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Abstract—We consider the problem of minimizing the
total communication cost for collecting correlated data
at a sink thr ough a network. Previous works have fo-
cused on speci�c coding schemes,such as Slepian-Wolf
(SWC) or Explicit Entr opy Codes (EEC). However, the
optimal scheme and the minimum communication cost
under arbitrary coding/routing schemeshas not yet been
characterized.In this paper, we intr oducedistanceentropy,
a generalizationof entropy, to characterizethe data gather-
ing limit of networked sources.When the communication
cost is proportional to the link data rate, we show that
distanceentropy is the minimum costachievedby a speci�c
rate SWC and shortest path routing. Mor e generally, we
show that Slepian-Wolf Coding combinedwith commodity
�o w routing is optimal provided that communication costs
are convex functions of the data rates. Theoretically,
achieving optimality may require global knowledgeof the
data correlation structur e, which may not be available
in practice. Therefore, we proposea simple, hierarchical
scheme that primarily exploits data correlation among
local neighboring nodes.We show that, for several generic
correlation structur es, the communication cost achieved
by this scheme is order optimal. This holds for two
deployment strategies: a 2D grid regular network and a
2D Poissonprocessrandom network.

Index Terms- DistributedSourceCoding,JointCoding
and Routing, CommunicationCost Minimization, Net-
work Coding

I. INTRODUCTION

With thedevelopmentof ubiquitoussensingandcom-
puting networks, we are approachinga digital envi-
ronmentwhere information is generated(e.g. sensing),
computed(in-network computation),and gatheredev-
erywherein the network. Correlateddata gatheringis
a fundamentaltask in suchinformation processingnet-
works. In this work, we study the communicationcost
of collectingcorrelateddataat a sink over a network.

In recentyearstherehasbeenan increasingdemand
for the use of wireless sensor networks to measure
environments(suchas temperature,humidity, light, and
vibration, etc. [1][2]). Low cost sensorsare distributed
in a region to collectmeasurementsof �eld points.Each
sensoris capableof sensing,storing, computing and
transmitting.Measurementsat differentsitesareusually
correlatedandall of themneedto be reconstructedat a
basestationor sink for storageor furtherprocessing(e.g.
inference).A commoncharacteristicof thesenetworks,
however, is that they are energy-constrained.The com-
municationenergy cost is a dominantfactor that drains
the battery and thus its minimization is important and
must be consideredin the designof a data collection
scheme.

Since sensormeasurementsare often highly corre-
lated, minimizing the overall communicationcost is a
joint routing/codingproblem:routingis requiredbecause
the sourcedataneedsto be shippedthrougha network
to the sink; coding can be used to take advantageof
thesourcecorrelationandany otherknown distributional
information.Several algorithmsbasedon speci�c codes
have beenproposedto minimizethecommunicationcost
of wirelesssensornetworks with a singlesink [3][4][5].
When coding is restricted to Explicit Entropy Codes
(EEC)1 [3], Cristescuet al. [3] show that choosingthe
optimal routesis an NP-hardproblem;Pattemet al. [4]
proposea heuristicalgorithm to minimize the commu-
nicationcostassuminga simpli�ed sourcemodel.When
coding is restricted to Splepian-Wolf Codes (SWC)

1For EEC, a node sendsout data with a rate equal to the joint
entropy rateof incomingdataand its own senseddata.
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[6]2 and Commodity Flow Routing (CFR) is used,
Cristescuet al.'s work [3] [7] �nds that ShortestPath
Routing (SPR) combined with an optimal rate SWC
achievesthe minimum communicationcostamongsuch
schemes.However, in the generalcasewherearbitrary
coding/routing operationsare allowed, it is still not
known what the minimum communicationcost is, and
how to achieve it. By arbitrary coding operations,we
meanthat a nodecanperform arbitrary transformations
(functions)on the incomingdataandlocal senseddata.

Another typical applicationof correlateddatagather-
ing is thecollectionof thenetwork traceson theinternet.
Massive amountsof �o w statisticsneedto betransferred
to somecollecting points for further processing.These
data are highly correlatedand the samechallengere-
mainsasin thesensornetwork case,only thecostmetric
here is the consumptionof a network resourcesuchas
bandwidth.

In this paper, we considerthe problemof minimizing
the total communicationcost over all coding/routing
schemes,aswell asdesigningalgorithmsto achieve it in
practicefor datacommunicationnetworks with a single
sink (i.e., data collection point). Our work focuseson
wirelesssensornetworks with energy constraints,while
the general results apply to wired network (Internet)
in which packet delay and bandwidthconsumptionare
typical costmetrics[8] [9].

Theoretically, we prove that, for a wireless sensor
network with a single sink, the optimal schemeusing
only Slepian-Wolf CodingandCommodityFlow Routing
is optimal over the classof all possiblecoding/routing
schemes,aslong asthe energy consumptionis a convex
function of link datarate.Sincethis result is basedon
arbitrary coding/routingschemesthat incorporateNet-
work Coding(NC) [10], a corollaryof our resultis that,
for correlateddatacollection at a single sink, NC does
not further improve the minimum communicationcost
achievedby SWC+CFR.In addition,we introducea new
metric distanceentropy to lower bound the minimum
communicationcost.Distanceentropy is a generalization
of entropy that summarizesa probability distribution
while also taking into accountthe underlying network
topology. When energy consumptionis proportionalto
thelink datarate(e.g.normally in 802.11),we show that
distanceentropy can be achieved by a coding scheme
using SWC and ShortestPath Routing (SPR).Last, we
extendour resultsto networks that incorporatewireless
broadcasting.We show that broadcastingdoesnot help

2SWC is a distributed sourcecoding techniquethat allows the
sensornodesto encodewithout explicit communication.Eachsensor
encodesits data to some rate with the joint rate vector in the
achievable Slepian-Wolf rate region.

in termsof minimizing the total communicationcostfor
the singlesink casedatacollectionproblems.

For datanetworkswith a singlesink, our resultshows
that theSWC+CFRschemeachievestheminimumcom-
munication cost. However, in practice, the minimum
communicationcost is still dif�cult to achieve due to
several reasons.First, knowledge of the global data
correlationstructure(the conditional entropies),which
is essentialfor the optimal SWC scheme,is normally
unavailableor too costly to learn.Speci�cally, multidi-
mensionalentropy estimationis anextremelycostly task
dueto thecurseof dimensionality[11]. Second,theideal
SWC [6] that achieve the whole theoreticalachievable
rate region is an existential rather than constructive
result, even if the correlation knowledge is available
throughanoracle,not many practicalSWC schemesfor
generalsourcemodelshave beendeveloped[9] [12]; the
long temporalcoding block also requiresconsiderable
memoryon eachnode.In anothermostlystudiedcoding
scheme,EEC, it was shown in [3] that it is NP-hard
to minimize the communicationcost. In addition,EEC
needsto learn and store the conditional distributions
for joint encoding.EEC's codingcomplexity is typically
high andin orderto reducecodingcomplexity it requires
a larger memory size to store pre-computedvalues.
Anotherdisadvantageof EEC is that the schedulingand
coordinationof the data �o ws normally induceslarge
communication/computationcosts and delays because
coding and routing are not independent.For example,
somesensorsmay needto wait for other sensors'data
to do joint encoding.Finally, for both SWC and EEC,
when the sourcemodel is dynamic and time varying,
the cost for retraining is large in terms of delay and
resourceconsumption.In additionto thesetwo schemes,
practical schemesthat have been proposedgenerally
assumesourcemodels that are limited and not repre-
sentative enoughfor generalrealistic data. For many,
the numberof sourcesis limited [13] [14] [15], some
are limited to binary sources[15] [16], and someare
limited to Gaussiansources[17]. Few adaptive/universal
Distributed Source Coding (DSC) or general coding
techniquesthat achieve the whole Slepian-Wolf region
(or close to) have been developed [9], especially for
low complexity practicalones.Recently, [12] proposes
an interactive approachfor arbitrarycorrelationmodels,
their focus is the total number of bits sent from the
nodesand there is no notion of network topology or
communicationcost.

Practically, we designa simpleandeffectivealgorithm
that achieves an order optimal communicationcost for
several generic and commonly used classesof source
models.This algorithm mainly exploits the sourcedata
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correlationamonglocal neighboringnodes.The source
modelsincludea Hard ContinuityField model,a Linear
VarianceContinuityFieldmodel,andaGaussianMarkov
Field model. We �rst derive nontrivial lower bounds
on the distanceentropy of thesesourcemodels for a
2D sensorgrid, thenproposea simplehierarchicaldata
collection algorithm - HDB, and demonstratethat it is
order optimal for thesesourcemodels,i.e., it achieves
a communicationcost that is within a constantfactorof
thecorrespondingdistanceentropy lowerbound.Wealso
extendthe grid resultsto correspondinghigh probability
resultsfor randomlydeployed sensornetworks.

The paperis organizedas follows: In Section II, we
introducethe backgroundand relatedwork. In Section
III, we formalize the model. In Section IV, we de�ne
distanceentropy and prove the universaloptimality re-
sults. In Section V, we proposethe simplehierarchical
data collection schemeand prove its order optimality.
Finally, we concludeanddiscussfuture work in Section
VI.

I I . BACKGROUND AND RELATED WORK

A. Background

There hasbeenconsiderableinterestin applying in-
formation theory to data networks recently. By doing
so, the traditional routing problemsbecomejoint cod-
ing/routing optimization problems.In general,Coding
consistsof SourceCoding (SC) and Network Coding.
And routingrefersto traditionalcommodity�o w routing,
wheremessagescanbe forwarded,split andmergedbut
not decodedor recoded.With theseclari�cations, by
arbitrarily coding and routing operationswe meanany
combinationof SC, NC androuting3.

Thereare two aspectsof a joint coding/routingprob-
lem, network combinatoricsand information theory: as
[18] summarizes,Combinatoricsis concernedwith �o w
packingproblemsthatareconstrainedby thegraphstruc-
ture of the network. It grew out of a needto understand
the cargo shipmentin transportationnetworks anddoes
not capturethe subtletiesof information transmission.
On the other hand,information theory provides a deep
understandingof complex communicationproblemsover
structurallysimplechannelsbut doesnot yet fully extend
to arbitrarygraphstructures.An interestingobservation
is that when we considera more generalproblem by
adding the coding elements,the original combinatorial
problemoften becomesmore tractable.Take the maxi-
mummulticastthroughputproblemasanexample.If we
arerestrictedto usingtraditionalrouting,theproblemof

3Note that theseoperationscould be inseparable.

maximizingmulticastthroughputis NP-hard,while when
network codingis allowed, it canbe solved usinglinear
programming[19]. For our problem, if the coding part
is �x ed to be EEC, the routing optimization is related
to the multiple traveling salesmanproblem(mTSP)that
is NP-hard[3] [20]. However, whenarbitrary coding is
allowed, combiningideasfrom both theoriesof combi-
natorialoptimizationand information theory enablesus
to make signi�cant progresstowardsunderstandingthe
performancelimit of suchinformationnetworks.

B. Relatedwork

The most relevant works on sourcenetworks 4 are
[21], [22] and [23]. However, their focus is the
achievablerate region and not the communicationcost;
their network models are not as general as the one
consideredin this paper, with constraintson the graph
edgessuchasthatnosourcesconnectwith othersources.
There has been much researchon Distributed Source
Coding(DSC) andNC. A thoroughreview of DSC can
be found in [9] where it is claimed that thereare few
practicalDSC schemesfor generalsourcemodels.[24]
proposesa practicalSWC schemebasedon syndromes.
It usesa Hammingdistanceconstraintmodel;hencethe
resulthasthepotentialto begeneralizedto a hierarchical
schemeapplicable to such source models with strict
constraints.Thereis no spatialor cost considerationin
[24]. For NC, if thereis just a singlesink andsourcesare
independent,thereis no needfor Network Coding[25].
[26] studiesthe problemof separatingSC from NC for
collectingdatafrom correlatedsourcesat multiple sinks.
They show that the caseof 2 sourcesand 2 sinks is
always separable,and give counter-examplesfor some
other cases.Since inseparableNC and SC implies that
NC is necessary(not vice versa),we do know that there
are caseswhere NC is needed.Thus, further work is
neededto determinethe utility of NC in our situation.
[27] shows that randomlinear network coding suf�ces
for network codingof correlatedsources.[28] providesa
practicallow complexity schemeof joint DSC andNC.
The schemeis suboptimaland focuseson two sources
relatedby a binary symmetricchannel.Most of these
works on coding apply only to some limited source
models,furthermorethey all focuson thecapacityaspect
and ignorecosts.

Somework hasconsiderednetwork costs;[29] studies
theproblemof network codingwith a costcriterion.For
minimumcostcorrelateddatagathering,[5] considersan
abstractcost function anda specialsourcemodelwhere

4Sourcenetworks refer to a collectionof distributedsourcesanda
network that connectsthemtogether.
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the joint entropy is a concave functionof the numberof
sourcesand independentof the sourcelocations.They
show thatthereexistsa randomapproximationof a trans-
mission tree that is universally optimal for all concave
cost functions. [4] also studiescorrelatedsensordata
collectionon a grid. They usea simpli�ed cost function
as well as a simpli�ed correlationmodel that ignores
spatial featuresas in [5]: the joint entropy is a linear
function of the numberof sources.Thustheir discovery
of optimalclusteringsizeis consistentwith [5]' s general
result.Mostof theseworksusesimpli�ed abstractsource
modelsandassumeagivencodingalgorithmwith certain
output rates available. Our work, on the other hand,
imposesno restrictionson the sourcecorrelationmodel
and the codingalgorithm.

There hasbeenwork on the asymptoticbehavior of
datacollectingsensornetworks. [30] studiesthe scaling
problemof a large numbersensorsdeployed in a Gaus-
sian Markov Field (GMF) and comparesthe network
capacity and the source data rate asymptotically. [7]
comparesSWCandEEC's asymptoticperformanceon a
1D grid andshows thatEECperformsasymptoticallyas
well as SWC under variousconditions,which we will
show to be order optimal under theseconditions.[31]
investigatesthe problemof joint optimizationof sensor
nodesdeployment and data gatheringcost in a lossy
setting.Most of theseworks assumea Gaussiansource
distribution. Our practicaldesigntargetsa moregeneral
class of sourcemodels that are representative of real
spatial data.Of particular interest to us, [4]' s analysis
of rainfall data validatesthe total entropy assumption
that we made in our sourcemodeling (in SectionV).
[32] modelsspatiallycorrelatedsourcesusingrealspatial
data.Their modelalsofalls within our modelframework
of LVCF and GMF thus further supportsthe generality
of LVCF andGMF.

II I . MODEL FORMULATION

Weconsideranetwork composedof bothsourcenodes
and pure relay nodes as illustrated in Figure 1. For
simplicity of presentation,we assumeall the nodesare
sourcesand representan ����� - node network as a
graph 	�

��������� (directed or undirected),in which

��
������������������ �!�#"%$ is the set of nodes,and � is the
setof edges.Here " is the sink. All nodesin � areable
to codeand transmitdata.An edge &'
(�)�+*,����-��/.0� iff
thereis a communicationlink betweennode �

* andnode
�1- .

Each node �2* periodically generatesan observation,
which we denoteasa discreterandomvariable 3

4

* (pos-
sibly measuredfrom some continuousrandom source

Fig. 1. A layoutof thegeneralproblemof gatheringcorrelateddata
througha network
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be a stationary
randomprocesswhere 3

4

�)CD�I
J�/3

4

�
�)CD�����������93

4

�
�)CD�#� is

a �eld samplethat correspondsto the set of samples
gatheredfrom all sourcesat time-slot CK
 �2�MLN������� .
For simplicity, assumethat 3

4

�)CD� is i.i.d. as we focus
exclusively on spatial correlation although our results
canbeextendedto thegeneralcaseof collectingmultiple
temporallycorrelated�eld samples.

Each edge (link) �)�2*O����-��P
 &=.Q� has capacity
R

*S-PTVU (or RXW ), specifying the maximal transmission
rateover the link. Link �)�

*
���

-
� hasanassociatedweight

Y

*S-�Z
U (or Y

W ) that relates to its communication
cost. Let [

W be the data transmissionrate along edge
& in bits per second.Naturally, the communicationcost
rate (both transmittingand receiving cost per second)
along edge & , \D�)[

W

�

Y
W

� is a strictly increasingfunction
of [

W and Y
W [7].5 In practice,if a node usesa �x ed

transmissionpower (the normal modeof 802.11),then
the communicationcost rate is a linear function of the
data rate. i.e., \D�)[

W

�

Y
W

�]
�[

W'^
Y

W [7]. For this linear
costfunction, Y_W correspondsto thecommunicationcost
per bit. For wirelesscommunicationlinks, Y

*S-`
Kab*S-1c

where Ledgfhdhi dependson the medium and aj*S- is
the Euclideandistancebetweennodes �+* and ��- . If the
protocolallows nodesto adjustthe transmissionpower,
then \ is not linear but in generala convex function of
datarate.We studyboth cost functions.For any source

3

4

* , denotea pathfrom 3

4

* to the sink as :�k

l;m or :n* . Call
the sum of the weights along a path the path length,

5Eventhoughthenetwork topologyandthe traf�c ratearestation-
ary, the real time datarateandthe costratecanbe time varying, we
usethe averagecost rateof the network as the performancemetric.
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denotedas op�q:rk

l m

� . Denotethe shortestpath from 3

4

*

to the sink as :ts

k

lum , we refer to :ts

k

lum 's lengththe distance

of 3

4

* to thesink, denotedas o��q:vs

k

l m � , or simply o * . We

assumethatthecommunicationlinks areimplementedas
DiscreteMemorylessChannels(DMC). In anundirected
graphmodel,eachedge(link) compromisesof two bidi-
rectionalDMCsthatshareacommoncapacityconstraint.
We �rst derive our results based on point to point
links (channels)6 and then extend it to include wireless
broadcasting.We alsoomit thecommunicationoverhead
inducedby schedulingandroutingcontrolsincedatacan
be packed in arbitrarily large packets.

We de�ne source graph 	

l


w��	6�

Y

�

R

� 3

4

� to be
the network along with its link weights,capacitiesand
sourcedescriptions.A CommunicationSchemespeci�es,
for all the nodes, “what to send to whom”. It is a
set of functions that maps each node's received bits
and local generateddata(if any) to its output bits and
the correspondingselectedchannels.A Data Collection
Scheme(DCS), x , is a communicationschemethat al-
lows thenetwork to collectall of thedata

3

<

�H�

3

<zy

���������

3

<

�

at thesink " near losslessly- decodelosslesslywith zero
or an arbitrarily small error probability [33]. A SWC
scheme x|{M}�~ is a DCS that only usesa Slepian-Wolf
sourcecodeat thesourcescoupledwith commodity�o w
routing.A SWC-SPschemex

{M}�~€• {%• is anSWCscheme
thatonly usesshortestpathcommodity�o w routing.Let

‚

,
‚

{%}�~ ,
‚

{M}�~€• {%• be the setof all DCSs,the setof
all SWC schemesand the set of all SWC-SPschemes,
correspondingly.

The cost rate for any data collection scheme x

on a source graph 	

l is de�ned as o„ƒ/��	

l

�=


…

WM†2‡

\D�)[

W

�

YˆW

� , or simply denotedas o
ƒ . W.l.o.g.,we

assumethe �eld samplesare generatedevery second,
thus o

ƒ also equalsthe cost per �eld sample.In this
paper, our goal is to identify andachieve the minimum
communicationcost o‰ƒ‹Š/
PŒ�•bŽ•ƒ

†�•

o‘ƒ .

IV. OPTIMAL DATA COLLECTION SCHEME

In this section we prove our optimality result. We
introduce a new concept, the Distance Entropy of a
sourcegraph 	

l , to characterizethe spatialdistribution
of thesourceinformation.Thenin Theorem1, we prove
that distanceentropy is the minimum cost possibleand
canbeachievedby SWCplusshortestpathrouting.Next,
for more generalconvex cost functions, we prove the

6Normally thereis an underlyingMAC layer applying techniques
like TDMA, FDMA, ALOHA, etc. to solve the wirelesscontention
problem,thusenablinga niceabstractionof point to point links with
independentcapacityconstraints.

universaloptimality of the SWC schemein Theorem3
basedon Theorem2 andLemma 1. Finally, we extend
theoptimality resultto networksthatexploit thewireless
broadcastingadvantagein Theorem4. W.l.o.g., we as-
sumethenodes� � ���

y

����������� � arein nondecreasingorder
of theirdistancesto thesink, i.e., o’�9d“o

y

dP�@�@�ndeo”� .

A. DistanceEntropy

Recallthat 3

4�7

denotes 3

4 A

- thesourcelocatedat sink
" , which canbe null.

De�nition 1: For anysourcegraph 	

l , theDistance
Entropy •B–—��	

l

� is

• – ��	

l

�;


�

˜

-

G

�

o -'™ •’�/3

4

-›š 3

4

-HœD� ���@�@�@�83

4�7

� (1)

Considerthe cost function \D�)[

W

�

Y
W

�]
K[

W'^
Y

W . We
have the following theoremdescribingthe total commu-
nicationcost to collect one�eld sample.

Theorem1: The cost of any DCS x on a source
graph 	

l to collect one �eld sampleis lower bounded
by the distanceentropy of 	

l

Œ�••Ž

ž�Ÿ# 

o
ƒ

��	

l

�/Z¡•
–

��	

l

��� (2)

In the absence of capacity constraints, an SWC-
SP scheme with an optimal rates allocation [

-



•’�
3

4

-
š

3

4
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3

4
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� achievesthe costof •�–¢��	

l

� , i.e.

Œ�••Ž

ž+Ÿ£ 

{M}�~€• {%•

o‘ƒ/��	

l

�;
¤•B–—��	

l

���

Proof: Weprove the(2) by induction.For simplicity
of presentation,we start with the casethat all sources
have distinct distancesto the sink and then extend it to
the generalcase.When there are no nodesother than
the sink, the distanceentropy equalszero, the claim is
obviously true. We start from �¥
¦� .

Base step: when � 
 � , by (1), •�§¨��	

l

��


o„�%•’�
3

4

�
š

3

4
7

� , it is easy to see that for any DCS x ,
o‘ƒ/��	

l

�¢Zeo„�X•’�—3

4

�
š

3

4
7

� .
Inductionstep:Assumethat for any �©d“ª (2) is true.

Now considera 	

l with �«
¬ª��­� .7 As shown in Fig.
2, we breakany edge �)�+®1¯

�
���

-
����°²±5ª , down into two

edgesby introducinga new virtual node �+®
-

(represented
by a trianglenodein Fig. 2): replaceedge&I
¦�)�+®�¯

�
����-2�

with &��_
¦�)� ®
-

����-�� and &

y


(�)�2®1¯
�

���2®
-

� . Assignweights
to them as Y

W#³


5o”®8´‰o0- and Y
W£µ




Y
W

´

Y
W#³ . Here

YˆW£µ is guaranteedto bepositive; otherwiseit contradicts
thefact o‘®�¯

�

T
o”® . We call this resultingsourcegraph

7Note that nodes ¶O·£¸%·£¹£¹£¹#·»º�·»º/¼­¸ are in an increasingorder of
their distancesto thesink, i.e. ½!¾¨¿ÁÀ—ÂÃ½�ÄvÂ0Å£Å£Å�ÂÃ½|Æ—ÂÇ½!Æ#È

Ä .
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l . For any DCS in 	

l , thereexists a corresponding
DCS in 	 É

l with the samecommunicationcost, and
vice versa.Thus, we evaluatethe communicationcost
of DCSsin 	

É

l equivalently.
It is easy to see that all the virtual nodes have a

distanceo‘® to thesink. Thus,onepropertyof 	'É is that
eachedgefrom node ��®�¯

�
terminatesata nodethathasa

distanceo”® to the sink. View all nodesotherthan �+®�¯
�

as one supernode �+Ê , then by the basicsourcecoding
with side information theorem[33], there has to be at
least •‰�

3

4

®1¯
�

š

3

4

®›���������
3

4

���
3

4
7

� bits transmittedacross
any cut between��®�¯

�
and �

Ê . By the triangleproperty,
all edgesfrom �2®�¯

�
haveaweightof at leasto„®�¯

�
´'o”® ,

thus the cost for transmissionson the edgesfrom �+®�¯
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to ��Ê is at least
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No matterwhat is transmittedon theedgesconnectedto
� ®�¯

�
, the best outcomethat we can expect as a result

of these transmissionsis that, 3

4

®1¯
� is known at all

the nodesat a distance o„® from the sink (including
� ® andall the virtual nodes).Assumingthis is achieved
in a virtual sourcegraph, view �_3

4

®›�83

4

®�¯
�

� as a joint
sourcethat is o‘® distanceaway from thesink, apply the
inductionstepof (2) to this sourcegraphasthe caseof

�K
Ëª , we have the communicationcostof this source
graphis at least

o”®�•’�/3

4

®�¯
�

�93

4

®
š

3

4

®
œD�

���@�@�@�'3

4
7

�D�

®
œD�

˜

*

G

�

o­*
™

•’�—3

4

*
š

3

4

*jœD�����@�@�@�Ì3

4
7

���

plus the previouscoston edgesconnectedwith �€®1¯
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have thetotal costfor theoriginal sourcegraphis at least
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Thus,we show (2) holdsfor �¥
¬ªˆ�’� , by induction
(2) is true for any � .

Since •�–¢��	

l

� is exactly thecostof theSWCscheme
that has a rate allocation as [ * 
g•‰�—3

4

-Nš 3

4�7

���@�@�@�'3

4

-�œD� �

and routes along shortestpaths to the sink, we have
Œ�•bŽ
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l
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l
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Whenthe oÍ- s arenot distinct, we groupthe sources
with thesamedistanceto thesink asa joint source(easy
to verify that the order within thesesourcesdoesnot
matter),thenwe extendthe sameformula to the general
case.

Theorem1 shows that distanceentropy is a lower
bound on the total communicationcost. Furthermore,
it shows that if there are no capacityconstraints(this
is often reasonablewhen the data rates are far less
than the capacities),distanceentropy is an achievable
tight boundand,thus,the bestpossibleperformancefor
suchdatacollection tasks.Our proof differs from [3]' s
proof and yields a more general result. [3] �x es the
codingpartandshows that for SWCschemes�nding the
optimal rate(thenetwork combinatorialpart) is a Linear
Programmingproblem.Sincewe have no limitations on
coding,our proof is more generalapplying to arbitrary
coding& routing schemes.

B. General Resultsfor Convex CostFunctions

For more generalcost functions and networks with
or without capacityconstraints,we are able to derive a
more generalresult with the help of Han's work, [22].
Han [22] shows a necessaryand suf�cient condition
for the achievable capacity region of a communica-
tion network of memorylesschannelsby exploiting the
polymatroidalpropertyof the network capacityfunction
and co-polymatroidalproperty of the joint conditional
entropy functionsof the correlatedsources.We convert
this resultto our sourcegraphmodelandgeneralizetheir
network topology assumptionsas well. [22] modelsa
communicationnetwork as a directedgraph consisting
of a set of sourcesand a set of relays s.t. there is no
incoming edgesto any of the sourcenodes.Replacing
min-cut capacityin [22] with cut capacityand because
the max-�ow min-cut theoremfor network �o ws also
applies to an undirectedgraph, we generalize[22]'s
model to any directed/undirectedsourcegraphwherea
sourcenodecanhave incomingedges.

Before we stateTheorem 2, we introducethe con-
cept of cut capacity. For any graph 	 , ÎtÏ Ð � ,

ÏËÑÒ
 �JÓrÏ ( "¬.�ÏËÑ ) de�nes a cut, denotedas
�»ÏË�MÏ

Ñ
� . De�ne the set for all possiblecuts as Ô . Let

Õ

�»ÏË�MÏËÑ1�¡


…¤Ö

m

†2×ÙØ

Ö£Ú

†�×BÛ

R

*Ü- be the capacity of cut

�»ÏË�MÏ¬Ñ1� . ÎDÝ©ÐÞ� , let 3

4�ß


à�63

4

*Mš
�

*
.hÝá$ , 3

4

Ñ

ß




�
3

4

*
š

� *Ç.>Ý
Ñ

$ . We also de�ne a feasibleset of �o ws
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as a set of â€���Mâ

y

���������Mâ2� that mapseachsource 3

4

* to
a �o w rate â * suchthat thereexists a setof commodity
�o ws (fractional allowed) from the sourcesto the sink
with the capacityconstraintssatis�ed.

Theorem2: (Generalizedversionof Theorem3.1 and
Lemma 2.3 in Han1980[22]) For any source graph

	

l (directedor undirected)with an edge capacityset
Õ

, there existsa data collectionschemeiff

•’�/3

4

×

š 3

4

Ñ

×

�¢d

Õ

�»ÏË�MÏ

Ñ

���ãÎ;�»ÏË�MÏ

Ñ

�/.ÁÔä�

Whenthisholds,thereexistsanSWCschemeanda cor-
respondingnonnegative real vector å(
��)[�����[

y

���@�@�@��[H�!�

for the SWC's ratessuch that for any cut �»ÏË�MÏ Ñ �

•‰�/3

4

×

š 3

4

Ñ

×

�—d

˜

Ö

m

†2×

[�*�d

Õ

�»Ï¬�MÏ

Ñ

���

Furthermore, there existsa setof �ows from the source
nodes�ÒÓI�H"%$ to the sink " with â�*v
Ò[�* .

This theoremcan be derived by applying the same
techniqueas [22] to our sourcegraph setting. Using
TheoremL we will derive a generalresulton theoptimal
costof a sourcegraph.However, we �rst derive a lemma
and introducesomefurther de�nitions.

For any source graph 	

l and DCS x operating
on it, let the average transmissionrate from �+* to

�1- on edge �)�2*,����-�� be [2æ

*

Ø

-Xç

. For any cut �»ÏË�MÏ
Ñ

� ,
the average bit rate under x that crossesthe cut is

[

×

��x!�u


…
Ö

m

†�×ÙØ

Ö
Ú

†2×BÛ

[2æ

*

Ø

-Xç

.
Lemma1: For anysourcegraph 	

l with or without
capacityconstraintsandanyDCS x operatingon it, x 's
data rate acrossany cut [

×

��x!� satis�es

[

×

��x!�—Z¡•’�—3

4

×

š
3

4

Ñ

×

�

Proof: We prove this by contradictionusingTheo-
rem 2. Assumethe lemmais not true, then thereexists
a 	

l and DCS x that for somecut �»Ï¬�MÏ5ÑH� of 	 ,
[

×

��x!�—±¡•’�
3

4

×

š

3

4

Ñ

×

� .
The total numberof edgesfrom Ï to ÏèÑ on which

x hastraf�c is �nite andwe denoteit as ajé . Let

ê




•’�/3

4

×

š
3

4

Ñ

×

�¨´‘[

×

��x!�

Lˆa•é

� (3)

then ê

TëU . Constructa directedgraph 	
É

���ì���
É

� with
the samevertex set as 	 . Regardlessof whether 	 is
undirectedor directed,there is a directededge �)�+*£����-2�

in 	
É iff there is traf�c transmitteddrectly from node

��* to ��- by x . Also the edgehasthe sameweight Y

*S-

as in 	 . Assign eachedgein 	'É a capacityof R

É

*S-




[2æ

*

Ø

-Xç

�

ê . Then for every edgein 	
É , R

É

*S-

T
[2æ

*

Ø

-Xç

. Since
all ratesbelow the channelcapacityareachievablefrom

the ChannelCoding Theorem [33], x is a valid DCS
in 	 É

l . However, the cut capacityof �»Ï¬�MÏèÑ�� in 	 É is
Õ

Éí�»ÏË�MÏ Ñ �u


… Ö

m

†2×ÙØ

Ö Ú

†�×BÛ

�)[ æ

*

Ø

-Xç

�

ê

�;
¤[

×

��xÙ�1�Ba•é

^îê .
By (3), we have

Õ

É

�»ÏË�MÏ

Ñ

�;


•’�/3

4

×

š 3

4

Ñ

×

�v�ï[

×

��x!�

L

±¡•’� 3

4

×

š

3

4

Ñ

×

���

Since the cut capacitiesof 	 É

l do not satisfy the iff
condition of Theorem2, there exist no DCSs in 	 É

l .
This contradictsthe fact that x is a DCS in 	 É

l . So the
assumptionis incorrectand the lemmais true.

Any DCS can be thoughtof as dividing the dataon
a link into blocks that each has a �x ed transmission
rate.Thusthe traf�c generatedby x on an edge �)��*£����-2�

can be characterized as ðñ�)[

�

æ

*

Ø

-%ç

��C

�

æ

*

Ø

-Xç

���H�)[

y

æ

*

Ø

-Xç

��C

y

æ

*

Ø

-Xç

���

�����H�H�)[2ò

m

Ú

æ

*

Ø

-%ç

��Cóò

m

Ú

æ

*

Ø

-%ç

�)ô , where [

®

æ

*

Ø

-%ç

TeU is the ratein bits per

secondfor the ª th block and C

®

æ

*

Ø

-Xç

T¡U is thecorrespond-

ing transmissionperiod. Here õ]*S-¤.J�€�2�MLN������� �%�|ö“$ .
The averagerate by x along an edge �)��*,����-�� from � *

to �
- is [

æ

*

Ø

-%ç
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³
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Úîý

…

ò

m@ù

Ú

®

G

�

[

®
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*
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®
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-Xç

. For edge

& , denoteC

W




…

òìþ

®
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®

W and ÿ
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5C

®

W��
C

W

.’�
U

�H�Xô , then
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òìþ
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ÿ

®
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òìþ
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W
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ÿ
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W .
Theorem3: Let 	

l be an arbitrary source graph
with or without capacityconstraints. Let the cost func-
tion \ be nondecreasingin Y and [ and convex in [ ,
then the optimal SWCschemeis also optimal over the
classof all data collectionschemes.

Œ�•bŽ

ž+Ÿ# 

o‘ƒ/��	
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Proof: The proof consistsof showing that, for any
datacollectionschemex , thereexistsat leastoneSWC
schemethat hasa communicationcost no greaterthan
thatof x . Thetrick is to treattheactualtransmissionrate
generatedby x on eachlink asa capacityconstrainton
that link for the SWC scheme.

As in Lemma 1, constructa directedgraph 	
É

���ì���
É

�

with the samevertex set as 	 . Regardlessof whether
	 is undirectedor directed, there is a directed edge

�)� *O����-�� with unchangedweight Y

*S- in 	9É iff there is
traf�c transmitteddirectly from node �

* to �
- by x . We

treat ��[
æ

*

Ø

-Xç

$ s as capacitiesof the directededgesin 	
É

i.e. R

É

*S-


P[2æ

*

Ø

-Xç

d

R

*S- for �)� *£����-2�—.Á�|É and
Õ

Éí�»Ï¬�MÏ
Ñ

�;


[

×

��x!�Id

Õ

�»ÏË�MÏ¬Ñ1� for any cut �»ÏË�MÏËÑ1� ; by Lemma
1 we also have [

×

��x!�9ZP•‰�
3

4

×

š

3

4

Ñ

×

� . So for any cut
�»ÏË�MÏ¬Ñ1� ,

•‰�
3

4

×

š

3

4

Ñ

×

�—d

Õ

É

�»ÏË�MÏ

Ñ

�—d

Õ

�»ÏË�MÏ

Ñ

��� (4)
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(4) matchesthe iff condition of Theorem 2. Conse-
quently there exists an SWC scheme x|Ê���� with an
SWC rate vector å'ÉÍ
 �)[ É

�

��[ É

y

����������[ É

�

� that satis�es

•‰�—3

4

×

š 3

4

Ñ

×

�©d

… Ö

m

†�×

[ É

*

d

Õ

É �»ÏË�MÏ¬ÑH� for any
cut �»ÏË�MÏËÑ�� , and there exists a set of �o ws � 


�»â+�H�Mâ

y

���������Mâ2�'� from �ÒÓI�H"%$ to " in 	 É

l satisfyingthe
capacityconstraint R

É

W on eachedge & . For each �2* , the
�o w magnitudeis â * 
P[ É

*

. Since R

É

W

d

RXW , x Ê���� is also
an SWC schemein the original sourcegraph 	

l .
The communication cost per second of

this SWC scheme is the cost of the �o ws
o��	�B�K


…

WM†2‡�

\D�

…

�

*

G

�

â *£�»&2���

Y W

� , where â *£�»&2� is
the �o w rate of â2* along edge & . With the capacity
constraint, we have

…

�

*

G

�

â *O�»&��àd

R

É

W . Since \ is
nondecreasing,we conclude

op�	�6�¢d

˜

W%† ‡ 
 \D�

R

É

W

�

Y
W

� (5)

On the other hand, the averagecommunicationcost
per secondfor x is

o‘ƒ 


˜

W%† ‡ 
 �

C

W

ò
þ

˜

®

G

�

\D�)[

®

W

�

Y
W

���—C

®

W




˜

W%† ‡

 �
ò

þ

˜

®

G

�

\D�)[

®

W

�

Y
W

���—ÿ

®

W��
By the convexity of function \ , we have

o‘ƒ Z

˜

W%† ‡ 
 \D�

ò
þ

˜

®

G

�

[

®

W �/ÿ ®

W

�

Y
W

�




˜

W%† ‡

 \D�)[

W

�

Y
W

�




˜

W%† ‡

 \D�

R

É

W

�

Y
W

�

Combined with (5) we have op�	�6�Pd o‰ƒ . Thus
for any datacollection schemex thereexists an SWC
schemewith a communicationcostno biggerthan x . As
a result,theoptimalSWCschemeis alsooptimalamong
all the possibledatacollectionschemes.

When samplesare temporally correlated,we group
andencodethemin temporalblocks.Our resultscanbe
extendedto hold by replacingthe •’�

3

4

×

š

3

4

Ñ

×

� with the
entropy rate��������������������

¿ "!"#$&% � ¸' �(������)�+* Ä

�
·,Å£Å£Å€·

������+* $ � �,�� �� �+*
Ä

�
·£Å£Å,Å›·

�� �� �+* $ �	�

C. Extensionto WirelessBroadcast

Previously we ignored the broadcastnature of the
wireless medium by assuming a lower MAC layer
resolves the wireless con�iction problem. While the
wirelessbroadcastadvantage8 actuallyallows a nodeto
send the samedata simultaneouslyto more than one
receiver, this could be bene�cial to someapplications.
In this subsection,we considerthe casethat incorpo-
rates such wireless broadcast.We show that even if
the previous point to point link abstractionis basedon
somelower layer protocol that doesnot take advantage
of the broadcastnatureof wireless transmissions(e.g.
TDMA), enablingthebroadcastwill not further improve
the performancein termsof total communicationcost.
We usethe samesourcemodelasbeforeanda slightly
modi�ed communicationmodelto incorporatebroadcast.
We �rst describethe broadcastcommunicationmodel
andthenshow that the minimum communicationcostis
the sameeven with wirelessbroadcast.

1) BroadcastCommunicationModel: In addition to
the previous independentpoint to point transmissions,
now a node can also conductbroadcasttransmissions.
Let -5�)� *O�‰
 ���1-

š
�)� *,����-�� .¥��$ be the neighbor set

of node � * - the set of nodesthat �2* can communicate
directly to via apoint to point link. Broadcastheremeans

� * can sendthe samecopy of datasimultaneouslyat a
rate [ to any subsetof its neighborset .0/1-5�)�

*
� . Each. de�nes a broadcastlink. The energy cost \€*

Ø 2
�)[›� of

broadcastis no lessthanthe costof sendingat the same
ratefrom � * to any of the nodesin . througha point to
point link:

\2*

Ø 2
�)[›�—Z¡Œ�3,4 Ö£Ú

†�2 \D�)[��

Y

*S-€���

This assumptionis valid for both applicationsusing
directional antennasand ones using omni-directional
antennasfor the point to point links.9 In addition, we
model the capacityconstraintsbasedon a TDMA type
of scheme,eachdata transmissionconsumesthe same
amount of time for the transmitting node, no matter
whetherthe datais broadcastto all neighborsor unicast
to oneneighbor. The capacityconstraintsarenot on the
independentlinks but ratheronnodes.Eachnode�+* hasa

8Note thatwhatwe meanby wirelessbroadcastadvantageis not a
broadcastchannelbut ratherthe capabilityof sendingidenticaldata
simultaneouslyto multiple receivers, it is basedon the currentpoint
to point channeland protocol design.e.g. the broadcastmode in
802.11.

9For sametype of antennas,directionalonesconsumelessenergy
thanomni-directionalonesfor point to point communications.So the
point to point communicationalwaysconsumeslessenergy thanthe
broadcastone that includesit.
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joint capacityconstraintR

*

10 for all of links connected
to it. Thus the data transmissionratesassociatedwith
node 5 satisfy

…

[

2
d

R

* . Note that [

2 could be either
broadcastrate or a unicast rate (when . contains a
single node). In other words, a broadcasttransmission
consumesthe sharedcapacityof ��* , equivalently asany
of the point to point unicasttransmissionsdoes.

2) Optimality Result: With the modi�ed communi-
cation model, now we refer to the previously de�ned
DCS that doesnot usewirelessbroadcastas a “unicast
scheme”andstill use

‚

to denotethe set of all unicast
schemes;we refer to a DCS that uses broadcastas
a broadcastenabledDCS and denote the set of all
broadcastenabledDCSsas

‚ 2 . Weshow thatany source
graph 	

l whosenodesareenhancedwith this broadcast
capability has the same optimal cost as the unicast
scheme.We stateandprove the following theorem.

Theorem4: Let 	

l be an arbitrary source graph
with or without capacityconstraints. Let the cost func-
tion \ be nondecreasingin Y and [ and convex in rate

[ , thenthe optimal SWCunicastschemeis also optimal
over the classof all broadcastenableddata collection
schemes.

Œr•bŽ

ž+Ÿ£ ,6 o‘ƒ/��	

l

�;
 Œ�•bŽ

ž+Ÿ# 

{M}�~

o‘ƒ/��	

l

���

Proof: We prove it by showing that for any broad-
cast enhanceddata collection schemex in 	

l , there
exists an SWC schemethat doesnot use broadcasting
andhasa costno greaterthan x .

For any broadcastenhancedDCS x for 	

l , wede�ne
[

2
× as the broadcastreduceddata rate acrossany cut

�»Ï¬�MÏËÑ�� , that is, if a broadcastsenderis in Ï , andthere
is at least one receiver acrossthe cut in Ï

Ñ , the data
rateacrossthecut of this broadcastwill only becounted
as the broadcastingrate [ without doublecounting the
multiple receiving rates.

We �rst show that for any cut �»Ï¬�MÏ
Ñ

� in 	

l ,
[

2
×

Z©•‰�
3

4

×

š

3

4

Ñ

×

� . We do this by shrinking 	

l to
a simplesourcegraphof two nodes,7 × and "

× , where
node 7 × has source 3

4

× and "

× has source 3

4

×BÛ .
A pair of in�nite capacity channelsconnect 7 × and

"

× . We emulate all the traf�c between Ï and Ï
Ñ

under x now between 7 × and "

× in the new source
graph except that for the broadcastingtraf�c we only
emulateone copy of it between7 × and "

× . Sinceall
coding/routingoperationswithin Ï or Ï

Ñ under x are
now all achievableinternalcodingoperationsinside 7 ×

or "

× in the new sourcegraph, any DCS x in 	

l

108:9 equalsto the sum of the capacitiesof the previous point to
point links.

correspondsto a DCS in the new sourcegraph with
a rate from 7 × to "

× as [�;=< 
Q[

2
× . By Lemma 1,

[ ;=< Z¬•’� 3

4

×

š

3

4

×BÛ

� thus [

2
×

ZË•’� 3

4

×

š

3

4

×BÛ

� for any
cut �»ÏË�MÏ Ñ � .

B
iv

vi broadcast to neighborhood subset B

B
iv

Biv ,

Fig. 3. Converting the wirelessbroadcastingto a virtual source
graphcomposedof point to point links

We then constructa new sourcegraph 	

ƒ

l basedon
	

l and x . The �rst part of the constructionis similar
to the one used in the proof of Theorem3. The only
differenceis that for traf�c broadcastby x from node

� * to a setof its neighbors. , we adda virtual relaying
node(without sources)�2*

Ø 2 anda set of directededges
that bridges together �2*

Ø 2 and each of the nodes in. . Speci�cally, we add a directededge �)�
*

���
*

Ø 2
� and

a directededge from �2*

Ø 2 to eachof the nodesin .
as shown in Fig. 3, all edgeshave a capacity equal
to the original broadcastingrate [

2 . with an in�nite
capacity. Then because[

2
×

Z=•’�—3

4

×

š
3

4

Ñ

×

� in 	

l , it
is easyto verify that for any cut �»Ï¬�MÏèÑ1� in 	

ƒ

l , the

cut capacitysatis�es
Õ

Éî�»ÏË�MÏ
Ñ

�­ZK•’�
3

4

×

š

3

4

Ñ

×

� . By
Theorem3 thereexists an SWC schemex

Ê���� in 	

ƒ

l .
If we implementthis xÌÊ���� in 	

l by distributing the
�o w traf�c of �2*�> � *

Ø 2 > �1- directly as � *�> ��- .
According to the constructionof 	

ƒ

l , we obtaina non-
broadcastingDCS x

É in 	

l . Moreover, since\ is convex
and \�*

Ø 2
�)[

2
�ÁZ¥Œ?3,4 Ö

Ú

†�2
\D�)[

2
�

Y

*S-�� we concludethat
this DCS x

É in 	

l is also a unicastDCS with a cost
no greaterthan that of the broadcastingenhancedDCS

x .
We have establishedboth the achievable capacity

region andtheminimumcommunicationcostof a source
graph, a network of data sourcesconnectedby com-
municationlinks abstractedas point to point links. For
collecting multiple correlatedsourcesat a single sink,
the optimal SWC schemeis also an optimal data col-
lection schemeover all possibleDCS. The result is not
obvious becausethe intermediatenodesare allowed to
perform any operationsthat involve arbitrary couplings
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of network coding and sourcecoding. In general,there
are possible bandwidth bene�ts in applying network
coding or wirelessbroadcasting[34] [35] [36]. While
for correlatedsourcesanda singlesink, it is �rst shown
here as a corollary of our work that neither network
codingnor wirelessbroadcastinghelpseitherin termsof
communicationcostor capacityfor our generalsetting11.
More than that, our work shows that no coding/routing
schemeoutperformsthe SWC schemesin this setup.
Certainlyaswe mentionedearlierin SectionI SWCcan
hardly beconsidereda practicalcodeandthusthe SWC
schemeis a theoreticalschemethat helpsus understand
the performancelimit of the datacollection task.

V. ORDER OPTIMAL SCHEME

Given the optimality of the SWC scheme,a natural
question to ask is whether a practical algorithm can
provide closeto optimal performance.As mentionedin
Section I, both SWC and EEC have practical limita-
tions.DesigningpracticalSWCschemesthatachieve the
boundaryratesof the Slepian-Wolf rateregion hasbeen
limited to fairly constrainedsourcemodels.

In this section,we describea simple datacollection
scheme,Hierarchical Difference Broadcasting(HDB),
for both regular sensornetson grid points and random
deployedsensornets.Giventhehighcomplexity of SWC
and EEC schemes,HDB does not try to exploit the
correlationsamong all sensordata, but rather tries to
leverage off the asymptotically dominant part of the
total informationredundancy throughcontrolledcommu-
nications.For somenaturallyconstructedgenericspatial
correlationmodels,the neighboringcorrelationactually
dominatesthe total correlation.We show that HDB is
order optimal for three genericsourcemodelsthat are
representativeof a largeclassof realspatialdatamodels.

A. General SensorGrid Model

The grid modelis a specialcaseof the generalmodel
describedin Sec.III wheresensorsaredeployedonatwo
dimensionalsquaregrid. There are total of � sensors
indexedas �

*

Ø

- , �Ìd@5#��°ÇdBA � , 5#��°B
(�2�MLN������� �CA � . The

location coordinatesof sensor��*

Ø

- is �ED��GFD�ä
IHna

7 �
L8�

�	5 ´Ã� ��a

7

, ��a

7 �
LD�²�b°u´Ã� ��a

7KJ
, where a

7

is thegrid cell size

(the minimum distancebetweenneighboringsensors).

11Our work considersthe joint optimization of source coding,
network codingandpoint to point channelcoding,what we have not
consideredis the joint optimizationfor multi-accesschannelcoding
andschedulingfrom a �e xible lower layer design.

W.l.o.g. we assumea unit grid with a

7


Þ� . We will
refer to this as a sensorgrid. Each sensor ��*

Ø

- has a

reading 3

4

*

Ø

- that is a discreterandomvariable, either
discreteby natureor quantizedfrom a continuousvalue.
We assumea uniform quantizeris usedand 3

4

*

Ø

- takes
an integer value after quantizationand re-scaling.The
sensorlocatedin thecenterof the�eld alsoservesasthe
sink and hasa reading 3

4BA

. The sensorreadings �B3

4

*

Ø

- $

aredescribedby a joint probability distribution. Denote
a sampleof 3

4

as
3

< anddescribethenumberof bits used
to encode

3

< by L �
3

<

� .
Sensorsare able to communicatewith eachother if

they are within a certain range.We assumethere are
no capacityconstraintsfor the communicationlinks. Let
\D�)[

W

��a

W

�¤
 MN[

W

a

W

c be the communicationcost func-
tion [3], where a

W is the Euclideandistanceof link & ,
and M and f are constantparameterswith L­d>f¬d(i .
W.l.o.g. let MB
(� . Thenthe energy costfor transmittingL W bits is L W

a

W

c . In this sectionwe focus on the total
cost of collecting one �eld sampleat the sink. Since

�)aj�v�”a

y

�

c

Z¡aj�
c

�­a

y

c , the lowestcostpathbetweenany
two sensorsin a grid alwaysconsistsof only unit length
grid edges.Since thereare no capacityconstraints,we
can limit the transmissionsto be on the shortestpaths
without affectingtheoptimalcommunicationcost.Thus,
we abstractthesensornetwork asa grid graph 	B��������� ,

�è
è�€�)��*

³�Ø

-

³

��� *

µMØ

-

µ

�
š%š 5O�ó´N5 y

š
�

š
° �ó´9°

y

š

(� $ . It is easyto

seethattheManhattandistance, O ³

ù

µ



š 5 �

´)5 y

š
�

š
°

�
´á°

y

š

is the numberof hopsof any shortesttransmissionpath
betweentwo nodes.We will refer to ��*

³
Ø

-

³ as the O ³

ù

µ -
hop-neighborof � *

µ�Ø

-

µ and vice versa.When O ³

ù

µ


�� ,
they areeachother's one-hop-neighbor.

B. Hierarchical DifferenceBroadcasting(HDB)

BeforedescribingHDB, wede�ne asetof hierarchical
clusters.W.l.o.g. let �

QP y:R

�TS¬
©�2�MLN������� where the
sink is �&UWV�X ³

µ

Ø UWV�X ³

µ . Let Y 7


K���&UZV[X ³

µ

Ø UZV\X ³

µ

$ . Divide the

original P R ™ P R grid into ] clusters,eacha subgridof
size P R œD�

™ P R œD� , andcall the setof thesesubgrids	Ù� .
Let Yä�‰
à��� *

Ø

-
š 50
 ^ V •

³

¯
�

y

�_P R œD�

ª€����°¬
 ^ V •

³

¯
�

y

�P R œD�

ª

y

�%ª€���%ª

y

.J�
U

�H�2�ML›$�$ be the set of the ] center
nodesof thesesubgrids.Similarly divide eachsubgrid
in 	|� into ninesubclusters,eacha P R œ

y

™ P R œ

y

subgrid.
	

y is thesetof all thesubgridsat this level. This canbe
donerecursively, producinga setof subgrids	|® at level

ª with a set of centernodes Yä®]
J��� *

Ø

-
š 5I
 ^ V •

ú

¯
�

y

�P R œ
®

ª›�H��°`
 ^ V •

ú

¯
�

y

�`P R œ
®

ª

y

�%ª€���%ª

y

.Ò�
U

�H�2������� �GP ®

´

� $�$ , ªB

U

�H�2������� �TS6´”� . Let Y R 
¬�„ÓaY R
œD� . It is easy

to see Y 7 /BYä�b/@Y y

�����c/dY R
œD� and e R

*

G

7 Yˆ*‹
¬� .
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Coding in HDB is extremely ef�cient as it relies
only on simplesubtractionsanda Self-Delimiting Code
(SDC). SDC is a practical code that encodes

3

< intof
�	gihkj

3

<

� bits with negligible computationcost [37]. Let
the length of the binary representationof

3

< be l , SDC
sends l]´¦� zeros ( l in unary code) followed by the
binary representationof

3

< . It is not hardto seethatwith
a modi�ed SDC,we canencodeany integer š

3

<

š dÒª into
no morethan L �	gihkj_ª¨�Í� � bits.Theinitialization of HDB
is alsovery simpleassensorscaneasilyform the series
of clustersin a distributed and adaptive fashion [38].
The low codingcomplexity andhigh adaptivity of HDB
is important for applicationsof low cost cheapsensors
with limited resources.

WedesignthedatacollectionschemeHDB asfollows:
Step 1: Sink "„.mY 7

broadcastsits observation
3

<

A

using SDC over a minimum spanningtree to all other
�5´0� nodesin the �eld. Eachsensorupdatesits reading
by subtractingthe received value,

3

<

*

Ø

-�n
3

<

*

Ø

-_´

3

<

A

.
Step 2: Do 5 from � to SÁ´¡���

Eachnode �r.oY_*NÓpYˆ*jœD� broadcastsits current
reading

3

<

Ö

in SDC over a minimum spanning
tree to all nodes in the correspondingsubgrid
of 	

* . Receiving sensorsupdate the readings,

3

<

*

Ø

-�n
3

<

*

Ø

-_´

3

<

Ö

.
$ endDo loop
Step 3: All sensorsother than the sink send their

remaining readings
3

<

Ö

via shortestpaths to the sink.
Thesink �rst decodesY � 's readingsby addingthesink's
value to the received

3

<rqz³ . Then basedon the decoded
readingsthe sink sequentiallydecodesthe readingsof
all sensorsin the orderof Y y

�GY ^ ���������GY R .

Fig. 4. The hierarchicalbroadcastsof HDB

Fig. 4 shows HDB's hierarchicaldifferencebroadcast-
ing. When � s
 P y:R

, � .Þ�tP y:R
�GP y

æ

R
¯

�£ç

� for someS . Expandthe grid to size P y

æ

R
¯

�£ç

™ P y

æ

R
¯

�£ç with the
samecenter. Divide the expandedgrid recursively in the
sameway, but when a centernodeof a subgrid is not
in the initial grid, choosethe closestsensornodefrom

the initial grid. This way we obtaina sequenceof layersY 7

�GYä�����������GY R for any � .

C. Order Optimality of HDB

In this subsectionwe prove the optimality of HDB.
We �rst derive a lower bound on distanceentropy for
generalsourcemodels, then apply it to three generic
source models and compare with the corresponding
upperboundson the communicationcost.Someof the
detailedmechanicsof the proofs is not includedbut is
available in our technicalreport [39].

1) Lower bound: We apply Theorem1 to derive a
lower boundon the cost of the optimal datacollection
schemein a sensorgrid network. The following Lemma
provides a lower bound of the minimum cost for a
generalclassof correlationmodelssatisfyingtwo simple
entropy properties.The result is derived using a basic
pigeon-holetypeof argument,andcapturesthe topology
impactof grid deploymenton DistanceEntropy.

Lemma2: For any sensorgrid of size � that has
joint entropy •‰�/3

4

���93

4

y

���������93

4

�'�—Z¡•’�—3

4BA

�M�vu , u T¡U ,
if for somenondecreasingorder of thesensor's Manhat-
tan distanceto the sink 3

4

���
3

4

y

���������
3

4

� ( 3

4

�_

3

4BA

) we
haveÎr5 T

� , •‰�/3

4

*
š

3

4

*jœD���83

4

*jœ

y

���������'3

4

���—de•xw for some
•xw T“U , then the optimal scheme's communicationcost

o‘ƒ‹ŠIZzy y^m{ Uµ|~} ³

µ


�Y'��u Uµ �
•xw ³

µ

�

Proof: For a unit grid, o²-²
�O Ú

where O Ú

is the

Manhattandistancefrom 3

4

- to the sink. By Theorem

1, •�–—��	Òk

l

�0


…

�

-

G

�

O Ú

™
•’�

3

4

-
š

3

4

-HœD�����@�@�@�
3

4

��� is the
optimal communicationcost.

Fig. 5. The sink's º -hop-neighborset layout on the grid

Denote by �v®5
 ��� *
š O m


wªn$ the ª -hop-neighbor
set of the sink. It is easily shown that š �‹® š


Ji›ª (see
Fig. 5). The optimal SWC schemex

s hasto collect at
least •’�—3

4

�
�93

4

y

���������83

4

�
� ´Ù•’�¢3

4
A

�/ZBu bits from nodes
other than the sink. If we assign•�w bits to eachof the

�Nw’
 �	u � •xw�� neighborsof the sink in the order of
nondecreasingManhattandistance(seeFig. 5). Denote
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by o { } the cost to route these u�w8
è�Nw ^

•xwÙd�u bits
via shortestpathsto the sink, denotethis bits allocation
as �u .

By Theorem1, x s allocates�(� �� 9 � �� 9i� Ä#·

�� 9+�k�
·£¹£¹£¹£·

��
Ä

�� ��� bits to the 5 th sensor, Î&5 T � . If we order the �rstu~w bits collectedby x s
in the order of nondecreasing

Manhattandistance,the ° th bit of x s hasa Manhattan
distancethat is no lower thanthe distanceof the ° th bit
of �u . Thus o„ƒ‹ŠäZ“o { } .Let ª s be the maximum ª that satis�es

…

®

*

G

�

š �D* š d

��w . Since š �t* š 
 i�5 , we get ª s 
 � y y

�

}
¯ �MœD�

y � , and

o { } Z¡•xw ^

…

®

Š

*

G

�

i�5 ^ 5?


y^ •xwHª s ��ª s � � �M�»L+ª s �ï� � . Ap-

plying ª s 
�� y y

�

}
¯ �%œD�

y � and ��wá
�� {| } � yields o { } Zy y^ { Uµ| } ³

µ . So we get o ƒ ŠIZeo�� { 
�Y'��u Uµ �
•

³

µw
� .

This Lemmais usedasa basictool for deriving lower
bounds for the DistanceEntropy for different source
structuresdeployed on a regular grid.

2) Upper bounds: The costof HDB dependson the
spatial correlation among the sensors.In general the
correlationexhibits somestructurebasedon the location
of the sensorsin the graph.For networks in a spatial
�eld, often the correlationstructureis a function of its
spatialproperties.For spatialdata,usually the pairwise
correlationis a decayingfunction of the distance.Sam-
ples at closeby points tend to have higher correlations
than thoseat distant points. This is normally re�ected
assmallervaluedifferencesfor nearbypoints,which is
especiallytrue for a physical diffusion �eld where the
measuredphenomenais a result of some micro-scale
physicalprocess,e.g.temperatureor rainfall distribution.
We usethreegenericsourcemodelsto modelthis feature
andshow that thesimpleHDB is orderoptimal for each
of them. Denote the cost of HDB as o

| , then there
exists a constantR

T¡U s.t. o

|��
o‘ƒ‹ŠId

R .
a) Hard Continuity Field (HCF):

For HCF, 3

4

*

Ø

- is a discreterandomvariablethat has Ï

differentpossiblevalues.Without lossof generality, we
assumethesetof Ï valuesis theset �€�2�MLN���������MÏ>$ . The
differencebetweenthe samplesfrom any two one-hop-
neighborssatis�es a `hard' continuity constraint, š

3

4

�
´

3

4

y

š
d�� for some � TpU . We assume� y �


�Y'�»Ï¦� ,
this is easilysatis�ed when � is large.

Lemma3: If a HCF has a joint entropy���
���������)�K�G C G C�p���¡£¢¥¤ ¦��¨§ª©¬«�­�®�¢
, then HDB has

order optimal communicationcost
f

�)� A �¯g+hkjp�ó� , the
sameorder as the optimal cost op��x

s
� .

Proof: We �rst give a lower boundon the optimal
cost using Lemma 2 and then demonstratean upper
boundfor o

| having the sameasymptoticbehavior.

� y �


¯Y'�»Ï>�±° •’�—3

4BA

�ˆd`gihkj—Ï 
¯²���A �

^ gihkj£�•� ,
then •’�—3

4

� �93

4

y

�������H�'3

4

� �²´«•’�/3

4 A

��
 Y'�)�_gihkj£�•� .
Let 3

4

� �93

4

y

�������H�

4

� be a source sequencein an
order of nondecreasingManhattan distances to the
sink (as shown in Fig. 5) such that each 3

4

* other
than the sink has a one-hop-neighbor 3

4

*

³ in the se-
quencewith 5,�`±³5 . So •‰�/3

4

* š 3

4

*jœD���93

4

*jœ

y

�������H�83

4

���rd

•’�—3

4

* š 3

4

*

³

�ïd´gihkjI�»L��'�¤� �M� Applying Lemma 2 withu 
 Y'�)�¯g+hkj£�ó� and •xw 
 gihkj9�»L��8�¤� � yields
op��x's��;
�Y'�)�µA �_gihkjp�•� .

Now we derive a sameorderupperboundfor HDB's
cost using simple counting techniques.ÎD� , let �� 
P y�¶ ³

µ¸·º¹¼» U �£½ , S¤


�

y gihkj ^ �� . Then � d �� ±¾]2� , then

o

|
� ��‘�—Z“o

|
�)�„� . We next derive an upperboundfor

o

|
����‘� .

o

| consistsof two parts,the broadcastcost o

2 and
the collection cost o¿� . Thereare S broadcastrounds,

o

2
� ��‰�„


…

R
*

G

�

o

*2 , where o

*2 is the 5»"¼À round's
broadcastcost.The�rst roundbroadcaststhesink's read-
ing throughoutthe network. We code

3

<

A

into
f

�	gihkj
3

<

A

�

bits,
3

<

A

d©Ï ° g+hkj
3

<

A

dÁgihkj—Ï 
´²B� A �

^ gihkj£�•� .
Also becausethebroadcastneedsexactly onehop trans-
missionto cover eachsensorin the minimum spanning
tree, o

�2

Â²�ð"A �_gihkj£� ^

�Ã��h´’� �)ô .12 The secondround
broadcaststhe readingsof sensorsin Y9�•Ó
Y 7

within 	|� .
From š Má�ÄL š

d
š M š

�
š L š we know š

3

<

*ó´

3

<

-
š

ddO mbù

Ú

^ � . So
afterthe�rst round's readingupdates,four of thesensors
in Y �

ÓbY 7

have š

3

<

š
d(L

^ P R œD�

^ � , the other four have
š

3

<

š
dÅP R œD�

^ � . Since L��
3

<

*;´

3

<

-2�Ìd¦L �	gihkj9�	O m@ù

Ú

^ �•�¨�5� �

bits, the four readingsof sensorsin Y9�—ÓÆY 7

are coded
into no morethan L �	gihkj8�»L

^ P R œD�

^ �ó�•�ï� � bits each,the
other four readingsof YI�—ÓÆY 7

are codedinto no more
than L �	g+hkjI�tP R

œD�

^ �•�t�¤� � bits each.Thus,

o

y2
d¬ðºP y

æ

R
œD�£ç

´Ì�XôZÇóð g+hkjI�»L

^ P R œD�

^ �ó�#��gihkjä�tP R
œD�

^ �ó�£�ÌL�ô»�

In general,

½

9È �`É+Ê �ÌË"Í���9 È
ÄZÎ�Ï

¸ÌÐ,Ñ 9+�k� �GÒ É  "Ó�Ô �¨Õ
Å

Ê Í��k9
È

Ä

Å¼Ö � ¼

 ×ÓCÔ � Ê Í��k9
È

Ä

Å¼Ö � ¼

Õ Ð+·

½

ÍÈ � É Ê �ÌË"Í���Í È
ÄZÎÌÏ

¸
Ð Ñ Í\��� �TÒ É  "Ó�Ô �¨Õ

Å

Ê Í���Í
È

Ä

Å:Ö � ¼

 "Ó�Ô � Ê Í���Í
È

Ä

Å¼Ö � ¼

Õ Ð
¹

SoÍØ9ÚÙ�� � 9È Û ÍØ9ÜÙ��¼Ý ^ �ÌË"Í���9 È
ÄZÎ

œ8��ÞKßÌà 9+�k� ßÌá Ý ·º¹¼» æ

y ß ^ Í\�k9 È
Ätâ

ç
¯

· ¹¼»
æ ^ Í\�k9 È

Ätâ
ç

¯

y Þ
G ã

æ

�
�

·º¹¼» � �
�

·º¹¼» â
ç

12This has not taken the advantageof the wirelessbroadcasting
which cangive a further reductionof at most äå of the original.
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Combinedwith o

�2 we have ½

È �çæè �
¿êé �çæèxë æè  "Ó�Ô Ö � .

Thedatatransmissioncostafter S roundsof broadcast-
ing is composedof nineparts- collectingthecodewords
from the nine subgridsof 	|� . The four cornersubgrids
have a higherupperboundson cost thanthe other four.
Let thecostof collectingdatafrom theupper-left corner
subgridbe o_ì� , then oÄ�/�£� �‰�¢d@]�o¯ì � . Let the total bits
of all the codewordssentto the sink from the upper-left
subgridbe . R œD� . Note that the boundson thecodeword
lengthis symmetricto thesubgridcenter� U V •

³ X ³

µ

Ø U V •

³ X ³

µ

:

the center's 5 -hop-neighborshave the sameupperbound
for the codeword length,í Í��

Ä

� Õ��  "Ó�Ô Õ
Å

Ê Í\�
Ä Ö � ¼

¼

Í\�
Äî 9ÜÙ

Ä

Ò Ê �ÌË"Í\� ÄZÎÑ 9 �  "Ó�Ô Õ
Å

Ê 9i�
Ä Ö;¼  "ÓCÔ

Å

Ê 9i�
Ä Ö;¼ Õ �

¿ é ��æè  "Ó�Ô Ö �
By symmetry o¯ì� 
ï²B�Ã� �_gihkjp�•��O�ð , where O�ðÒ
 L

^P R œD�




f
�Tñ ��‘� is the Manhattandistancefrom the

subgrid center to the sink. Thus, o
�

�Ã��„�`dò]�o¯ì � 
²B��� �ªñ ��¯g+hkjp�ó� .
The above calculationscoupledwith �� ±ó]2� yields

o

|
�£��„�u
Po

2
�£��‰�2�Ío

�
����‘�u
Â²B�)�µA �¯g+hkjp�ó� , which

implies o

|
�)�„�ë
 ²B�)� A �_gihkjp�•� . Comparedwith

o���x
s

� 's lower bound,HDB is order optimal for such
HCF models.

The joint entropy assumptionof Lemma 3 is nat-
ural. Here is an example to demonstratethat there
exist HCFs with a

f
�)�

^ gihkj£�•� order joint entropy.
Consider the case where Ï 
 ^ ây and a sen-
sor reading conditionedon its neighborsis uniformly
distributed, then •’�ˆ3

4

���83

4

y

�������H�'3

4

�|�à
 •’�—3

4

���]�

…

�

*

G

y

•’�/3

4

*
š

3

4

*jœD�����@�@�@�'3

4

���ÙZ�g+hkjN^ â
y

�è�)�©´P� ��gihkj â
y


f
�)�

^ gihkj£�ó� .
2) Linear Variance Continuity Field (LVCF):

Realsensordataare likely to exhibit a `soft' continuity
constraintrather than the `hard' one as in HCF. Using
the samesettingas HCF, a Linear VarianceContinuity
Field (LVCF) is one where datacontinuity is modeled
asa constrainton the expecteddatavalues.We replace
the hardcontinuity constraintwith a `soft' one:any two
one-hop-neighbors'readingdifferencesatis�es ôBðñ�

3

4

�¨´

3

4

y

�

y

ô¨dd� y

, � T¡U . 13

Lemma4: IF a LVCF has a joint entropy ofY'�)�¯g+hkjp�ó� , and ��MN[N�/3

4
A

��
 ²B�	� y �

� , then HDB's
expected communication cost is order optimal and

o���xÌsH��


f
�)�µA �¯gihkj��ó� .

13Note that unlike HCF, LVCF sensorreadingscan take values
from an in�nite set.

Proof: We use the samemethodas Lemma 3 to
prove this lemma.The only differenceis that here we
work with the expectednumberof bits andapply some
informationtheory inequalities.

First by [33]

•’� 3

4

�—d

�

L

gihkjoõ£�»L�ö‹&2�M���vMN[ � 3

4

�D�

�

�HL

�	÷ (6)

We have •‰�

3

4BA

� 
 ²B� A �øgihkj£�•� and thus
•’� 3

4

��� 3

4

y

��������� 3

4

�|�”´V•’� 3

4BA

� 
 Y'�)�_gihkj£�ó� . For
the same sequence of nondecreasing Manhattan
distancesto the sink as in Lemma3,

•’� 3

4

* š

3

4

*îœD��� 3

4

*jœ

y

��������� 3

4

���àd •’� 3

4
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3

4

*

³
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*t´à3

4

*

³

š 3

4

*

³

�

d •’�
3

4

*t´
3

4

*

³

� (7)

Since ��MN[ �—3

4
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4

*

³

�ˆdóôBðñ�—3

4

*‹´�3

4

*

³

�

y

ôud`� y

andalso
by (6), we have
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*v´Q3

4

*

³

�—d

�

L

gihkj9ðñ�»L�ö‹&��M�	� y

�

�

�HL

�)ô»�

Applying Lemma 2 with u 


f
�)�¯gihkj��ó� and •�w`


�

y gihkj8ðñ�»L�ö‹&2�M�	� y

�

�

�

y

�)ôP


f
�	gihkjp�•� yields op��x

s
�(
Y'�)�µA �øgihkj£�ó� .

Next we deriveanupperboundon o

| . First, ô6ðñ�/3

4

*%´

3

4

*

³

�

y

ô?dd� y °ùô š
3

4

*
´à3

4

*

³

š
dd� . Applying the triangle

inequality of an absolute function, any two readings
satisfy ô š

3

4

*�´
3

4

-
š

ddO m@ù

Ú

^ � . SinceL �
3

<

�;
PL ���Wg+hkj š

3

<

š �2�r� �

bits and gihkjn�

<

� is a concave function, by Jensen's
inequality [33],

E �tL �
3

4

�#�u
PL � E �Wgihkj š

3

4

š �—�¤� �—deL �	gihkj E š

3

4

š
�Ò� � (8)

Hence ôBðºL �—3

4

*Ì´ 3

4

-��)ô5d L �	g+hkjI�	O m@ù

Ú

^ �ó�'��� � . Also,

since ��MN[ �—3

4BA

�0
ú²B�	� y �

� , E 3

4BA


ú²��	� y �

� , by (8),
E
�Zû\�
���üt¢�¢b¤¯ý��Wþ §ª©¬«[­�®,¢

. Replacingthe hard bound for
the codedbits L �

3

<

� of Lemma3 with a boundon its ex-
pectedvalueandapplyingthe samecountingtechnique,
we show E ðÜo

|
�)�„�)ôv
�²��)�ÿA �¯gihkjp�ó� . Comparedwith

the lower boundof op��xÌs�� we show that HDB is order
optimal for suchLVCF models.

3) Gaussian-Markov �eld (GMF):
Gaussian-Markov Field (GMF) [40] is a common
modelfor spatial�elds exhibiting the close-points-high-
correlation property. Let

4

���

4

y

�������H�

4

� be � con-
tinuous randomvaluesbeing measuredat � different
pointsof a GMF, they follow a joint MultivariateNormal
(MVN) distribution: N �ED������ . Without lossof generality
we assumethe sourceshave the samemean Dg


U .



14

� 
 ����� ù �
�����N� is the covariancematrix with �z*

Ø

-ï
� y

^

&

œ

Ñ
	 mbù

Ú���

, where R

T U is a constantand � y

is
the unconditionalvarianceof a source.The correlation
betweensensorsdecaysexponentially as the distance
between them goes up. We use Manhattan distance
insteadof Euclideandistancebecausetheformeris much
moretractableyet is a goodapproximationof the latter
asour simulationsuggests14.

Let �>
ã&

œ

Ñ

ß ��
 , then � mbù

Ú


�� 	 mbù

Ú

is the correlation
coef�cient betweensensor5 and ° , thecovariancematrix
can be written as �J
�� y

^

����� ù �
� ���N� . Notice that U ±� m@ù

Ú

±ã� for any 5Äs
«° and � m@ù m


Q� for any 5 . This
avoids the trivial caseof � m@ù

Ú��
� whenall readingsare

fully dependenton eachother, in which casethe sink's
readingis exactly the sameas that of any other sensor
andthereis no needfor communication.Theothertrivial
caseis whenwe have independentreadings,� mbù

Ú



U for

all 5 s
¦° , then the problem reducesto a single source
codingproblemwith no needfor distributedcoding.

Eachsensorreading, 3

4

* is a quantizedversionof
4

*

where eachsensorusesthe sametype uniform scalar
quantizer. When the quantizationprecisionis high and
thusthestepsize � is small,by [33], •’�ˆ3

4

-
����Àv�

4

-
��´gihkj�� , where À‹� 4

� is the differentialentropy of
4

. We
assumea high resolutionquantizeris used,thusfor any
k sources,•’�

3

4

���
3

4

y

�������H�
3

4

®›�/
�Àv�

4

� �

4

y

���������

4

®+�u´

ª�gihkj�� .
Lemma5: For any GMF on a 2D sensorgrid of �

nodes,the �eld' s joint entropy���
������C G C G�p���¡p¢����� ©¬«[­ �ç� �"!$# ¢ ¡&% �:¡ � �('�) � ¢ �=¡+* ' § ©¬«�­-,
Seethe Appendix for the proof.

Theorem5: For any two dimensionalGMF that has�`d U
�×Ç/./0kPk] 15 and �

y gihkj y21
W43 µ5

dBA �`•xw , where •?wä
gihkj y y21
W43 µ

æ

�Mœ76 µ

ç5 . The expectedcommunicationcost of

HDB is order optimal and op��xÌs��u


f
�)�ÿA �`•xw�� .

Seethe Appendix for the proof.
From Theorem5 we concludethat for a large portion

of GMF grids without too high correlationsbetweenthe
nodes,HDB is order optimal. This is intuitively right
becauseas the correlation coef�cient �ò> � (either

R > U or a

7 > U ), the �eld approachesthetrivial caseof
completelydependentwith no needfor communications.
However, as long as the �eld is not anywherecloseto
this, for a large rangeHDB remainsorder optimal:�ïd

U
�×Ç/./0kPk] as opposedto the full possiblerangeof �

U
�H� � .

14The joint entropy ratio betweenGMF with Manhattandistance
andGMF with Euclideandistanceis boundedin a rangecloseto ¸ .
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¾:9ÁÀ�¹

Ò<;<= Ê Ñ is theroot of equation8 ä ¼

8 � Ï 8
¼?>�A@CB Ï ¸?¿0À .

Applying Theorem6 and the sametechnique,HDB's
orderoptimality canbe generalizedto high dimensional
GMF grid as well as GaussianUniform Field(GUF)
which is a multivariateGaussian�eld with � m@ù

Ú


D� for
any two nodes.

All theresultsfor squaregridscanbeextendedto non-
square-shaperegionsaslong asthe region weightcenter
(equallyweightedaveragelocationof all sensors)hasa
distanceOFEÇ


f
��A �„� to the sink. HDB still uniformly

and hierarchicallydivides the region into clusterseries
of geometricallydecreasingsizes.

D. Non-grid Models

Grid deployment is a goodapproximationfor a large
classof sensorapplicationswhere sensorscan be de-
ployed in a regular manner. We extend the techniques
andinsightsdevelopedfrom thegrid caseto the random
deploymentcase.

1) Deployment Model:
Assume � sensorsare uniformly and independently
distributedin a two-dimensionalgeographicalregion 	 .
Let the averagesensordensitybe G`
p�

�
š

	
š (number

of sensorsper unit area, š

^

š is the areafunction). Let
the numberof sensorsin a region H be �‰��H|� ; �‰��H|�
follows a binomial distribution.

Thereis a single sink in the region to collect all the
readings.Eachsensor�

* 's Euclideandistanceto thesink
is a•* . Let a�I­
 �

�

…

�

*

G

�

a•* be the �eld' s averagedistance
to the sink.

2) Communication Cost Model:
We usethe samelinearly separablecommunicationcost

function \r
Ëa

c

W L W as in the grid case.Let a¨wI
KJ L I L
�




�y M be the averageneighbor distanceof the sensors.

Assumethe minimum communicationcostper bit from
a sensor� * to the sink " is op�q:

s

*

�u


�
m� } ^

a+w c

¤ab*

^

a

c

œD�w .
A close approximationfor the minimum per bit cost
betweenany two sensors��*O����- is op�q:Ds

*

Ø

-

�u


f
�)ab*

Ø

-�a

c

œD�w � ,
when � is large, the majority of the sensorsare many
hopsaway from the sink. 3) Source Model:
For the randomdeployment case,insteadof a one hop
continuity constraint, we introduce a continuity con-
straintasa continuousfunction of the distancebetween
two nodes.The constraintis modeledappropriatelyac-
cording to whether the sensed�eld is HCF, LVCF or
GMF. Here we useLVCF asan exampleand it is easy
to modify for the other two. Assumethat the difference
betweenreadingsof two sensors��* and ��- thathasa Eu-

clideandistanceaî*

Ø

- satis�es ô6ðñ�/3

4

*%´ë3

4

-2�

y

ô¨d“âu�)ab*

Ø

- �
T U

where â is somenondecreasingfunction that mapsthe
distancebetweentwo sensorsto anupperboundof their
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readingdifferences.Wereferto thisasthePoissonLVCF
�eld or NÌÝ/�

Õ � .
4) Protocol–RHDB:

We refer to the modi�ed HDB schemeas Random
deployed HDB (RHDB). The modi�cations are simple:
instead of directly dividing the sensorsinto clusters,
we divide the geometric region uniformly into nine
squareshapesub-regions, sensorsin the samesquare
are clusteredtogether, then further divide eachcluster
into sub-regionsof �à size.Division stopswhen it is the
size of a region P R�O

a¨w ™ P R�O
a+w ( R�O is someconstant)or

thereare no sensorsin it. Choosethe sensorclosestto
thegeometriccenterof thesubregion asits clusterhead.
We have the following Theorem.

Theorem6: For a PLVCF �eld, if there exists a
constant RPO

T J �

µRQU œ�S Uµ

such that the �eld has a

joint entropy •’�
3

4

���
3

4

y

�������H�
3

4

�Ì�9
�YÌð �

^ gihkj—âu�

R�O
a+w �)ô

and �NM›[ �—3

4
A

��
 ² õkH âu�

R
O

a
w

�

J y � ÷ , also gihkj—âu�

<

�

is a concave function and OTE 


f
��A �²a¨w�� , then

RHDB is order optimal for the expectedtotal commu-
nication cost w.h.p.(with high probability), op��x

s
�`
f

ð �ÿA �²a

cw gihkj/âu�

R�O
a+w �)ô w.h.p..

Seethe Appendix for the proof.

VI. CONCLUDING REMARKS

Our main contributionsaresummarizedas follows:U We show that, for a single sink datanetwork, the
Slepian-Wolf Codeand CommodityFlow Routing
canachieve theminimumcommunicationcosteven
whenarbitrarycoding/routingschemeis allowed.U We proposea new metric distanceentropy, a gen-
eralizationof entropy, to characterizethe “spatial”
informationdistribution in a weightedcommunica-
tion graph.U We designa simpleandeffective algorithmthatex-
ploits local datacorrelationto achieveorderoptimal
performancefor several genericclassesof source
models. This is establishedfor both regular grid
deploymentandrandompoissondeploymentof the
sensornodes.

Our work is a �rst steptowardssolvinga muchlarger
problemof generalin-network computationasproposed
by Giridhar and Kumar in [41]. In general,we want
to minimize the communicationcostof multi-sink lossy
in-network computationtask, where we have multiple
sinkseachneedsto estimatesomegeneralfunctionof the
correlateddata. In this case,we might expect network
coding to help and needto be coupledwith distributed
sourcecoding techniquesto improve performance.

APPENDIX

A. Proof of Lemma5

We prove Lemma5 basedon the following Lemma.
Lemma6: For any GMF on a k-dimensionalhyper-

cubegrid of ��
WV ® nodes,the �eld' s joint entropy|
æ

k

l

Ä

Ø
XYX
X�Ø
k

l�Z
ç

G

�

y

·º¹¼»\[
æ

y21 W

ç

Z 3 � Z
æ

�Mœ76 � ç

Æ

$ ú

•

³ Ë $ �
ÄZÎ�]

œn�

· ¹¼» 5
Proof: By [33],

•’� 3

4

���������H� 3

4

�|�u


�

L

gihkj H‹�»L�ö‹&2�

� �N&�"_^ˆ® J
´‘�_gihkj+�

where ^_® is the ª dimensionalgrid's covariancematrix.
Order the � sensorsin a dimension-recursive enumer-
ating order. For example, the 1D order is sequentially
enumeratingthe nodes;the 2D order is enumeratethe
nodesline by line, andusethe1D orderwithin eachline:

�
�

Ø

�
�����������

�

Ø

é
���

y
Ø

�
�������H���

y
Ø

é
�����������

é

Ø

�
�������H���

é

Ø

é . Then
de�ne matrix `Ì® as the correlationcoef�cient matrix.

`!�_
(�	l �

*

Ø

-

�Ya-b�a
cdddde � � � y

�����f� éäœD�� � � �����f� éäœ

y

����� ����� �����¥�����«������ éáœ

y � éäœD�

�����«� �� éáœD� � éäœ

y

�����g� �

h�iiiij
with the entry as l �

*

Ø

-


k� L *jœ›- L . Inductively,

l
ú

G

mnnnnnnnno l ú

•

³ 6 l ú

•

³ 6 µ l
ú

•

³pXqXqX 6 a •

³ l
ú

•

³6 l ú

•

³ l
ú

•

³ 6 l ú

•

³ XqXqX 6 a •

µ l
ú

•

³XqXqX XqXqX XqXqX XqXqX XqXqX6 a •
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ú

•

³ 6 a •
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ú

•

³pXqXqX l
ú

•
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•

³6 a •
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ú

•

³ 6 a •

µ l
ú

•

³pXqXqX 6 l ú

•

³ l
ú

•

³

r�sssssssst
is a partitionedmatrix with theentryasa V ®

œD�

™ V ®
œD�

submatrix, l ®

*

Ø

-


k� L *jœ›- L `'® œD�
.`!� is a Toeplitz matrix and �›&H"X�Y`Ù���/
 �#�I´u� y

�

éáœD�

[42]. For `Ì® , from top to bottom, eachrow subtracts
the next row times � , we can obtain a lower triangular
matrix and thusget�›&H"X�Y`Ì®+��
¦ðñ�#�á´v� y

�

é

ú

•

³ �›&H"X�Y`Ì®
œD�

�)ô

éäœD�

^ �›&H"X�Y`Ì®
œD�

�

Inductively, we prove�N&�"1�Y`'®€�u
(�#�á´v� y

�

®
é

ú

•

³

æ

éäœD�£ç (9)

Combinedwith ^_®'
W� y

^ `'® we get the entropy result.

To the best of our knowledge, Lemma 6 is the �rst
characterizationof the joint entropy of a general ªxw
grid GMF.

Proof of Lemma5



16

Proof: Justapply the fact � .Ò� U �H� � to Lemma6.
Note that particularly for a 2D grid we have �N&�"1�Y^ y

�¢Z� y

�

�#�á´y� y

�

y

� .

B. Proof of Theorem5

Proof: The proof usesthe sametype of technique
asthoseusedfor HCF andLVCF, the only differenceis
that herewe work on the entropy of Gaussianvariables.

By Corollary 5,

•‰�/3

4

�����������83

4

�Ì�—Ze�²•xw
also

•’� 3

4BA

�u


�

L

g+hkj L�ö‹&"� y� d

A
�²•?w

so u!
8•‰�
3

4

�����������
3

4

�'�M´á•’�
3

4BA

�,
)YÌ�)�²•xw�� .
W.l.o.g. let �2�MLN������� ��� be the sametype of nonde-

creasingManhattandistanceorder as in the proofs for
HCF andLVCF, sinceentropy is a lower boundfor any
codes,the expectedcodedbits of SDC is larger thanthe
correspondingentropy: •’�ˆ3

4

*
´V3

4

*

³

�—d E ðºL �ˆ3 4

*
´ã3

4

*

³

�)ô .
By (7),

•‰�
3

4

*
š

3

4

*jœD�����������
3

4

���¢d E ðºL �
3

4

*v´
3

4

*

³

�)ô (10)

By [43], E ðñ�

4

*
´

4

-
�

y

ôˆ
 Lz� y

�#�'´{� m@ù

Ú

� , then E š

4

*
´

4

-
š

d ñ Lz� y

�#�ä´v� mbù

Ú

��° E š
3

4

*�´>3

4

-
š

d E š

4

*M´

4

-
š

� �Ã�

�Ìdñ Lz� y

�#�á´v� m@ù

Ú

�

� �²�0� , by (8), we have ô�L2ðñ�/3

4

*�´ 3

4

-��)ô¨d

Lóð gihkjz� ñ Lz� y

�#�ä´v� mbù

Ú

�

� �g�h� �á�h�Xô . Also since � |ñ � y

�#�á´}�¨� (high resolutionquantizer),we get

E ðºL �/3 4

*v´Q3
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-2�)ô?dË�#�—�

ê

��g+hkjDðºÇz� y

�#�á´v� m@ù

Ú
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� � y

ô (11)

where ê

T5U is a small constant.Particularly E ðºL �á3

4

*
´

3

4

*

³

�)ô?d¬�#�n�

ê

��gihkjDðºÇz� y

�#�v´~�¨� � � y

ô . When �`d U
�×Ç/./0kPk] ,gihkjzðºÇz� y

�#�I´u�?�

� � y

ôì±¬L2•xw , thus combinedwith (10),
we have L �#�ˆ�

ê

��•xw T
•’�

3

4

*
š
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*îœD�����������
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4

��� . Applyingu and •xw to Lemma2 yields o���x|sH��
�Y'�)�µA �²•?wH� .
For the upperbound,�rst for any �­.‘� U

�H� � ,
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Ú
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apply to E ðºL �
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*u´
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-��)ô9d0gihkjzðºÇz� y

�#�'´�� m@ù

Ú

�)ô , we have

E ðºL��ˆ3 4
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´ 3
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-
�)ô­±ÞL2•

w
�ÅgihkjpO m@ù

Ú

. Applying the same
countingtechniqueas in Lemma3 yields the following
upper bound on HDB cost o

|

 ²B�)�µA �`•xw��8�²B�)� A �‘�;
Â²B�)� A �²•?w�� .

C. Proof of Theorem6

UnderPLVCF, for asmall H andlarge � , thebinomial
distribution of �‰��H|� approachesa Poissondistribution
with parameterG š H š ,

N��)�‰��H|��
Ëªn�u


&

œ M L ��L �AG š H š �

®

ª��
The rate of the Poissonprocess ÿ is just the density

ÿÃ
�G . In theproof below, we remove the
f

andassume
op�q:Ds

*

Ø

-

�;
¤a *

Ø

- a

c

œD�w for simplicity of presentation.
Proof: We prove the theoremby �rst deriving a

lower bound for the distanceentropy (the cost for the
optimal scheme)then give an upper bound for RHDB
that is in the sameorder.

a) The lower bound
Hereis anoutlineof theproof for deriving a lowerbound
of the distanceentropy. We will draw a circle centered
at sink " s.t. two things are satis�ed simultaneously
w.h.p.: the circle is large enoughwith a radius in the
order of

f
� A �²a¨w�� ; the joint entropy of the sources

outsidethe circle conditionedon the sourcesinside the
circle is large enough,morespeci�cally, in the orderoff

�)�_gihkj/âu�

R�O
a+w �#� .
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exists a constant R , for � large enough, we have
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^ g+hkj/âu�

R�O
a¨w�� .

Call a disk centeredat " with radius [ as � A

�)[›� . Let
[

7


 ñ Ñ

y21 A �²a¨w . Call the region of � A

�)[

7

� as 	

7

. Let
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4 I 
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3

4

®
š

a•®ÃdË[
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$ be the set of readingsof sensors
in 	

7

. Let � 7


J	¬Ó'	

7

, denotethe readingsin � 7

as
•’�

3

4�� 

� . Denotethenumberof sensorsin 	

7

as �

7

. �

7

is a randomvariable.We �rst prove that w.h.p. �

7

.
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can be viewed as the sum of � independent
identical Poissontrials: �
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��� ® , each � is
either � or U and has the sameprobability distribution

as NÌ[ � � ®Ì
ë� �ì
�L I 
 LL I L , correspondingto the probability

for the ª›"¼À sensorbeing deployed in region � A
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� ).
Orderall thesensorsas �›�H���

y

����������� � , in nondecreas-
ing Euclideandistanceto the sink a)��d5a

y

d������;dèa•� .
Particularly, a)�I
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���+�'
5" . By Theorem1, the optimal
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communicationcost
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So for the lower bound it is suf�cient to show
that w.h.p. •‰� 3
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4BA

� andderive
a tight enoughupperboundfor it. All theeffort below is
to show that the joint entropy of the sourcesinside the
circle conditionedon 3

4BA

is in thesameorderof the joint
entropy of all of thesources,but with a smallerconstant
factor.
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Next we derive anupperboundfor �� 7

by studyingthe
distribution of �›* for any node �2* in the �eld. We do this
indirectly with an areadistribution relatedto � * . De�ne�
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where ¢ is a decreasingfunction of �›* and takes the

G0

Gi is G0 excludes the shaded region

Fig. 6. Statisticsof Ö 9
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satis�es a 2D Poissonprocess,so � m follows an expo-
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This is becausewhen we know �

m 's value, the point
processin 	
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is not any more the Poissonprocess
without this information.First, �
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are deployed independentlyof these �
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´>L sensors
but not independentlyof eachother: ��* and �2® have to
be �€* distanceaway. If we look at an arbitrary small
region 	©¨�/ë	9* , then � * and someother nodecan not
simultaneouslyresidein 	 ¨ . Thusthenumberof sensors
in 	ª¨ satis�es an equivalent binomial distribution as a
resultof the processdeploying �
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´„� nodes( �2* and �2®

canbe viewed asonevirtual nodein this processsince
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b)upperbound

Now that RHDB's stoppingsubregion size is modi�ed
as P R

O
a
wu™ P R

O
a
w , follow thesametechniqueasbefore,we

canderive an upperboundof the sameorder.
Sincethe upperboundmatchesthe lower bound,we

prove RHDB is orderoptimal w.h.p. for PLVCF.
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