
CMPSCI 611 FALL 2020: HOMEWORK 2

DUE 8PM, FRIDAY SEPTEMBER 25TH

• Homework may be completed in group of size with at most four students. You’re not
allowed to use material from the web or talk about the homework with anybody outside
your collaboration group (aside from the lecturer or TA.)
• Solutions should be typed and uploaded as a pdf to gradescope.com.
• To get full marks, answers must be sufficiently detailed, supported with rigorous proofs.

Faster algorithms will typically get more marks than slower algorithms.

Question 1. Let E be a finite set and let E1, E2, . . . , Ek be a partition of E into nonempty disjoint
subsets. Define the structure (E, I) by the condition that I = {A ⊆ E : |A ∩ Ei| ≤ 1 for i ∈ [k]}.
Prove that (E, I) is a matroid.

Question 2. Consider a set J of jobs labelled 1, 2, . . . , n, each of which takes a day and you have
n days to complete all the jobs. If you complete job i on day di ∈ {1, 2, . . . , n}, or before, you
receive a bonus of $bi. We call di the deadline for job i. Your goal in this question is to determine
the ordering in which you should complete the jobs so that you maximize the sum of the bonuses
you receive.

(1) We say a set of jobs S ⊆ J is good if there exists an ordering in which you get bonuses from
all these jobs. Given a set of jobs S ⊆ {1, 2, 3, . . . , n}, let Sd be the number of jobs in S
that have a deadline at most d. Show that S is good iff Sd ≤ d for all d.

(2) Let I contain all the good sets. Show that (J, I) is a subset system that satisfies the
exchange property.

(3) Design a polynomial time algorithm for the problem. Remember to analyze the running
time and prove correctness (you’ll want to use theorems proved in class to do this.)

Question 3. Describe an efficient algorithm that, given a set {p1, p2, . . . , pn} of points on the real
line, determines the smallest set of unit-length closed intervals that contains all of the given points.
E.g., the points {0.9, 1.5, 1.6, 2.1, 3.1} can be covered by [0.9, 1.9] and [2.1, 3.1]. Prove that your
algorithm is correct and analyze the running time.

Question 4. Given a subset system and a weight function, there can be multiple maximum weight
solutions.

(1) Let (E, I) be a matroid. Prove that if the elements of E are assigned distinct weights (i.e.,
no two weights are equal), then the maximum weight subset in I is unique.

(2) Now consider an assignment of weights such that there is more than one subset in I that
achieves the maximum weight. From the first part, we know that such an assignment must
have weights that are not distinct. Thus, when we sort the elements of E by non-increasing
weight at the start of the greedy algorithm, there are multiple sorted orders that can result,
depending on how we break ties. In fact, how we break ties can effect which of the optimal
solutions the greedy algorithm returns. Prove that for every subset i ∈ I that achieves the
maximum weight, there is some way to break ties between elements of E with the same
weight, such that the greedy algorithm returns the solution i.

Question 5. Suppose the university sets up a social network for its n students. After a couple
of weeks the i-th student claims to have fi friends. However, it could be that the claims made by
the students are inconsistent. For example, convince yourself that there doesn’t exist a network
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where f1 = 3, f2 = 3, f3 = 3, f4 = 1 in the case of n = 4. Design a polynomial time algorithm
for determining whether the students claims (f1, . . . , fn) are inconsistent. You should assume that
friendships are always mutual. Hint: Suppose that f1 ≥ f2 ≥ . . . ≥ fn > 0 and show that
(f1, . . . , fn) is inconsistent iff (f1 − 1, f2 − 1, . . . , ffn − 1, ffn+1, . . . , fn−1, 0) is inconsistent.


