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Subspace Embedding

Recall: Exists distribution D over M € R¥*" where k = O(e~2 log m)
such that for any vq, ... vy, € R”, with probability > 1 — ¢,

Vig, INvill3 = (xe)llvil3  and  [IN(vi—v)l1z = (1£e)[lvi—v;l13

Definition
Let E C R" be a linear subspace of dimension d. We say [1 is a subspace
embedding for E, if for any unit x € E, |[Mx||3 =1+¢

We'll prove existence of low-dimensional subspace embedding via y-nets.

Theorem

We say M = {y1,y»,...} is a v-net for E if for every unit x € E there
exists y € M such that

ly =xl2 <7
There exists a y-net for E of size at most (1 +2/v)9.




Proof of Theorem: Bounding Size of 7-Net

» Construct a y-net N for R9 of size at most (1 + 2/~)9:
» While there exists a unit x € R? that is distance greater than ~ from
all points in N, add x to N.
> Balls of radius /2 centered at each point in N are disjoint A ball
centered at origin of radius 1 + /2 covers all these |N| balls. Hence

N| < volume of ball of radius (1 +~/2) (1 +7/2)¢
= volume of ball of radius v/2 ~ (v/2)¢

< (142/7)7.

» Let A be a matrix whose columns are orthornormal basis for E. Then
M = {Ax : x € N} is a v-net for E of size at most (1 + 2/v):

> Pick arbitrary unit z € E. Let x € R? be unit vector with z = Ax.
> Let x’ € N such that ||x — x| <~ and y = Ax" € M then

iz = yll2 = [Ax = AX[|l2 = [|Ix = x'[l2 < v

where second inequality follows since columns of A are orthonormal.




Preserving Distances for Net Implies

Theorem
Let M be a 1/2-net for E. If for all y,y' € M,

INylZ=1+e and [Ny =y)z=lly - y'I3(1 ¢)

then N is a subspace embedding for E.
» Pick arbitrary unit z € E.

» Lemma 1: z=2z + 2z +... where z;/||z;||» € M and ||z]]> < 2y~
» Lemma 2: For all /,j

INz[l5 = [|z:3£ellz]53  and  (Nz;,Nz) = (z;, z)£0(e) |z 2 7]l
> Note >_ .-, 12713 = O(1) and > j>1117ll2 = O(1) and so,

Inz[3 = |n Zall%

Z INzi[13 +2 (Nz,Nz)

i#

ZIIZ/||2+€Z\\ZI\|2+2Z z,2;) £ 0(e) Y _ lzill2ll]2

i#j i#j
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Proof of Lemma 1

Can write z = z; + 2z + ... where HZZW € M and ||zi]]» <21

> Let zy € M such that ||z — z1]|2 < v and note ||z] =1 < 2.

» Suppose we have chosen zj, ..., z_1 such that
ai=lz—z—...—z_1]2 < ’\/"71
> Pick y € M with
(z—z—...—za)/ai—yla <~
and let z; = «;jy . Then
1= z—z— .= zim1 — zi|p < ey <A
and so

lzil| < |lz—z1—...—zi—1—2z||2+||lz—21—. . .—2Zi—1]]2 < fy’.—o—'y’;l < 27’.71 .




Proof of Lemma 2

> Let y = z;/||zi||2. Then ||I'Iz,-\|§ = ||z,|\§(1 + ¢€) because,

M3

=Nyll3=1+e¢
Izi13 ?

> Let y’ = zj/||zj|>. Note that

1

(My,Ny") (INy 12+ 10y (15 = IN(y = y")I3)

2 (Iy 112+ 11y I3 = lly = ¥'lI3)
and corresponding terms on right hand side differ by O(e),

My, Ny"){y,y") & O(e)




Finishing Up

» There exists [ € RK*" where
k = O(e?log|M|) = O(e?(d)
such that for any y,y’ € M,
Nyl =@ £e)llyl3 and [Ny =y = (1£e)lly —y'II3

» Previous theorem establishes this is subspace embedding for E.




Application: Regression

» Given A € R"™9 and b € R", we want to find x € R? such that
Ax = b, in particular,

Xopt = argmin, ||Ax — b||2

> Let E be the d + 1 dimensional subspace spanned by columns of A
and b. And let I1 be a subspace embedding for E. Let

||_|AX — anQ

X = argmin, |

» Then
INA% = Mb||5 < [MAxgpt — MbJ5 < (14 €)[| Axope — bl5(1 + €)

and
INA% — b5 > (1 — €)[|AX — b]3




