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Problem

> Input: Ae R"™¥9 B e R"™d
» Goal: Approximate AT B. Specifically, we want C such that

P[|C—ATB|r > €| AllfllBllF] <6

where for any matrix M,

IMlr= ST M2
i




Sampling Approach

» ATB =73, a;b] where a; and b; are the ith rows of A and B
» Sample m row where row i is sampled with probability p;. Let

c- »

. . 1
i: row i was sampled P

» Correct in expectation:

a,-b-T T
E[C]=) p~L =ATB

» Can show variance is low if p; o ||a;]|2||bi||2, i.e., for constant c,
E[|C - ATBIE] < clAllEIBlF/m
» And so for m > c/(€28) by Markov,

AT RI2
E[IC-ATBIR] _,

PIC— ATB|r > clAlFIBI] < <
[ | = —aamEER




Reducing Dependency on Failure Probability

» Set § = 1/3 in above procedure. Generate t = O(log1/n) estimates
C‘]_7 ey Ct
With probability > 1 — 1, more than t/2 estimates are good, i.e.,
IC— ATBlr < c|Al£|B|r
Return any G with |S;| > t/2 where
Si= 1 IG - Glr < 2e|Al1BlIF}
Then if C; is good and C is also good then

IG = GllF <G = ATBllr + IG — ATBl|r < 2¢|Allr || Bl F

and hence |S;| > t/2.
If C; very bad, i.e., ||[C — ATB||r > 4¢||All¢||Bl|F, and C; is good,

IG = GllF 2 [IG = ATBllr = [IG = ATBllr > 2¢[|All|| Bl
and hence |5;| < t/2.




JL Approach

Definition (Moment Property)

Let D be a distribution over matrices 1 € R™*". We say D satisfies the
(¢, 6, p)-JL moment property if for any unit x,

M3 — 1, < es™/?

where for a random variable Z, || Z||,, is defined as (E[|Z|"])1/p.

For example,
» CountSketch and F;, estimation sketch satisfy (e, d,2)-JL property
with m ~ e=2671.
> If entries of I are Gaussian then sketch satisfies (¢, d, log1/6)-JL
property with m ~ e 2log 6 1.
Theorem
Suppose D has (¢, 6, p)-JLMP for p > 2 then

P[|ATB —(MNA)"NBF > 3¢|AlllBllr] <6




Proof of Theorem
» Let M = ATB — (MA)"MB. Then, by the Markov inequality,

E[|M]Z]

P[[[M|[r > 3el|AllelBllF] < m=man—an s
(BellAllFl Bl F)P

Let x; and y; be columns of A and B,

M2; = ((Mxi, Myy) = {xis ) = TE Il lyill3

L. Xi YN Xi o _Yi
where T j = (N Npie) — (R5 o)
> Lemma: || T,z = ||7—,J||2 < (3e6'/P)?
> E[IME]=11>2,M ||p2émOI

N ZT i l2lly 12 S Ikl 3 172,
ij

p/2 p/2 B

(3e6¥7)2 > 1314113
ij
(3¢6/7)2||Al2] Bl
> And so E[[MIIF] < ((Bes™ PP AIZIIBIZ)"2 = 6(3clAlle 1Bl ).




Proof of Lemma

Suffices to show that for any unit x, y, [[(Mx, My) — (x, y)||, < 3ed*/.
» Can rewrite (Ix,My) — (x,y) as

M]3 + 1Py 3 — M = y)I5 = [Ix115 = IlylI3 + [1x — yI3
2

» By triangle inequality, ||(Mx, My) — (x,y)||, is at most

P13 — [xlI3 0 + 1Pyl = I3l + M= y)13 = lIx = yli3]e
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