM considered
in Table 2 has only 5 states, the complexity of computing its parameters is signifi-
cantly greater than that of the extended On/Off model, since transitions and outputs
in the latter are much more constrained.

We also computed the CCDF and the autocorrelation of the extended On/Off model,
and compared these with those of other models discussed. From our earlier Figures
6 and 7, we know that the 4-th-order MTA model, 4-th-order Markov model, and
the 5-state HMM produce similar burst length distributions and autocorrelations.
Thus, we only compare the extended On/Off model with the 4-th-order MTA model
in Figures 13 and 14. In Figure 13, we show the CCDFs of error- and error-free
burst lengths derived from the 4-th-order MTA model and the extended On/Off
model, and compare them with the CCDF of the empirical traces. From Figure 13,
we observe that the extended On/Off model captures the tail behavior of the burst
length distributions significantly better than the 4-th-order MTA model. Figure 14
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shows the autocorrelations derived from these two models, and the autocorrelation
of the empirical traces. From Figure 14, we observe that the extended On/Off model
also predicts the autocorrelation much more accurately than the 4-th-order MTA
model (or other models with similar performance).

In addition, we also investigated the performance of extended On/Off model by
varying the number of geometric phases that are used to capture the On or Off
period. Our results show that the performance of the extended On/Off model is not
significantly improved by using more numbers of geometric phases.

7 Conclusion

In this paper, we have presented four different approaches towards modeling frame-
level errors in GSM channels, including a new approach known as the extended
On/Off model. We evaluated these approaches against empirical GSM frame-level
error traces and found that the extended On/Off model, with a small state space,
captures both first order and second order statistics significantly better than previ-
ously proposed approaches.

A lesson we learned through our work for modeling network traces is that a careful
statistic analysis of the empirical data is necessary; it motivates appropriate model-
ing and analysis.

In our future work, we would like to apply mixtures of other distributions (e.g.
Pareto, Lognormal, etc. [4]) for the On and Off states, and include the development
and evaluation of models for frame errors seen by mobile users.
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