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Abstract—We consider the problem of minimizing the
total communication cost for collecting correlated data
at a sink through a network. Previous works have fo-
cused on specic coding schemes,such as Slepian-Wolf
(SWC) or Explicit Entropy Codes (EEC). However, the
optimal schemeand the minimum communication cost
under arbitrary coding/routing schemeshas not yet been
characterized.In this paper, we intr oducedistanceentopy,
a generalizationof entropy, to characterizethe data gather-
ing limit of networked sources.When the communication
cost is proportional to the link data rate, we show that
distanceentropy is the minimum costachieved by a speci ¢
rate SWC and shortest path routing. Mor e generally, we
show that Slepian-Wblf Coding combinedwith commodity
0 w routing is optimal provided that communication costs
are corvex functions of the data rates. Theoretically,
achieving optimality may require global knowledge of the
data correlation structure, which may not be available
in practice. Therefore, we proposea simple, hierarchical
schemethat primarily exploits data correlation among
local neighboring nodes.We show that, for several generic
correlation structures, the communication cost achieved
by this schemeis order optimal. This holds for two
deployment strategies: a 2D grid regular network and a
2D Poissonprocessrandom network.

Index Terms- DistributedSourceCoding,JointCoding
and Routing, CommunicationCost Minimization, Net-
work Coding

I. INTRODUCTION

With the developmentof ubiquitoussensingandcom-
puting networks, we are approachinga digital erwvi-
ronmentwhere information is generatede.g. sensing),
computed(in-network computation),and gatheredev-
erywherein the network. Correlateddata gatheringis
a fundamentataskin suchinformation processingnet-
works. In this work, we study the communicationcost
of collectingcorrelateddataat a sink over a network.

In recentyearstherehasbeenan increasingdemand
for the use of wireless sensornetworks to measure
ervironments(suchastemperaturehumidity, light, and
vibration, etc. [1][2]). Low cost sensorsare distributed
in aregion to collectmeasurementsf eld points.Each
sensoris capableof sensing,storing, computing and
transmitting.Measurementat differentsitesare usually
correlatedand all of them needto be reconstructedht a
basestationor sink for storageor furtherprocessinge.g.
inference).A commoncharacteristicof thesenetworks,
however, is that they are enegy-constrainedThe com-
municationenegy costis a dominantfactorthat drains
the battery and thus its minimization is importantand
must be consideredin the designof a data collection
scheme.

Since sensormeasurementsire often highly corre-
lated, minimizing the overall communicationcost is a
joint routing/codingproblem:routingis requiredbecause
the sourcedataneedsto be shippedthrougha network
to the sink; coding can be usedto take adwantageof
thesourcecorrelationandany otherknown distributional
information. Several algorithmsbasedon speci ¢ codes
have beenproposedo minimize the communicatiorcost
of wirelesssensometworks with a singlesink [3][4][5]-
When coding is restrictedto Explicit Entropy Codes
(EEC) [3], Cristescuet al. [3] shav that choosingthe
optimal routesis an NP-hardproblem;Pattemet al. [4]
proposea heuristic algorithm to minimize the commu-
nicationcostassuminga simpli ed sourcemodel.When
coding is restricted to Splepian-Vélf Codes (SWC)

'For EEC, a node sendsout datawith a rate equal to the joint
entrofy rate of incomingdataandits own sensediata.



[6]> and Commodity Flow Routing (CFR) is used,
Cristescuet al!s work [3] [7] nds that ShortestPath
Routing (SPR) combined with an optimal rate SWC
achiezesthe minimum communicationcostamongsuch
schemesHowever, in the generalcasewhere arbitrary
coding/routing operationsare allowed, it is still not
known what the minimum communicationcost is, and
how to achieve it. By arbitrary coding operations,we
meanthat a node can perform arbitrary transformations
(functions)on the incoming dataandlocal sensediata.

Anothertypical applicationof correlateddatagather
ing is the collectionof the network traceson theinternet.
Massive amountsof o w statisticsneedto be transferred
to somecollecting points for further processingThese
data are highly correlatedand the samechallengere-
mainsasin the sensometwork case pnly the costmetric
hereis the consumptionof a network resourcesuchas
bandwidth.

In this paper we considerthe problemof minimizing
the total communicationcost over all coding/routing
schemesaswell asdesigningalgorithmsto achieseit in
practicefor datacommunicatiometworks with a single
sink (i.e., data collection point). Our work focuseson
wirelesssensometworks with enegy constraintswhile
the generalresults apply to wired network (Internet)
in which paclet delay and bandwidthconsumptionare
typical costmetrics[8] [9].

Theoretically we prove that, for a wireless sensor
network with a single sink, the optimal schemeusing
only Slepian-V@If CodingandCommaodityFlow Routing
is optimal over the classof all possiblecoding/routing
schemesaslong asthe enegy consumptioris a corvex
function of link datarate. Sincethis resultis basedon
arbitrary coding/routingschemeghat incorporateNet-
work Coding(NC) [10], a corollary of our resultis that,
for correlateddatacollection at a single sink, NC does
not further improve the minimum communicationcost
achievedby SWC+CFR.In addition,we introducea new
metric distanceentropy to lower bound the minimum
communicatiorcost.Distanceentrofy is ageneralization
of entropy that summarizesa probability distribution
while also taking into accountthe underlying network
topology When enegy consumptionis proportionalto
thelink datarate(e.g.normallyin 802.11),we shaw that
distanceentrofy can be achiesed by a coding scheme
using SWC and ShortestPath Routing (SPR).Last, we
extend our resultsto networks that incorporatewireless
broadcastingWe shaw that broadcastingloesnot help

2SWC is a distributed source coding techniquethat allows the
sensomodesto encodewithout explicit communicationEachsensor
encodesits data to some rate with the joint rate vector in the
achievable Slepian-WIf rateregion.

in termsof minimizing the total communicatiorcostfor
the single sink casedatacollection problems.

For datanetworkswith a singlesink, our resultshowvs
thatthe SWC+CFRschemeachievesthe minimumcom-
munication cost. However, in practice, the minimum
communicationcost is still dif cult to achieve due to
several reasons.First, knowledge of the global data
correlation structure (the conditional entropies),which
is essentialfor the optimal SWC scheme,is normally
unavailable or too costly to learn. Speci cally, multidi-
mensionakntrofy estimationis an extremelycostly task
dueto thecurseof dimensionality{11]. Secondtheideal
SWC [6] that achieve the whole theoreticalachievable
rate region is an existential rather than constructve
result, even if the correlation knowledge is available
throughan oracle,not mary practicalSWC schemedor
generalsourcemodelshave beendeveloped[9] [12]; the
long temporal coding block also requiresconsiderable
memoryon eachnode.In anothemostly studiedcoding
scheme,EEC, it was shovn in [3] that it is NP-hard
to minimize the communicationcost. In addition, EEC
needsto learn and store the conditional distributions
for joint encoding EEC's codingcompleity is typically
high andin orderto reducecodingcompleity it requires
a larger memory size to store pre-computedvalues.
Anotherdisadwantageof EEC is that the schedulingand
coordinationof the data o ws normally induceslarge
communication/computatiorosts and delays because
coding and routing are not independentFor example,
somesensoramay needto wait for other sensors'data
to do joint encoding.Finally, for both SWC and EEC,
when the sourcemodel is dynamic and time varying,
the cost for retraining is large in terms of delay and
resourceconsumptionln additionto thesetwo schemes,
practical schemesthat have been proposedgenerally
assumesourcemodelsthat are limited and not repre-
sentatve enoughfor generalrealistic data. For mary,
the numberof sourcesis limited [13] [14] [15], some
are limited to binary sources[15] [16], and someare
limited to Gaussiarsourceq17]. Few adaptve/unversal
Distributed Source Coding (DSC) or general coding
techniquesthat achieve the whole Slepian-V¥If region
(or close to) have beendeveloped[9], especiallyfor
low compleity practicalones.Recently [12] proposes
an interactve approachfor arbitrary correlationmodels,
their focus is the total number of bits sent from the
nodesand there is no notion of network topology or
communicationcost.

Practically we designa simpleandeffective algorithm
that achiezes an order optimal communicationcost for
several genericand commonly used classesof source
models.This algorithm mainly exploits the sourcedata



correlationamonglocal neighboringnodes.The source
modelsinclude a Hard Continuity Field model,a Linear
VarianceContinuity Field model,anda GaussiarMarkov
Field model. We rst derive nontrivial lower bounds
on the distanceentrofy of thesesourcemodelsfor a
2D sensorgrid, then proposea simple hierarchicaldata
collection algorithm - HDB, and demonstratahat it is
order optimal for thesesourcemodels,i.e., it achieses
a communicatiorcostthatis within a constantfactor of
thecorrespondinglistanceentrogy lower bound.We also
extendthe grid resultsto correspondindnigh probability
resultsfor randomlydeployed sensometworks.

The paperis organizedasfollows: In Section II, we
introducethe backgroundand relatedwork. In Section
I, we formalize the model.In Section IV, we de ne
distanceentrory and prove the universal optimality re-
sults.In Section V, we proposethe simple hierarchical
data collection schemeand prove its order optimality.
Finally, we concludeanddiscussfuture work in Section
V1.

[l. BACKGROUND AND RELATED WORK
A. Badground

There has beenconsiderablanterestin applyingin-
formation theory to data networks recently By doing
so, the traditional routing problemsbecomejoint cod-
ing/routing optimization problems.In general,Coding
consistsof SourceCoding (SC) and Network Coding.
And routingrefersto traditionalcommodity o w routing,
wheremessagesan be forwarded,split and meged but
not decodedor recoded.With these clari cations, by
arbitrarily coding and routing operationswe meanary
combinationof SC,NC androutingg.

Thereare two aspectf a joint coding/routingprob-
lem, network combinatoricsand information theory: as
[18] summarizesCombinatoricds concernedvith o w
packingproblemshatareconstrainedy thegraphstruc-
ture of the network. It grew out of a needto understand
the calgo shipmentin transportatiometworks and does
not capturethe subtletiesof information transmission.
On the other hand, information theory provides a deep
understandingf complex communicatiorproblemsover
structurallysimplechanneldut doesnotyet fully extend
to arbitrary graphstructures An interestingobsenation
is that when we considera more general problem by
addingthe coding elements the original combinatorial
problemoften becomesmore tractable.Take the maxi-
mum multicastthroughputproblemasan example.If we
arerestrictedto usingtraditionalrouting, the problemof

3Note that theseoperationscould be inseparable.

maximizingmulticastthroughpuis NP-hard while when
network codingis allowed, it canbe solved using linear
programming[1® For our problem,if the coding part
is x ed to be EEC, the routing optimizationis related
to the multiple traveling salesmarproblem(mTSP)that
is NP-hard[3] [20]. However, when arbitrary coding is
allowed, combiningideasfrom both theoriesof combi-
natorial optimizationand information theory enablesus
to make signi cant progresstowards understandinghe
performancdimit of suchinformation networks.

B. Relatedwork

The most relevant works on sourcenetworks 4 are
[21], [22] and [23]. However, their focus is the
achievablerate region and not the communicationcost;
their network models are not as general as the one
consideredn this paper with constraintson the graph
edgessuchasthatno sourceconnectwith othersources.
There has been much researchon Distributed Source
Coding (DSC) andNC. A thoroughreview of DSC can
be found in [9] whereit is claimedthat there are few
practical DSC schemedor generalsourcemodels.[24]
proposesa practical SWC schemebasedon syndromes.
It usesa Hammingdistanceconstraintmodel; hencethe
resulthasthe potentialto be generalizedo a hierarchical
schemeapplicableto such source models with strict
constraints.Thereis no spatialor cost considerationin
[24]. For NC, if thereis justasinglesink andsourcesare
independentthereis no needfor Network Coding[2].
[26] studiesthe problemof separatingSC from NC for
collectingdatafrom correlatedsourcesat multiple sinks.
They show that the caseof 2 sourcesand 2 sinks is
always separableand give counterexamplesfor some
other cases.Since inseparableNC and SC implies that
NC is necessarynot vice versa),we do know thatthere
are caseswhere NC is needed.Thus, further work is
neededto determinethe utility of NC in our situation.
[27] shaws that randomlinear network coding sufces
for network codingof correlatedsources[28] providesa
practicallow compleity schemeof joint DSC andNC.
The schemeis suboptimaland focuseson two sources
relatedby a binary symmetricchannel.Most of these
works on coding apply only to some limited source
models furthermorethey all focuson the capacityaspect
andignore costs.

Somework hasconsideredetwork costs;[29] studies
the problemof network codingwith a costcriterion. For
minimum costcorrelateddatagathering[5] considersan
abstractcostfunction and a specialsourcemodelwhere

4Sourcenetworks refer to a collectionof distributedsourcesanda
network that connectshemtogether



the joint entropy is a concave function of the numberof
sourcesand independenbf the sourcelocations. They
shaw thatthereexistsarandomapproximatiorof atrans-
missiontree that is universally optimal for all concae
cost functions. [4] also studiescorrelatedsensordata
collectionon a grid. They usea simpli ed costfunction
as well as a simplied correlation model that ignores
spatial featuresas in [5]: the joint entrofy is a linear
function of the numberof sourcesThustheir discorery
of optimal clusteringsizeis consistenwith [5]'s general
result.Most of theseworksusesimpli ed abstracsource
modelsandassume givencodingalgorithmwith certain
output rates available. Our work, on the other hand,
imposesno restrictionson the sourcecorrelationmodel
andthe coding algorithm.

There hasbeenwork on the asymptoticbehaior of
datacollecting sensometworks. [30] studiesthe scaling
problemof a large numbersensordeplojedin a Gaus-
sian Markov Field (GMF) and comparesthe network
capacity and the source data rate asymptotically [7]
comparesSWC andEEC's asymptoticperformanceon a
1D grid andshows that EEC performsasymptoticallyas
well as SWC under various conditions,which we will
showv to be order optimal under theseconditions.[31]
investigateghe problemof joint optimizationof sensor
nodes deployment and data gatheringcost in a lossy
setting.Most of theseworks assumea Gaussiarsource
distribution. Our practicaldesigntargetsa more general
class of sourcemodelsthat are representatie of real
spatial data. Of particularinterestto us, [4]'s analysis
of rainfall data validatesthe total entrofy assumption
that we madein our sourcemodeling (in SectionV).
[32] modelsspatiallycorrelatedsourcesusingreal spatial
data.Their modelalsofalls within our modelframeavork
of LVCF and GMF thus further supportsthe generality
of LVCF and GMF.

1. MODEL FORMULATION

We considera network composeaf bothsourcenodes
and pure relay nodes as illustrated in Figure 1. For
simplicity of presentationye assumeall the nodesare
sourcesand representan - node network as a
graph (directed or undirected),in which

is the set of nodes,and is the
setof edgesHere is thesink. All nodesin  areable
to codeandtransmitdata.An edge iff
thereis acommunicatiorlink betweemode andnode

Eachnode periodically generatesan obsenation,

which we denoteasa discreterandomvariable  (pos-
sibly measuredfrom some continuousrandom source

Fig. 1. A layoutof the generalproblemof gatheringcorrelateddata
througha network

). The joint sourcevector is
characterizedby a joint probability distribution

, Wherewe use

(or ) to denotethe possiblesourceat the sink

which could be null. Let be a stationary

randomprocesswhere is
a eld samplethat correspondgo the set of samples
gatheredfrom all sourcesat time-slot :

For simplicity, assumethat is i.i.d. as we focus
exclusively on spatial correlation although our results
canbeextendedo thegenerakaseof collectingmultiple
temporallycorrelated eld samples.
Each edge (link) has capacity
(or ), specifying the maximal transmission
rateover thelink. Link hasanassociatedveight
(or ) that relatesto its communication
cost. Let  be the datatransmissionrate along edge
in bits per second Naturally, the communicationcost
rate (both transmitting and receving cost per second)
along edge , is a strictly increasingfunction
of and [7].5 In practice,if a nodeusesa x ed
transmissionpower (the normal mode of 802.11),then
the communicationcost rate is a linear function of the
datarate. i.e., [7]. For this linear
costfunction,  corresponds$o the communicatiorcost
per bit. For wirelesscommunicationlinks,
where dependson the mediumand is
the Euclideandistancebetweennodes and . If the
protocol allows nodesto adjustthe transmissiorpower,
then is not linear but in generala convex function of
datarate. We study both costfunctions.For any source

, denotea pathfrom  to thesink as or .Call
the sum of the weights along a path the path length

SEventhoughthe network topologyandthetrafc ratearestation-
ary, the realtime datarate andthe costrate canbe time varying, we
usethe averagecostrate of the network asthe performancemetric.



denotedas
to the sink as

. Denotethe shortestpath from
, we referto 's lengththe distance

to the sink, denotedas ,orsimply . We

assumehatthe communicatiorinks areimplementedas
DiscreteMemorylessChannel{DMC). In anundirected
graphmodel,eachedge(link) compromise®f two bidi-

rectionalDMCs thatsharea commoncapacityconstraint.
We rst derive our results basedon point to point
links (channels) and then extendit to include wireless
broadcastingWe alsoomit the communicatioroverhead
inducedby schedulingandrouting control sincedatacan
be pacled in arbitrarily large paclets.

We de ne souice graph to be
the network along with its link weights, capacitiesand
sourcedescriptionsA Communicatiorsdemespeci es,
for all the nodes,“what to sendto whom”. It is a
set of functions that maps each nodes receved bits
and local generateddata (if ary) to its output bits and
the correspondingelectedchannels A Data Collection
Stheme(DCS) |, is a communicationschemethat al-
lows the network to collectall of the data
atthesink nearlosslessly decoddosslesslywith zero
or an arbitrarily small error probability [33]. A SWC
scheme is a DCS that only usesa Slepian-VoIf
sourcecodeat the sourcescoupledwith commaodity o w
routing.A SWC-SEteme isanSWCscheme
thatonly usesshortestpathcommodity o w routing.Let

, be the setof all DCSs,the setof
aII SWC schemesand the set of all SWC-SPschemes,
correspondingly

The cost rate for ary data collection scheme
on a source graph is de ned as

, or simply denotedas . W.l.o.g.,we
assumethe eld samplesare generatedevery second,
thus also equalsthe cost per eld sample.In this
paper our goal is to identify and achieve the minimum
communicationcost

of

IV. OPTIMAL DATA COLLECTION SCHEME

In this sectionwe prove our optimality result. We
introduce a new concept,the Distance Entropy of a
sourcegraph | to characterizeéhe spatialdistribution
of the sourceinformation. Thenin Theoreml, we prove
that distanceentroyy is the minimum cost possibleand
canbeachievedby SWCplusshortespathrouting. Next,
for more generalcorvex cost functions, we prove the

®Normally thereis an underlyingMAC layer applyingtechniques
like TDMA, FDMA, ALOHA, etc.to solve the wirelesscontention
problem,thusenablinga nice abstractiorof point to point links with
independentapacityconstraints.

universaloptimality of the SWC schemein Theorem3
basedon Theorem2 andLemma 1. Finally, we extend
the optimality resultto networksthatexploit the wireless
broadcastingadvantagein Theorem4. W.l.0.g., we as-
sumethenodes arein nondecreasingrder
of their distancego thesink, i.e.,

A. DistanceEntropy

Recallthat  denotes
, Which canbe null.

De nition 1: For anysourcegraph
Entropy is

- the sourcelocatedat sink

, the Distance

1)

Considerthe cost function . We
have the following theoremdescribingthe total commu-
nicationcostto collectone eld sample.

Theoem1: The costof any DCS on a source
graph to collectone eld sampleis lower bounded
by the distanceentropy of

)

In the absence of capacity constaints, an SWC-
SP scheme with an optimal rates allocation

achievesthe cost of , i.e.

Proof: We prove the (2) by induction.For simplicity
of presentationwe start with the casethat all sources
have distinct distancedo the sink and then extendit to
the generalcase.When there are no nodesother than
the sink, the distanceentrofy equalszero, the claim is
obviously true. We startfrom :

Base step: when , by (1),
, it is easyto seethat for any DCS

Inductionstep:Assumethatfor ary
Now considera with
2, we breakary edge
edgegvy introducinga new virtual node
by atrianglenodein Fig. 2): replaceedge
with and . Assignweights
to themas and . Here

is guaranteedo be positive; otherwiseit contradicts
thefact . We call this resultingsourcegraph

(2) is true.

./ As shawvn in Fig.

, down into two
(represented

"Note that nodes
their distancego thesink, i.e.

arein an increasingorder of



Fig. 2. Constructionof the virtual graph

. For ary DCSin , thereexists a corresponding
DCS in with the same communicationcost, and
vice versa.Thus, we evaluatethe communicationcost
of DCSsin equialently

It is easyto seethat all the virtual nodeshave a
distance to thesink. Thus,onepropertyof is that
eachedgefrom node terminatesata nodethathasa
distance  to thesink. View all nodesotherthan
asonesupernode , thenby the basicsourcecoding
with side information theorem[33], there hasto be at

least bits transmittedacross
ary cut between and . By the triangle property
all edgesrom have aweightof atleast :

thusthe costfor transmission®on the edgesfrom
to s atleast

No matterwhatis transmittedon the edgesconnectedo
, the bestoutcomethat we can expect as a result

of thesetransmissionss that, is known at all
the nodesat a distance from the sink (including
andall the virtual nodes).Assumingthis is achieved

in a virtual sourcegraph, view as a joint
sourcethatis distanceaway from the sink, applythe
inductionstepof (2) to this sourcegraphasthe caseof
, we have the communicationcost of this source

graphis at least

plus the previous coston edgesconnectedvith we
have thetotal costfor the original sourcegraphis at least

Thus,we shav (2) holdsfor
(2) is true for ary

, by induction

Since is exactly the costof the SWCscheme

that has a rate allocation as
and routes along shortestpathsto the sink, we have

Whenthe s arenot distinct, we groupthe sources

with the samedistanceto the sink asa joint source(easy
‘to verify that the order within thesesourcesdoes not
Ematter),then we extendthe sameformulato the general
icase.

[ |
Theorem 1 shaws that distanceentroy is a lower

bound on the total communicationcost. Furthermore,
it shows that if there are no capacity constraints(this

is often reasonablewhen the data rates are far less
than the capacities),distanceentrofy is an achiezable
tight boundand, thus, the bestpossibleperformanceor

suchdatacollection tasks.Our proof differs from [3]'s

proof and yields a more generalresult. [3] x es the
codingpartandshows thatfor SWCschemesnding the
optimal rate (the network combinatorialpart)is a Linear
Programmingproblem.Sincewe have no limitations on

coding, our proof is more generalapplying to arbitrary
coding & routing schemes.

B. Genenl Resultsfor Corvex CostFunctions

For more generalcost functions and networks with
or without capacityconstraintsywe are able to derive a
more generalresult with the help of Han's work, [22].
Han [22] shovs a necessaryand sufcient condition
for the achievable capacity region of a communica-
tion network of memorylesschannelsby exploiting the
polymatroidalpropertyof the network capacityfunction
and co-polymatroidalproperty of the joint conditional
entropy functionsof the correlatedsourcesWe corvert
this resultto our sourcegraphmodelandgeneralizeheir
network topology assumptionsas well. [22] modelsa
communicationnetwork as a directedgraph consisting
of a setof sourcesand a set of relayss.t. thereis no
incoming edgesto ary of the sourcenodes.Replacing
min-cut capacityin [22] with cut capacityand because
the max- ow min-cut theoremfor network o ws also
appliesto an undirectedgraph, we generalize[22]'s
modelto ary directed/undirectedourcegraphwherea
sourcenode can have incoming edges.

Before we state Theorem 2, we introducethe con-
cept of cut capacity For ary graph , :

( ) de nes a cut, denotedas
. De ne the setfor all possiblecutsas . Let
be the capacity of cut

, let )
. We also de ne a feasibleset of ows



as a set of that mapseachsource to
a ow rate suchthatthereexists a setof commaodity
o ws (fractional allowed) from the sourcesto the sink
with the capacityconstraintssatis ed.
Theoem?2: (Generalizedrersionof Theorem3.1and
Lemma 2.3 in Han1980[22]) For any source graph
(directedor undirected)with an edge capacity set
, there existsa data collection schemeiff

Whenthis holds,there existsan SWCschemeanda cor-
respondinghonngative real vector
for the SWCS ratessud that for any cut

Furthermoe, there existsa setof ows from the source
nodes to the sink  with

This theoremcan be derived by applying the same
techniqueas [22] to our sourcegraph setting. Using
Theorem we will derive agenerakesultontheoptimal
costof asourcegraph.However, we rst derive alemma
and introducesomefurther de nitions.

For ary source graph and DCS  operating
on it, let the average transmissionrate from to

on edge be . For ary cut :
the averagebit rate under  that crossesthe cut is

with or without
's

Lemmal: For anysourcegraph
capacityconstaintsandanyDCS opermtingonit,
datarate acrossany cut satis es

Proof: We prove this by contradictionusing Theo-
rem 2. Assumethe lemmais not true, then thereexists

a and DCS that for some cut of
The total numberof edgesfrom  to on which
hastrafc is nite andwe denoteit as . Let

3
then . Constructa directedgraph with

the samevertex setas . Regardlessof whether s
undirectedor directed,thereis a directededge
in iff thereis trafc transmitteddrectly from node
to by . Also the edgehasthe sameweight
asin . Assigneachedgein a capacity of
. Thenfor every edgein . Since
all ratesbelow the channelcapacityare achiezablefrom

the ChannelCoding Theorem [33], is a valid DCS
in . However, the cut capacityof in is

By (3), we have

Since the cut capacitiesof do not satisfy the iff

condition of Theorem2, there exist no DCSsin

This contradictsthe factthat is a DCSin . Sothe

assumptioris incorrectand the lemmais true. |
Any DCS can be thoughtof as dividing the dataon

a link into blocks that eachhasa x ed transmission

rate. Thusthetrafc generatedy onanedge

can be characterizedas

, where is theratein bits per
secondor the th blockand

ing transmissionperiod. Here

is the correspond-

The averagerate by  along an edge from
to s . For edge
, denote and , then
and :
Theoem3: Let be an arbitrary source graph

with or without capacity constiaints. Let the costfunc-
tion be nondeceasingin and and corvex in
then the optimal SWCsdemeis also optimal over the
classof all data collectionschemes.

Proof: The proof consistsof shawving that, for any
datacollectionscheme , thereexists at leastone SWC
schemethat hasa communicationcost no greaterthan
thatof . Thetrick is to treattheactualtransmissionmate
generatecdby on eachlink asa capacityconstrainton
thatlink for the SWC scheme.

As in Lemma 1, constructa directedgraph
with the samevertex setas . Regardlessof whether
is undirectedor directed, there is a directed edge

with unchangedweight in iff thereis
trafc transmitteddirectly fromnode to by .We
treat s as capacitiesof the directededgesin
i.e. for and
for ary cut ; by Lemma

1 we also have . Sofor ary cut

(4)



(4) matchesthe iff condition of Theorem2. Conse-

guently there exists an SWC scheme with an
SWC rate vector that satis es
for ary
cut , and there exists a set of ows
from to in satisfyingthe
capacityconstraint on eachedge . For each , the
0 W magnitudeis . Since : is also
an SWC schemein the original sourcegraph
The communication cost per second of
this SWC scheme is the cost of the ows
, Where is
the ow rate of along edge . With the capacity
constraint, we have . Since is
nondecreasingye conclude
(5)

On the other hand, the averagecommunicationcost
per secondfor s

By the corvexity of function , we have

Combined with (5) we have . Thus
for ary datacollectionscheme thereexists an SWC
schemewith acommunicatiorcostno biggerthan . As
aresult,the optimal SWC schemas alsooptimalamong
all the possibledatacollectionschemes. |

When samplesare temporally correlated,we group

andencodethemin temporalblocks. Our resultscanbe

extendedto hold by replacingthe with the
entropy rate

C. Extensionto WirelessBroadcast

Previously we ignored the broadcastnature of the
wireless medium by assuminga lower MAC layer
resohes the wireless con iction problem. While the
wirelessbroadcastdvantagé actually allows a nodeto
send the samedata simultaneouslyto more than one
recever, this could be bene cial to someapplications.
In this subsectionwe considerthe casethat incorpo-
rates such wireless broadcast.We shav that even if
the previous point to point link abstractionis basedon
somelower layer protocol that doesnot take advantage
of the broadcastature of wirelesstransmissionge.g.
TDMA), enablingthe broadcaswill not furtherimprove
the performancein termsof total communicationcost.
We usethe samesourcemodel as beforeanda slightly
modi ed communicatiormodelto incorporatébroadcast.
We rst describethe broadcastcommunicationmodel
andthenshaw that the minimum communicatiorcostis
the sameeven with wirelessbroadcast.

1) BroadcastCommunicationModel: In addition to
the previous independenipoint to point transmissions,
now a node can also conductbroadcastransmissions.
Let be the neighbor set
of node - the setof nodesthat cancommunicate
directlyto via a pointto pointlink. Broadcastheremeans

can sendthe samecopy of datasimultaneouslyat a
rate to ary subsebf its neighborset . Each

de nes a broadcastink. The enegy cost of
broadcasts no lessthanthe costof sendingat the same
ratefrom to ary of thenodesin  througha point to
point link:

This assumptionis valid for both applicationsusing
directional antennasand ones using omni-directional
antennadfor the point to point links.® In addition, we
model the capacityconstraintsbasedon a TDMA type
of schemeeachdatatransmissionconsumeshe same
amount of time for the transmitting node, no matter
whetherthe datais broadcasto all neighborsor unicast
to oneneighbor The capacityconstraintsare not on the
independenlinks but ratheronnodesEachnode hasa

8Note thatwhatwe meanby wirelessbroadcasadwantageis not a
broadcasthannelbut ratherthe capability of sendingidentical data
simultaneouslyto multiple recevers, it is basedon the currentpoint
to point channeland protocol design. e.g. the broadcastmode in
802.11.

9For sametype of antennasgirectionalonesconsumeessenegy
thanomni-directionalonesfor pointto pointcommunicationsSothe
point to point communicatioralways consumedessenegy thanthe
broadcasbnethat includesit.



joint capacityconstraint 19 for all of links connected
to it. Thus the datatransmissionratesassociatedvith

node satisfy . Notethat  could be either
broadcastrate or a unicastrate (when  containsa

single node). In other words, a broadcastransmission
consumeghe sharedcapacityof
of the point to point unicasttransmissiongloes.

2) Optimality Result: With the modi ed communi-
cation model, now we refer to the previously de ned
DCS that doesnot usewirelessbroadcasts a “unicast
scheme”andstill use to denotethe setof all unicast
schemes;we refer to a DCS that uses broadcastas
a broadcastenabled DCS and denote the set of all®
broadcasenabledDCSsas . We shaw thatary source
graph  whosenodesareenhancedvith this broadcast
capability has the same optimal cost as the unicast
schemeWe stateand prove the following theorem.

Theoem4: Let be an arbitrary source graph
with or without capacity constiaints. Let the costfunc-
tion benondeceasingin and andcorvex in rate

, thenthe optimal SWCunicastschemeis also optimal
over the classof all broadcastenableddata collection
schemes.

Proof: We prove it by shaving that for ary broad-
cast enhanceddata collection scheme in , there
exists an SWC schemethat doesnot use broadcasting
and hasa costno greaterthan

For ary broadcasenhancedCS for ,wede ne

as the broadcastreduceddata rate acrossary cut

, thatis, if abroadcassendeiisin , andthere

is at leastone recever acrossthe cut in , the data

rateacrosshe cut of this broadcastill only be counted

asthe broadcastingate without double countingthe
multiple receving rates.

We rst showv that for ary cut in :

. We do this by shrinking to
a simple sourcegraphof two nodes, and , where
node has source and has source
A pair of innite capacity channelsconnect and

. We emulate all the trafc between and
under now between and in the new source
graph except that for the broadcastingrafc we only
emulateone copy of it between and . Sinceall
coding/routingoperationswithin -~ or under are
now all achievableinternal codingoperationsnside
or in the new sourcegraph,ary DCS in

10 equalsto the sum of the capacitiesof the previous point to

point links.

correspondgo a DCS in the new
a rate from to as

thus

sourcegraph with
. By Lemmal,

for ary
cut

, equivalentlyasary v, broadcast to neighborhood subset B

(¢}

o

o oViO
(¢]

(¢]

Fig. 3. Corverting the wirelessbroadcastingo a virtual source
graphcomposedf point to point links

We then constructa new sourcegraph basedon
and . The rst part of the constructionis similar
to the one usedin the proof of Theorem3. The only
differenceis that for trafc broadcasby from node
to a setof its neighbors , we add a virtual relaying
node (without sources) anda setof directededges
that bridges together and each of the nodesin
. Speci cally, we add a directededge and
a directed edge from to eachof the nodesin
as showvn in Fig. 3, all edgeshave a capacity equal
to the original broadcastingrate . with an in nite

capacity Then because in , it
is easyto verify that for ary cut in , the
cut capacity satis es . By
Theorem3 thereexists an SWC scheme in :
If we implementthis in by distributing the
ow trafc of directly as

Accordingto the constructionof , We obtaina non-
broadcastindpCS in . Moreover, since is corvex
and we concludethat
this DCS in is also a unicastDCS with a cost

no greaterthanthat of the broadcastingenhancedCS

: [ |

We have establishedboth the achievable capacity
region andthe minimumcommunicatiorcostof a source
graph, a network of data sourcesconnectedby com-
municationlinks abstractedas point to point links. For
collecting multiple correlatedsourcesat a single sink,
the optimal SWC schemeis also an optimal data col-
lection schemeover all possibleDCS. The resultis not
obvious becausehe intermediatenodesare allowed to
performary operationsthat involve arbitrary couplings



of network coding and sourcecoding.In generalthere
are possible bandwidth bene ts in applying network
coding or wirelessbroadcasting34] [35] [36]. While
for correlatedsourcesanda singlesink, it is rst shown
here as a corollary of our work that neither network
codingnor wirelessbroadcastindnelpseitherin termsof
communicatiorcostor capacityfor our generalsetting.
More thanthat, our work shaws that no coding/routing
schemeoutperformsthe SWC schemesin this setup.
Certainlyaswe mentionedearlierin Sectionl SWCcan
hardly be considered practicalcodeandthusthe SWC
schemeis a theoreticalschemethat helpsus understand
the performancdimit of the datacollectiontask.

V. ORDER OPTIMAL SCHEME

Given the optimality of the SWC scheme,a natural
guestionto ask is whether a practical algorithm can
provide closeto optimal performance As mentionedin
Section |, both SWC and EEC have practical limita-
tions. DesigningpracticalSWC schemeshatachieve the
boundaryratesof the Slepian-Vélf rateregion hasbeen
limited to fairly constrainedsourcemodels.

In this section,we describea simple data collection
scheme,Hierarchical Difference Broadcasting(HDB),
for both regular sensometson grid points and random
deployedsensomnets.Giventhe high compleity of SWC
and EEC schemesHDB doesnot try to exploit the
correlationsamong all sensordata, but rather tries to
leverage off the asymptotically dominant part of the
totalinformationredundang throughcontrolledcommu-
nications.For somenaturally constructedyenericspatial
correlationmodels,the neighboringcorrelationactually
dominatesthe total correlation.We showv that HDB is
order optimal for three genericsourcemodelsthat are
representatie of a large classof real spatialdatamodels.

A. Genenl SensorGrid Model

The grid modelis a specialcaseof the generalmodel
describedn Sec.lll wheresensoraredeplojedonatwo
dimensionalsquaregrid. There are total of  sensors

indexedas , .The

location coordinatesof sensor is

, , Where isthegrid cell size

(the minimum distancebetweenneighboring sensors).

1our work considersthe joint optimization of source coding,
network codingand point to point channelcoding,what we have not
considereds the joint optimizationfor multi-accesschannelcoding
and schedulingfrom a e xible lower layer design.
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W.l.o.g. we assumea unit grid with . We will
refer to this as a sensorgrid. Each sensor has a

reading that is a discreterandom variable, either
discreteby natureor quantizedrom a continuousvalue.

We assumea uniform quantizeris usedand takes
an integer value after quantizationand re-scaling.The
sensoflocatedin the centerof the eld alsosenesasthe
sink andhasa reading . The sensorreadings

aredescribedby a joint probability distribution. Denote

asampleof as anddescribethe numberof bits used
to encode by
Sensorsare able to communicatewith eachother if
they are within a certain range. We assumethere are
no capacityconstraintdor the communicatiorlinks. Let
be the communicationcost func-
tion [3], where is the Euclideandistanceof link |,
and and are constantparametersvith :
W.l.o.g.let . Thenthe enegy costfor transmitting
bits is . In this sectionwe focus on the total
cost of collecting one eld sampleat the sink. Since
, the lowestcostpathbetweenary
two sensorsn a grid always consistsof only unit length
grid edges.Sincethere are no capacityconstraintswe
can limit the transmissiongo be on the shortestpaths
without affecting the optimal communicatiorcost. Thus,
we abstracthe sensometwork asa grid graph ,
. It is easyto
seethatthe Manhattandistance
is the numberof hopsof arny shortesttransmissiorpath
betweentwo nodes.We will refer to asthe -
hop-neighborof and vice versa.When :
they are eachothers one-hop-neighbor

B. Hierarchical DifferenceBroadcasting(HDB)

BeforedescribingHDB, we de ne asetof hierarchical

clusters.W.l.0.g. let where the
sink is ___ . Let _ . Divide the
original grid into  clusters,eacha subgrid of
size , andcall the setof thesesubgrids
Let —_— —_—

be the set of the center

nodesof thesesubgrids.Similarly divide eachsubgrid
in into nine subclusterseacha subgrid.
is the setof all the subgridsat this level. This canbe

donerecursvely, producinga setof subgrids  atlevel
with a setof centernodes e
: . Let . It is easy

to see and



Coding in HDB is extremely efcient as it relies
only on simple subtractionsand a Self-Delimiting Code
(SDC). SDC is a practical code that encodes into

bits with negligible computationcost[37]. Let
the length of the binary representatiomf be , SDC
sends zeros( in unary code) followed by the
binary representatiof . It is not hardto seethatwith
amodi ed SDC,we canencodeary integer into
no morethan bits. Theinitialization of HDB
is alsovery simpleassensorsaneasilyform the series
of clustersin a distributed and adaptve fashion[38].
The low codingcompleity andhigh adaptvity of HDB
is importantfor applicationsof low costcheapsensors
with limited resources.

We designthe datacollectionschemeéHDB asfollows:

Step 1. Sink broadcaststs obsenation
using SDC over a minimum spanningtree to all other

nodesin the eld. Eachsensomupdatests reading
by subtractingthe received value,

Step2: Do from to

Eachnode broadcaststs current
reading in SDC over a minimum spanning
tree to all nodesin the correspondingsubgrid
of . Receving sensorsupdate the readings,

endDo loop
Step 3: All sensorsother than the sink send their
remaining readings  via shortestpathsto the sink.
Thesink rst decodes 'sreadingshy addingthesink's
value to the receved . Then basedon the decoded
readingsthe sink sequentiallydecodesthe readingsof
all sensordn the order of

I\{ O, o o
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Fig. 4. The hierarchicalbroadcastof HDB

Fig. 4 shavs HDB's hierarchicaldifferencebroadcast-
ing. When , for some

. Expandthe grid to size with the
samecenter Divide the expandedgrid recursvely in the
sameway, but when a centernode of a subgridis not
in the initial grid, choosethe closestsensornode from
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theinitial grid. This way we obtaina sequencef layers
for ary

C. Order Optimality of HDB

In this subsectionwe prove the optimality of HDB.
We rst derive a lower bound on distanceentropy for
generalsource models, then apply it to three generic
source models and compare with the corresponding
upperboundson the communicationcost. Someof the
detailedmechanicsof the proofsis not includedbut is
availablein our technicalreport[39].

1) Lower bound We apply Theoreml to derive a
lower bound on the cost of the optimal data collection
schemen a sensorgrid network. The following Lemma
provides a lower bound of the minimum cost for a
generaklassof correlationmodelssatisfyingtwo simple
entrofy properties.The resultis derived using a basic
pigeon-holetype of agument,andcaptureghe topology
impactof grid deploymenton DistanceEntropy.

Lemma2: For any sensorgrid of size that has
joint entropy , :
if for somenondeceasingorder of the sensors Manhat-
tan distanceto the sink ( ) we
have : for some

, thenthe optimal schemes communicatiorcost

Proof: For a unit grid, where is the
Manhattandistancefrom to the sink. By Theorem
1, is the

optimal communicationcost.

)

~

- An order of
3y

nondecreasing
manhattan distance
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Fig. 5. Thesink's -hop-neighborsetlayouton the grid

Denote by the
set of the sink. It is easily shovn that
Fig. 5). The optimal SWC scheme
least bits from nodes
otherthanthe sink. If we assign  bits to eachof the

neighborsof the sink in the order of
nondecreasinglanhattandistance(seeFig. 5). Denote

-hop-neighbor
(see
hasto collect at



by the costto route these bits
via shortestpathsto the sink, denotethis bits allocation
as .
By Theoreml, allocates
bits to the th sensor . If we orderthe rst
bits collectedby in the order of nondecreasing
Manhattandistance the th bit of hasa Manhattan
distancethatis no lower thanthe distanceof the th bit

of . Thus :
Let  bethe maximum that satis es
. Since , We get , and
- . Ap-
plying — and — vyields
— . Sowe get - |

This Lemmais usedasa basictool for deriving lower
boundsfor the Distance Entropy for different source
structuresdeployed on a regular grid.

2) Upper bounds The costof HDB dependn the
spatial correlation among the sensors.In generalthe
correlationexhibits somestructurebasedon the location
of the sensorsin the graph. For networks in a spatial
eld, often the correlationstructureis a function of its
spatial properties.For spatialdata, usually the pairwise
correlationis a decayingfunction of the distance.Sam-
ples at close by pointstendto have higher correlations
than thoseat distant points. This is normally re ected
as smallervalue differencedfor nearbypoints, which is
especiallytrue for a physical diffusion eld wherethe
measuredphenomenas a result of some micro-scale
physicalprocesse.g.temperaturer rainfall distribution.
We usethreegenericsourcemodelsto modelthis feature
andshaw thatthe simple HDB is orderoptimal for each
of them. Denotethe cost of HDB as , then there
exists a constant s.t.

a) Hard Continuity Field (HCF):

For HCF, is a discreterandomvariablethat has

differentpossiblevalues.Without loss of generality we
assumehesetof  valuesis the set . The
differencebetweenthe samplesfrom ary two one-hop-

neighborssatis esa “hard' continuity constraint,

for some . We assume :

this is easily satis ed when is large.
Lemma3: If a HCF has a joint entropy
, then HDB has
order optimal communicationcost o , the

sameorder as the optimal cost

Proof: We rst give a lower boundon the optimal
cost using Lemma 2 and then demonstratean upper

boundfor having the sameasymptoticbehavior.
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then

Let be a source sequencein an
order of nondecreasingManhattan distancesto the

sink (as showvn in Fig. 5) such that each other
than the sink has a one-hop-neighbor in the se-
guencewith . So

Applying Lemma 2 with

and yields

Now we derive a sameorderupperboundfor HDB's

cost using simple counting techniques. , let
, - . Then , then
. We next derive an upperboundfor

consistsof two parts,the broadcastost

and
the collection cost . Thereare broadcastounds,
, Where is the round's

broadcastost.The rst roundbroadcastthesink'sread-
ing throughoutthe network. We code into

bits, o .

Also becausehe broadcasheedsexactly onehoptrans-
missionto cover eachsensorin the minimum spanning

tree, 12 The secondround
broadcastshe readingsof sensorsn within
From we know So

afterthe rst round'sreadingupdatesfour of thesensors

in have , the other four have
. Since

bits, the four readingsof sensorsn are coded

into no morethan bits each,the

are codedinto no more
bits each.Thus,

other four readingsof
than

In general,

So

12This has not taken the adwantageof the wirelessbroadcasting
which cangive a further reductionof at most - of the original.



Combinedwith we have

Thedatatransmissiortostafter roundsof broadcast-
ing is composef nine parts- collectingthe codevords

from the nine subgridsof . The four cornersubgrids
have a higherupperboundson costthanthe otherfour.
Let the costof collectingdatafrom the upperleft corner
subgridbe , then . Let the total bits
of all the codevordssentto the sink from the upperleft
subgridbe . Note thatthe boundson the codevord
lengthis symmetricto the subgridcenter :

the centers -hop-neighborsiave the sameupperbound
for the codevord length,

By symmetry , Where
is the Manhattandistancefrom the

subgrid centerto the sink. Thus,

The above calculationscoupledwith yields
o , Which
implies - . Comparedwith

's lower bound,HDB is order optimal for such

HCF models. [ |
The joint entrofy assumptionof Lemma 3 is nat-
ural. Here is an example to demonstratethat there
exist HCFs with a order joint entroypy.
Consider the case where and a sen-
sor reading conditionedon its neighborsis uniformly

distributed, then

2) Linear Variance Continuity Field (LVCF):
Realsensordataare likely to exhibit a “soft' continuity
constraintratherthan the “hard' one asin HCF. Using
the samesettingas HCF, a Linear VarianceContinuity
Field (LVCF) is one where data continuity is modeled
asa constrainton the expecteddatavalues.We replace
the hard continuity constraintwith a “soft' one:any two

one-hop-neighborg'eadingdifferencesatis es
13

Lemmad: IF a LVCF has a joint entropy of

, and , then HDB's
expected communication cost is order optimal and

Note that unlike HCF, LVCF sensorreadingscan take values
from anin nite set.
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Proof: We use the samemethodas Lemma 3 to
prove this lemma. The only differenceis that here we
work with the expectednumberof bits and apply some
information theoryinequalities.

First by [33]

(6)

and thus

. For
the same sequence of nondecreasing Manhattan
distancedo the sink asin Lemmas3,

We have

()

Since andalso

by (6), we have

and
yields

Applying Lemma 2 with

Next we derive anupperboundon . First,
. Applying the triangle
inequality of an absolutefunction, ary two readings

satisfy . Since
bits and is a concae function, by Jensers
inequality[33],

E E E (8)
Hence . Also,
since E ., by (8),
E o . Replacingthe hard bound for
the codedbits of Lemma3 with a boundon its ex-
pectedvalue and applyingthe samecountingtechnique,
we showv E o . Comparedwith
the lower bound of we shaw that HDB is order
optimal for suchLVCF models. [ |

3) Gaussian-Markov eld (GMF):

Gaussian-Martv  Field (GMF) [40] is a common
modelfor spatial elds exhibiting the close-points-high-
correlation property Let be con-

tinuous randomvaluesbeing measuredat  different

pointsof a GMF, they follow ajoint MultivariateNormal

(MVN) distribution: N . Without lossof generality
we assumethe sourceshave the samemean



is the covariancematrix with

, where is a constantand is
the unconditionalvarianceof a source.The correlation
betweensensorsdecaysexponentially as the distance
betweenthem goes up. We use Manhattan distance
insteadof Euclideardistancebecauseheformeris much
moretractableyet is a good approximationof the latter
asour simulationsuggest¥.

Let , then is the correlation
coefcient betweersensor and , the covariancematrix
can be written as . Notice that

for ary for any . This
avoids the trivial caseof whenall readingsare
fully dependenbn eachother in which casethe sink's
readingis exactly the sameasthat of ary other sensor
andthereis no needfor communicationThe othertrivial
caseis whenwe have independenteadings, for
all , thenthe problemreducesto a single source
coding problemwith no needfor distributed coding.

Eachsensoreading, is a quantizedversionof
where each sensorusesthe sametype uniform scalar
guantizer When the quantizationprecisionis high and
thusthe stepsize is small,by [33],

, Where is the differentialentropy of . We
assumea high resolutionquantizeris used,thusfor ary

k sources,

and

Lemmab: For any GMF on a 2D sensorgrid of
nodes,the eld' s joint entropy

Seethe Appendixfor the proof.
Theoemb5: For anytwo dimensionalGMF that has

15 and - , whee

. The expectedcommunicationcost of

HDB is order optimal and -
Seethe Appendixfor the proof.

From Theorem5 we concludethat for a large portion
of GMF grids without too high correlationsbetweerthe
nodes,HDB is order optimal. This is intuitively right
becauseas the correlation coefcient (either

or ), the eld approachethetrivial caseof

completelydependentvith no needfor communications.

However, aslong asthe eld is not anywherecloseto
this, for a large rangeHDB remainsorder optimal:
as opposedo the full possiblerangeof

¥The joint entropy ratio betweenGMF with Manhattandistance
and GMF with Euclideandistanceis boundedin a rangecloseto .
15 is the root of equation
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Applying Theorem6 and the sametechnique,HDB's
orderoptimality canbe generalizedo high dimensional
GMF grid as well as GaussianUniform Field(GUF)
which is a multivariate Gaussianeld with for
ary two nodes.

All theresultsfor squaregridscanbe extendedo non-
square-shapeegionsaslong asthe region weightcenter
(equally weightedaveragelocation of all sensorshasa
distance ~ to the sink. HDB still uniformly
and hierarchicallydivides the region into clusterseries
of geometricallydecreasingsizes.

D. Non-grid Models

Grid deploymentis a good approximationfor a large
classof sensorapplicationswhere sensorscan be de-
ployed in a regular manner We extend the techniques
andinsightsdevelopedfrom the grid caseto the random
deploymentcase.

1) Deployment Model:

Assume  sensorsare uniformly and independently
distributedin a two-dimensionalgeographicategion

Let the averagesensordensity be (number
of sensorsper unit area, is the areafunction). Let
the numberof sensorsin a region be ;
follows a binomial distribution.

Thereis a single sink in the region to collect all the
readingsEachsensor 's Euclideandistanceto the sink
is . Let bethe eld' s averagedistance
to the sink.

2) Communication Cost Model:

We usethe samelinearly separableommunicationcost

function asin the grid case.Let

— be the average neighbor distanceof the sensors.

Assumethe minimum communicationcost per bit from

asensor tothesink is — :

A close approximationfor the minimum per bit cost
betweerary two sensors is ,

when is large, the majority of the sensorsare mary

hopsaway from the sink. 3) Source Model:

For the randomdeployment case,insteadof a one hop
continuity constraint, we introduce a continuity con-
straintasa continuousfunction of the distancebetween
two nodes.The constraintis modeledappropriatelyac-
cording to whetherthe sensedeld is HCF, LVCF or

GMF. Herewe useLVCF asan exampleandit is easy
to modify for the othertwo. Assumethat the difference
betweerreadingsof two sensors and thathasaEu-

clideandistance satis es
where is somenondecreasingunction that mapsthe
distancebetweentwo sensorgo an upperboundof their



readingdifferencesWe referto this asthe Poisson.VCF
eld or .
4) Protocol-RHDB:

We refer to the modied HDB schemeas Random
deployed HDB (RHDB). The modi cations are simple:
instead of directly dividing the sensorsinto clusters,
we divide the geometric region uniformly into nine
squareshapesub-rgions, sensorsin the same square
are clusteredtogether then further divide each cluster
into sub-regions of -size.Division stopswhenit is the
size of a region ( is someconstant)or
thereare no sensordn it. Choosethe sensorclosestto
the geometriccenterof the subreion asits clusterhead.
We have the following Theorem.

Theoem®6: For a PLVCF eld, if ther exists a
constant —— sudh that the eld has a
joint entropy
and , also

is a concave function and ~, then
RHDB is order optimal for the expectedtotal commu-
nication cost w.h.p.(with high probability),

- w.h.p..
Seethe Appendixfor the proof.

V1. CONCLUDING REMARKS

Our main contritutions are summarizedas follows:
We shaw that, for a single sink data network, the
Slepian-V@If Code and Commaodity Flow Routing
canachiese the minimum communicatiorcosteven
whenarbitrary coding/routingschemes allowed.
We proposea new metric distanceentropy, a gen-
eralizationof entropy, to characterizehe “spatial”
information distribution in a weightedcommunica-
tion graph.

We designa simpleandeffective algorithmthat ex-

ploits local datacorrelationto achieve orderoptimal

performancefor several genericclassesof source
models. This is establishedfor both regular grid

deploymentandrandompoissondeploymentof the
sensomodes.

Ourwork is a rst steptowardssolvinga muchlarger
problemof generalin-network computationas proposed
by Giridhar and Kumar in [41]. In general,we want
to minimize the communicatiorcostof multi-sink lossy
in-network computationtask, where we have multiple
sinkseachneeddo estimatesomegenerafunctionof the
correlateddata. In this case,we might expect network
codingto help and needto be coupledwith distributed
sourcecoding techniquedo improve performance.
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APPENDIX
A. Proof of Lemmab
We prove Lemmab basedon the following Lemma.
Lemma6: For any GMF on a k-dimensionahyper
cubegrid of nodes,the eld' s joint entropy

Proof: By [33],

where isthe dimensionalgrid's covariancematrix.
Orderthe sensordn a dimension-recurse enumer
ating order For example, the 1D orderis sequentially
enumeratingthe nodes;the 2D order is enumeratehe
nodedine by line, andusethe 1D orderwithin eachline:

. Then

de ne matrix asthe correlationcoefcient matrix.

with the entry as . Inductively,

is a partitionedmatrix with the entryasa
submatrix, .

is a Toeplitz matrix and
[42]. For , from top to bottom, eachrow subtracts
the next row times , we can obtain a lower triangular
matrix andthus get

Inductively, we prove

©)

we getthe entrofy result.
[ |
To the best of our knowledge, Lemma 6 is the rst
characterizatiorof the joint entroy of a general
grid GMF.
Proof of Lemmab

Combinedwith



Proof: Justapply the fact to Lemmasé.
Note that particularlyfor a 2D grid we have

B. Proof of Theoem5

Proof: The proof usesthe sametype of technique
asthoseusedfor HCF andLVCEF, the only differenceis
thatherewe work on the entropy of Gaussiarvariables.

By Corollary 5,

also

SO .

W.l.o.g. let be the sametype of nonde-
creasingManhattandistanceorder as in the proofs for
HCF and LVCF, sinceentropy is a lower boundfor ary
codesthe expectedcodedbits of SDCis largerthanthe

correspondingentrofy: E
By (7),
E (10)
By [43], E , thenE
E E

, by (8), we have
. Also since
(high resolutionquantizer) we get

E (11)
where is a small constant.Particularly E

. When ,

, thus combinedwith (10),

we have . Applying

and  to Lemma?2 yields .
For the upperbound, rst for ary ,

applyto E , we have

E . Applying the same

countingtechniqueasin Lemmas3 yields the following
upper bound on HDB cost -
B o |
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C. Proof of Theoem®6

UnderPLVCEF, for asmall
distribution of
with parameter

andlarge ,thebinomial
approaches Poissondistribution

The rate of the Poissonprocess s just the density
. In the proof below, we remosethe  andassume
for simplicity of presentation.

Proof: We prove the theoremby rst deriving a
lower boundfor the distanceentrogy (the costfor the
optimal scheme)then give an upperbound for RHDB
thatis in the sameordet

a) The lower bound
Hereis anoutline of the prooffor deriving alower bound
of the distanceentrogy. We will drawv a circle centered
at sink s.t. two things are satis ed simultaneously
w.h.p.: the circle is large enoughwith a radiusin the
order of ~; the joint entrofy of the sources
outsidethe circle conditionedon the sourcesinside the
circle is large enough,more speci cally, in the order of

, SO there

exists a constant , for large enough, we have

. Let
. Let

be the set of readingsof sensors

Call a disk centeredat with radius as
. Call the region of

as

in . Let , denotethe readingsin as
. Denotethe numberof sensorsn as
is a randomvariable.We rst prove that w.h.p.
for .
can be viewed as the sum of independent
identical Poissontrials: , each is

either or andhasthe sameprobability distribution
as —, correspondingo the probability
for the sensorbeing deployed in region . So
E — . Using Chernof
bound[44], E E
E E .Denotethis prob-
ability as , Easyto see . Let
be the event of E E :
, S0 occursw.h.p. ( ).

Orderall the sensorsas , In nondecreas-
ing Euclideandistanceto the sink :
Particularly, . By Theoreml, the optima



communicationcost

(12)

So for the lower bound it is sufcient to show
that w.h.p. . Since
, We just needto evaluate andderive

atight enoughupperboundfor it. All the effort below is
to shaw that the joint entrogy of the sourcesinside the

circle conditionedon is in the sameorderof thejoint
entropy of all of the sourcesput with a smallerconstant
factor

Among sensorscloserto the sink than

, let be

the closestoneto |, thatis,
Let be the Euclideandistancebetweensensor
and . Then by
and the sameargumentasin Lemma4,
- — . So
- — (13)
Let —_ . Since is a
concae function,
- — (14)
De ne - — , then
(15)
Next we derive anupperboundfor by studyingthe
distribution of  for any node in the eld. We do this
indirectly with an areadistribution relatedto . De ne
asthe areaof the intersectiornof two disks and

(SeeFig. 6),

where is a decreasingiunction of  and takes the
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L
G, is G, excludes the shaded region

Fig. 6. Statisticsof

minimum value of - — as takesits
max value when there are no sensors
in betweenthe sink and . The sensordeployment
satis es a 2D Poissonprocessso  follows an expo-

nential distribution with meanE - variance
Var . It is easyto seethat 's distribution for
sensorsin is not independentof . The condi-
tional distribution is exponentialdistribution with mean
E — - — and
variance Var E —. Let
— . Then
E E - — (16)
Var Var
Cov
For ary pair of , we next show
are negatively associatedonditionedon |, or
Cov E - — - —
(17)

This is becausewhen we know 's value, the point

processin is not any more the Poissonprocess
without this information. First, points are deployed
in aregion with an areaof

; second, asa nite valueimplies
is a nite valuethat cannot be arbitrarily small, this
means sensorsare independenthydistributed in
, sensor and someother sensor  with



are deployed independentlyof these
but not independentlyof eachother:
be distanceaway. If we look at an arbitrary small
region , then  and someother node can not
simultaneouslyesidein . Thusthe numberof sensors
in satis es an equialent binomial distribution as a
resultof the processdeploying nodes( and
can be viewed as onevirtual nodein this processsince
they cannotresidein  simultaneously)ndependently
and uniformly in

sensors
and haveto

Whenthe numberof sensords large, the point process

in approachesan equivalent Poissonprocesswith
rate ——— per unit area.So condition on
: follows an exponential distribution with mean
E — —. Also from
E we know
E E E

From this we get the negative associatiorresultof (17).
Thus

- (18)
By Chebyshe's Inequality [44],
E (19)
Now assume is true,
. Thenby (16) E — — . Apply
(18), (19) we have
— (20)

At the sametime,

. Since is acorvex func-

tion,

18

Apply it to (20) we have

P

Let — 16 then
(21)
Let be the event of . Then
So -, is true w.h.p.(
—)
Let , easyto see
— .So istruew.h.p.Apply

thisto (14),(15),also is nondecreasingye havew.h.p.

From ,
get
N w.h.p., or
w.h.p. Then by (12) we have
o with  high
probability.
b)upperbound

Now that RHDB's stoppingsubraion size is modi ed
as , follow the sametechniqueasbefore,we
canderive an upperboundof the sameordet
Sincethe upperbound matchesthe lower bound,we
prove RHDB is order optimal w.h.p. for PLVCF. [ |
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