
Addendum

In [1], we proposed two hybrid least-squares algorithms for approximate policy evaluation. These
algorithms, which were referred to as H1 and H2, combine the optimization criterion of two least-
squares algorithms: the Bellman residual method (which minimizes the Bellman residual) and the
fixed point method (which minimizes the projection of the Bellman residual). Algorithm H1 was
well motivated, but we proposed H2 in a more ad-hoc manner. Here we show that H2 actually has
a much more principled foundation. The derivation of H2 is inspired by Kolter and Ng’s recent
paper [2].

Derivation of Hybrid Algorithm H2

We use the following terminology: P π is a transition matrix encoding the effects of policy π,
Rπ is the reward function, γ ∈ [0, 1) is a discount factor, T π(x) ≡ Rπ + γP πx is the Bellman
operator, ρ is a distribution over states, Φ is a basis function matrix, and β ∈ [0, 1] is a parameter
trading off between the Bellman residual method (β = 1) and the fixed point method (β = 0). An
approximate value function V̂ = Φw linearly combines the basis functions in Φ with an adjustable
vector of coefficients, w. For a complete description of the terminology, please see the full paper
[1].

Following [2], we introduce the function f(w):

f(w) = argmin
u
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.

The first norm in f(w) is the optimization criterion for the Bellman residual method and the second
norm is the criterion for the fixed point method. Given a vector w, f(w) returns the argument u

that minimizes the combination of the two norms. The approximate policy evaluation algorithms
attempt to find a vector w such that w = f(w).

Differentiating f(w) with respect to u, we obtain:

∂f(w)

∂u
= β

[

∂

∂u
(T π(Φu) − Φu)

]T

Dρ (T π(Φu) − Φu) +

(1 − β)

[

∂

∂u
(T π(Φw) − Φu)

]T
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= β (γP πΦ − Φ)T Dρ (T π(Φu) − Φu) + (1 − β) (−Φ)T Dρ (T π(Φw) − Φu)

= β (Φ − γP πΦ)T Dρ (Φu − γP πΦu − Rπ) + (1 − β)ΦT Dρ (Φu − γP πΦw − Rπ)

where Dρ is a diagonal matrix with elements ρ.

To find an extrema, we set ∂f(w)
∂u

to 0 and solve for u:

[

β (Φ − γP πΦ)T Dρ (Φ − γP πΦ) + (1 − β)ΦT DρΦ
]

u =
[

β (Φ − γP πΦ)T Dρ + (1 − β)ΦT Dρ

]

Rπ + (1 − β)ΦT Dρ(γP πΦ)w.



By adding and subtracting (1 − β)ΦT Dρ(γP πΦ)u from the left-hand side of the equation, we
get:

[

β (Φ − γP πΦ)T Dρ (Φ − γP πΦ) + (1 − β)ΦT Dρ (Φ − γP πΦ) + (1 − β)ΦT Dρ (γP πΦ)
]

u =
[

β (Φ − γP πΦ)T Dρ + (1 − β)ΦT Dρ

]

Rπ + (1 − β)ΦT Dρ(γP πΦ)w.

The equation can be simplified using β (Φ − γP πΦ) + (1 − β)Φ = (Φ − βγP πΦ):

[

(Φ − βγP πΦ)T Dρ (Φ − γP πΦ) + (1 − β)ΦT Dρ (γP πΦ)
]

u =

(Φ − βγP πΦ)T DρR
π + (1 − β)ΦT Dρ(γP πΦ)w.

Finally, we enforce w = f(w) = u to get the final result:

(Φ − βγP πΦ)T Dρ (Φ − γP πΦ) w = (Φ − βγP πΦ)T DρR
π.

This least-squares problem coincides with the H2 least-squares problem AH2
w = bH2

where:

AH2
= (Φ − βγP πΦ)T Dρ (Φ − γP πΦ)

bH2
= (Φ − βγP πΦ)T DρR

π.
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