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What	  are
factor	  graphs?
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What	  are	  the	  Factors?
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What	  are	  the	  Factors?
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(You	  can’t	  tell	  from	  the	  graph.)



Factor	  Graphs

• Bipar7te	  graph
– Variable	  nodes	  (circles)
– Factor	  nodes	  (squares)
– Edge	  between	  variable	  and	  
factor	  if	  the	  factor	  depends	  on	  
that	  variable.

• Makes	  the	  factors	  more	  
obvious.

• Other	  advantages	  later,	  in	  
approximate	  inference.

Z

X

Y

φ1

φ2

φ3

pairwise	  Markov	  network

Z

X

Y

φ1

φ2

φ3

φ4

all	  cliques



Factor	  Graphs
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How	  are	  undirected	  models	  
typically	  parameterized?
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Markov	  Networks
(General	  Form)

• Let	  Di	  denote	  the	  set	  of	  variables	  (subset	  of	  X)	  
in	  the	  ith	  clique.

• Probability	  distribu7on	  is	  a	  Gibbs	  distribu7on:

P (X) =
U(X)

Z

U(X) =
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Logarithmic	  Representa7on

• Markov	  network:

• Logarithmic:

P (X) =
U(X)

Z
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x∈Val(X)
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φi(Di) = elog φi(Di)
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Energy	  (lower	  energy	  =	  higher	  probability)	  =	  

φ(Di) = e−ψi(Di)
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Log-‐Linear	  Markov	  Networks
with	  features

• A	  feature	  is	  a	  func7on	  f	  :	  Val(Di)	  →	  ℝ.
• Log-‐linear	  model:

• Features	  and	  weights	  can	  be	  reused	  
for	  different	  factors.
– Typical:	  	  features	  designed	  by	  expert,	  
weights	  learned	  from	  data.

– (Note	  that	  reusing	  breaks	  parameter	  independence.)

• Log	  of	  the	  probability	  is	  linear	  in	  the	  weights	  w.
– Ignoring	  Z,	  which	  is	  a	  constant	  for	  a	  given	  w.
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Generalized	  Linear	  Model

• Score	  is	  defined	  as	  a	  linear	  func7on	  of	  X:

• Probability	  distribu7on	  over	  binary	  value	  Y	  is	  
defined	  by:

• Sample	  Y.
P (Y = 1) = sigmoid(f(X))

f(X) = w0 +
�

i

wiXi

� �� �
Z Z	  =	  f(X)	  	  is	  a	  

random	  variable

From	  lecture	  3!



Independent	  Causes

• Many	  “addi7ve”	  effects	  combine	  to	  score	  X

• P(Y	  =	  1)	  is	  defined	  as	  a	  func7on	  of	  X
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From	  lecture	  3!



Markov	  Networks	  as	  a	  
Generalized	  Linear	  Model

• Sigmoid	  equates	  to	  binary	  output	  log-‐linear	  
model.

• More	  generally,	  mul7nomial	  logit:	  	  
take	  a	  linear	  score	  (Z	  in	  lecture	  3),	  
exponen7ate,	  and	  normalize	  (Z	  in	  Gibbs	  dist.)
– Don’t	  confuse	  the	  Zs.

• The	  generalized	  linear	  model	  we	  used	  for	  CPDs	  
is	  a	  log-‐linear	  distribu7on.



What	  is	  a
Condi7onal	  Random	  Field?

How	  are	  they	  mo7vated?
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Hidden Markov Models
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Finite state model Graphical model

  

€ 

P( s ,  o )∝ P(st | st−1)P(ot | st )
t=1

|  o |

∏

HMMs are the standard sequence modeling tool in 
genomics, music, speech, NLP, …

...
transitions

observations
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IE with Hidden Markov Models

Yesterday Yoav Freund spoke this example sentence.

Yesterday Bob Wisneski  spoke this example sentence.

Person name: Bob Wisneski 

Given a sequence of observations:

and a trained HMM:

Find the most likely state sequence:  (Viterbi)

Any words said to be generated by the designated “person name”
state extract as a person name:

person name
location name
background



We want More than an Atomic View of Words

Would like richer representation of text: 
many arbitrary, overlapping features of the words.
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identity of word
ends in “-ski”
is capitalized
is part of a noun phrase
is in a list of city names
is under node X in WordNet
is in bold font
is indented
is in hyperlink anchor
last person name was female
next two words are “and Associates”

…

…
part of

noun phrase

is “Jones”

ends in
 “-ski”



Problems with Richer Representation
and a Joint Model

These arbitrary features are not independent.
– Multiple levels of granularity (chars, words, phrases)
– Multiple dependent modalities (words, formatting, layout)
– Past & future

Two choices:
Model the dependencies.
Each state would have its own 
Bayes Net.  But we are already 
starved for training data!

Ignore the dependencies.
This causes “over-counting” of 
evidence (ala naïve Bayes).  
Big problem when combining 
evidence, as in Viterbi!
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Conditional Sequence Models

• We prefer a model that is trained to maximize a 
conditional probability rather than joint probability:
P(s|o) instead of P(s,o):

– Can examine features, but not responsible for generating them.
– Don’t have to explicitly model their dependencies.
– Don’t “waste modeling effort” trying to generate what we are 

given at test time anyway.



Joint

Conditional
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(A super-special case of 
 Conditional Random Fields.)

[Lafferty, McCallum, Pereira 2001]

where

From HMMs to Conditional Random Fields

Set parameters by maximum likelihood, using optimization method on δL.
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(Linear Chain) Conditional Random Fields
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Finite state model Graphical model

Undirected graphical model, trained to maximize
conditional probability of output (sequence) given input (sequence)

. . .
FSM states

observations
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y
t+3

x
t +3

said   Jones    a   Microsoft  VP …   

OTHER  PERSON  OTHER    ORG   TITLE …   output seq

input seq

Asian word segmentation [COLING’04], [ACL’04]
IE from Research papers [HTL’04]
Object classification in images [CVPR ‘04]

Wide-spread interest, positive experimental results in many applications.

Noun phrase, Named entity [HLT’03], [CoNLL’03]
Protein structure prediction [ICML’04]
IE from Bioinformatics text [Bioinformatics ‘04],…

[Lafferty, McCallum, Pereira 2001]
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Table Extraction from Government Reports
Cash receipts from marketings of milk during 1995 at $19.9 billion dollars, was 
slightly below 1994. Producer returns averaged $12.93 per hundredweight,        
$0.19 per hundredweight below 1994.  Marketings totaled 154 billion pounds,     
1 percent above 1994.  Marketings include whole milk sold to plants and dealers 
as well as milk sold directly to consumers.                                     
                                                                                
An estimated 1.56 billion pounds of milk were used on farms where produced,     
8 percent less than 1994.  Calves were fed 78 percent of this milk with the     
remainder consumed in producer households.                                      
                                                                                
                                                                                
                  Milk Cows and Production of Milk and Milkfat:                 
                             United States, 1993-95                             
--------------------------------------------------------------------------------
           :            :           Production of Milk and Milkfat 2/           
           :   Number   :-------------------------------------------------------
    Year   :     of     :   Per Milk Cow    :   Percentage   :      Total       
           :Milk Cows 1/:-------------------: of Fat in All  :------------------
           :            :  Milk  : Milkfat  : Milk Produced  : Milk  : Milkfat  
--------------------------------------------------------------------------------
           : 1,000 Head   --- Pounds ---         Percent       Million Pounds   
           :                                                                    
1993       :   9,589      15,704     575           3.66       150,582  5,514.4  
1994       :   9,500      16,175     592           3.66       153,664  5,623.7  
1995       :   9,461      16,451     602           3.66       155,644  5,694.3  
--------------------------------------------------------------------------------
1/  Average number during year, excluding heifers not yet fresh.                
2/  Excludes milk sucked by calves.                                             
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CRF
Labels:
• Non-Table
• Table Title
• Table Header
• Table Data Row
• Table Section Data Row
• Table Footnote
• ... (12 in all)

[Pinto, McCallum, Wei, Croft, 2003 SIGIR]

Features:
• Percentage of digit chars
• Percentage of alpha chars
• Indented
• Contains 5+ consecutive spaces
• Whitespace in this line aligns with prev.
• ...
• Conjunctions of all previous features, 

time offset: {0,0}, {-1,0}, {0,1}, {1,2}.

100+ documents from www.fedstats.gov



Table Extraction Experimental Results

Line labels,
percent correct

Table segments,
F1

95 % 92 %

65 % 64 %

85 % -

HMM

Stateless
MaxEnt

CRF

[Pinto, McCallum, Wei, Croft, 2003 SIGIR]



   IE from Research Papers
[McCallum et al ‘99]



IE from Research Papers

      Field-level F1

Hidden Markov Models (HMMs)   75.6
 [Seymore, McCallum, Rosenfeld, 1999]

Support Vector Machines (SVMs)  89.7
 [Han, Giles, et al, 2003]

Conditional Random Fields (CRFs)  93.9
 [Peng, McCallum, 2004]

Δ error
40%



When	  to	  use	  a
directed	  or	  undirected	  model?
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Directed

• Captures	  inter-‐causal	  
reasoning,	  eg	  explaining	  away

• Parameters	  interpretable,	  
can	  be	  set	  by	  hand.

• Usually	  easier	  parameter	  
es7ma7on

• Can	  easily	  generate	  data	  
from	  the	  model

• Rich	  exis7ng	  work	  in	  
latent-‐variable	  models

28

Undirected

• Captures	  “affinity”
Symmetrical.	  	  Cyclical	  graphs

• Param’s	  not	  so	  interpretable,	  
usually	  learned	  from	  data

• Trickier	  parameter	  
es7ma7on,	  but	  not	  too	  bad

• Can	  easily	  add	  factors	  &	  
overlapping	  features	  to	  the	  model

• Less	  work	  in	  latent-‐variable	  
models,	  but	  there	  is	  some

Increa
singly	  

popula
r	  in

NLP	  an
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Transforming	  Between
Directed	  and	  Undirected	  Models
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Bayesian	  
Network

Markov	  
Network

?

?



Bayesian	  Network	  to	  
Gibbs	  Distribu7on

• Each	  condi7onal	  probability	  distribu7on	  is	  a	  
factor.	  	  Trivial	  !

• Also	  works	  when	  condi7oning	  on	  some	  
evidence.

• Can	  we	  go	  from	  a	  Bayesian	  Network	  to	  an	  
undirected	  graph	  that’s	  an	  I-‐map?

Ask	  about	  example	  on	  the	  board



Example
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Intui7on

• In	  the	  Markov	  network,	  each	  factor	  must	  
correspond	  to	  a	  subset	  of	  a	  clique.

• The	  “factors”	  in	  Bayesian	  networks	  are	  the	  
CPDs.
– Node	  +	  parents

• Moralize	  the	  graph:	  	  add	  an	  edge	  between	  any	  
two	  nodes	  that	  share	  a	  child	  

• Moralizing	  ensures	  that	  a	  node	  and	  its	  parents	  
form	  a	  clique.
– But	  some	  independencies	  in	  the	  Bayesian	  network	  
graph	  may	  be	  lost	  in	  the	  Markov	  network	  graph.



Bayesian	  Network	  Structure	  to	  
Markov	  Network	  Structure

• Start	  with	  the	  Bayesian	  network	  skeleton	  of	  G.

• Moralize	  the	  graph:	  	  add	  an	  edge	  between	  any	  
two	  nodes	  that	  share	  a	  child.

• Result:	  	  moralized	  (undirected)	  graph	  is	  a	  
minimal	  I-‐map	  for	  G.
– If	  G was	  moral	  already,	  P-‐map.	  

You	  should	  know	  how	  to	  perform	  this	  conversion	  directed	  -‐>	  undirected.

Rec
ipe



Bayesian	  
Network

Markov	  
Network

moralize

?



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

How	  do	  we	  build	  BN	  I-‐maps	  in	  general?



Building	  a	  Minimal	  I-‐Map

• Order	  variables	  arbitrarily,	  
so	  that	  Xi	  precedes	  all	  its	  descendants.

• For	  i	  from	  1	  to	  n:
– Add	  Xi	  to	  the	  network

– Let	  Parents(Xi)	  be	  the	  minimal	  subset	  S	  of	  {X1,	  …,	  Xi-‐1}	  such	  that	  
Xi	  ⊥	  ({X1,	  …,	  Xi-‐1}	  \	  S)	  |	  S

Lecture	  2!



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C

D



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C

D



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C

D E



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C

D E



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C

D E

F



Markov	  Network	  to	  Bayesian	  Network

• Example:	  	  P	  given	  by	  a	  Markov	  network.

A

B C

D E

F

{A,	  B,	  C,	  D,	  E,	  F}
A

B C

D E

F

You	  should	  know	  how	  to	  perform	  this	  conversion	  undirected	  -‐>	  directed.



Chordal	  Graphs

• Undirected	  graph	  whose	  minimal	  cycles	  are	  
not	  longer	  than	  3.

A

B
C

D

A

B
C

D



Markov	  Network	  to	  Bayesian	  Network

• If	  G	  is	  a	  minimal	  I-‐map	  Bayesian	  network	  for	  
Markov	  network	  H,	  then	  G	  has	  no	  
immorali7es.
– And	  is	  therefore	  chordal,	  
since	  any	  loop	  of	  length	  ≥	  4	  in	  a	  Bayesian	  network	  
graph	  must	  have	  immorali7es.

• The	  Bayesian	  network	  we	  create	  cannot	  have	  
any	  immorali7es!
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Markov	  Network	  to	  Bayesian	  Network

• Conversion	  from	  MN	  to	  BN	  requires	  
triangula7on.	  
– May	  lose	  some	  independence	  informa7on.

– May	  involve	  a	  lot	  of	  addi7onal	  edges.

– Different	  orderings	  of	  chain	  rule	  may	  yield	  different	  
numbers	  of	  addi7onal	  edges.

Do	  a	  few	  more	  examples	  on	  the	  board



Bayesian	  
Network

Markov	  
Network

moralize

triangulate



One	  More	  Formalism

• Bayesian	  network/Markov	  network	  conversion	  
can	  lead	  to	  addi7on	  of	  edges	  and	  loss	  of	  
independence	  informa7on.

• Is	  there	  a	  subset	  of	  distribu7ons	  that	  can	  be	  
captured	  perfectly	  in	  both	  models?
– Yes!	  	  Undirected	  chordal	  graphs.



Theorem

• If	  H	  (a	  Markov	  network)	  is	  non-‐chordal,	  then	  
there	  is	  no	  Bayesian	  network	  G	  such	  that	  
I(G)	  =	  I(H),	  i.e.,	  no	  P-‐map.

• Why?	  	  Minimal	  I-‐map	  for	  G	  must	  be	  chordal.	  	  
If	  G	  is	  an	  I-‐map	  for	  H,	  it	  must	  include	  some	  
addi7onal	  edges	  not	  in	  H,	  but	  that	  eliminates	  
independence	  assump7ons.	  	  So	  I(H)	  can’t	  be	  
perfectly	  encoded.



Clique	  Tree

A

B C

D E

F

ABC

BCD

CDE

DEF

Every	  maximal	  
clique	  becomes	  a	  
vertex.

Tree	  structure?

then	  “Clique	  Tree”

Connect	  ver7ces
with	  overlapping
variables



Clique	  Tree

A

B C

D E

F

ABC

BCD

CDE

DEF

For	  each	  edge,	  
intersec7on	  of	  r.v.s	  
separates	  the	  rest	  
in	  H.

sepH(A,	  D	  |	  B,	  C)

sepH(B,	  E	  |	  C,	  D)

sepH(C,	  F	  |	  D,	  E)



Clique	  Tree

• Does	  a	  clique	  tree	  exist?
– Yes,	  if	  the	  undirected	  graph	  H is	  chordal!
– Construc7on:	  	  induc7ve	  proof	  (K&F	  4.5.3)

– We	  will	  return	  to	  this	  later.

Work	  out	  example	  of
non-‐chordal	  graph	  that	  doesn’t	  provide	  a	  clique	  tree



Clique	  Tree

• Does	  a	  clique	  tree	  exist?
– Yes,	  if	  the	  undirected	  graph	  H is	  chordal!

• Result:	  	  If	  undirected	  graph	  H is	  chordal,	  then	  
there	  is	  a	  Bayesian	  network	  structure	  G	  that	  is	  
a	  P-‐map	  for	  H.
– Need:	  	  Markov	  network	  to	  clique	  tree	  (above),	  
clique	  tree	  to	  Bayesian	  network.



Chordal	  Markov	  Network	  
to	  Bayesian	  Network

• Transform	  chordal	  graph	  into	  clique	  tree.
• Arbitrarily	  pick	  root	  node,	  and	  topologically	  
order	  cliques	  from	  there.

• Build	  minimal	  I-‐map	  (lecture	  4).
– Clique	  tree	  makes	  independence	  tests	  easy.

• Can	  then	  show	  that	  G	  	  and	  H have	  the	  same	  
set	  of	  edges.

• G	  	  is	  moral,	  so	  they	  are	  P-‐maps	  for	  each	  other.	  	  



Formalisms

Bayesian	  
Network

Markov	  
Network

pairwise	  
Markov	  
Network

factor	  graph

moralize	  skeleton

triangulate
extra	  variables	  per	  
factor

nothing

essen7ally	  
equivalent

helpful	  for	  
approximate	  
inference

clique	  tree

helpful	  for	  exact	  inference

triangulatepick	  root,	  add	  
direc7ons one	  

factor	  
per	  
clique


