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Abstract

In this thesis we provide a formal treatment of puzzles. We develop the mathematical
notion of a solution to a puzzle and attempt to precisely characterize when a family
of puzzles is “hard”. We characterize our ability to solve a family of puzzles as
depending on whether or not a feasible algorithm can be devised to find solutions, in
general, to puzzles in that family. Our notion of “hardness” is based on the number
of operations that the solving algorithm requires to solve puzzles in that family as a
function of the size of the puzzle. Thus, we study puzzles by looking at the inherent
computational complexity of solving puzzles, borrowing concepts from computability
and complexity theory. For certain families of puzzles, we show that determining
whether they are “hard” is simply a matter of answering the famous open question
in computational complexity: “Does P=NP?” Finally, NP-completeness results are
given for the puzzles Nurikabe and Minesweeper.






Chapter 1

Computational Preliminaries

You said it ... one of those Recognizers comes after me, gonna hafta jump
clear out of the data stream.

— Tron, 1981

In this thesis we provide a formal treatment of puzzles. We develop the mathe-
matical notion of a solution to a puzzle and attempt to precisely characterize when
a family of puzzles is “hard”. We characterize our ability to solve a family of puz-
zles as depending on whether or not a feasible algorithm can be devised to find
solutions, in general, to puzzles in that family. Our notion of “hardness” is based
on the number of operations that algorithm requires to solve puzzles as a function
of the size of the puzzle. Thus, we study puzzles by looking at the inherent com-
putational complexity of solving puzzles, borrowing concepts from computability
and complexity theory. For certain families of puzzles, we show that determining
whether they are “hard” is simply a matter of answering the famous open question
in computational complexity: “Does P=NP?” Finally, NP-completeness results are
given for the puzzles Nurikabe and Minesweeper. In the first chapters we introduce
the formal concepts upon which our proofs will rely.

1.1 Strings, languages, and alphabets

In some sense, computation can be viewed as a process of manipulating some set of
symbols, whether we are alphabetizing a list of words, computing the sum of two
integers, or increasing the brightness of red values in a digital image. Each symbol
carries no intrinsic meaning; they serve only as distinct placeholders. The concept
of a bit, for example, could be conveyed just as effectively if we spoke of as and bs
in place of Os and 1s. Formally, any non-empty finite set forms an alphabet from
which we can draw our symbols.

Definition 1.1. An alphabet is a non-empty finite set.

Consistent with our notion of letters in an English or Russian alphabet, symbols can
be strung together to form words or strings from our alphabet. For our discussion,
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we denote an alphabet by X.

Definition 1.2. A string over an alphabet X is a finite sequence of symbols from
Y. We use |x| to denote the length of a string x over 3. The symbol € is reserved
for the string of length zero called the empty string. X* denotes the set of all
strings over 3.

For example, 010110 is a string over the alphabet {0, 1} just as bubba and bobby
are strings of length 5 over {a,b,0,u,y}.

Definition 1.3. A language is a subset of 3*.

The set of strings over {0, 1} containing an even number of Os is an example of a
language. Similarly, the set of three-letter English words such as cat or bog forms
a language over the alphabet ¥ = {a,b,...,z} and is a proper subset of ¥*.

1.2 Turing Machines

By adopting the machinery of set theory, our formalisms now allow us to ask some
very interesting questions. Some of the most well-known problems in mathematics
can be phrased as tests for inclusion of a string in a language. Around the early
twentieth century, as physicists and engineers began to construct machines capable
of computing answers to complicated problems faster than could a human, mathe-
maticians were already making remarkable discoveries about the fundamental limits
of a computer. Central to these results was the development of an abstract model
for computation, developed by Alan Turing[17] in 1936. Simple yet surprisingly
powerful, Alan Turing’s Turing machine is computationally equivalent to a modern
computer and can perform any computation of today’s PC. Perhaps more impor-
tantly, a modern computer is incapable of all computations that a Turing machine
is incapable of. For our purposes, we will use Turing machines to define more pre-
cisely our notion of computation, algorithms, and the time they take to answer our
questions about puzzles.

Informally, a Turing machine, depicted in Fig. 1.1, is a computer which has a
finite control that directs the reading and writing of symbols on an infinitely long
tape. That control, which serves as the program for the Turing machine, can be in
one of a finite set of states. Initially, the tape contains only a string representing
the input followed by blanks (). The machine moves its tape head along the tape,
with each step reading a symbol, writing a symbol, and then changing its state
accordingly. At any time the machine may enter a final state and output ACCEPT
or REJECT. Also like a modern computer, a Turing machine might never halt and
instead run forever.
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Finite state control

Tape head

Y
0011111101011 01 0w

Figure 1.1: The deterministic Turing machine

1.2.1 Determinism

Definition 1.4. Formally, a deterministic Turing machine (DTM) is a 7-tuple
(Q7 27 F? qdo,4A, 4R, 5) where

1. @ 1is the set of states,

2. the input is a string over the alphabet ¥ (L & X0),

3. the tape symbols form a string over the alphabet ', where L€' and ¥ C T,
4. qo € Q 1s the start state,

5. qa € Q) is the accept state,

6. qr € Q is the reject state (qr # qa), and

7. 0: (Q\{qa,qr}) xI' = Q x ' x {L, R} is the transition function.

Computation on a DTM proceeds as follows. Initially, the tape contains only an
input string x = x1x5...x, where x; € 3. The rest of the tape is blank. The finite
control is set to state qg, and the tape head reads in the first symbol x; of the input
string. For each step of computation, the DTM, given the current state and symbol
under the tape head, writes a symbol to the tape, moves the tape head left or right,
and changes its state. This action is encoded by the transition function §. Namely,
in state ¢ reading w, 0 maps the pair (¢, w) to a triple (¢/,w’, d) such that

e the finite control transitions from ¢ to the state ¢’ € @,
e the symbol w’ € I' overwrites w on the tape, and

e the tape head moves either one cell to the left, if d = L, or one cell to the
right, if d = R.

Successive applications of the transition function on states and symbols from the
tape yield a process of computation for a given input string. We wish to describe
this process of computation by identifying each stage of the computation. Formally,
each step of the DTM on an input string is determined by a configuration consisting
of the current state, the contents of the tape, and the position of the tape head.
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Figure 1.2: A configuration (X, q, p)

Definition 1.5. A configuration is a triple (X, q, p) where

1. X is the string of tape symbols from the first non-blank symbol on the tape up
to but not including the symbol T under the tape head,

2. q s the current state, and

3. p is the string of tape symbols starting with the symbol T under the tape head
up to and including the last non-blank symbol in the tape.

If © is the input string for our DTM, then Cy = (€, qo, ) is the start config-
uration. In our definitions we treat the configuration (X, q,€) as the configuration
(A, q,) in order to have a symbol under the tape head. We consider these con-
figurations equivalent. In addition, any configuration containing the state qa is an
accepting configuration. Similarly, we call any configuration containing qr a
rejecting configuration.

The running of a DTM on some input can now be described by the exact sequence
of configurations it assumes. Since ¢ is a function, every configuration leads to a
unique successive configuration. If a DTM ever reaches the same configuration twice,
it will loop forever; otherwise, the DTM will either halt or produce infinitely many
configurations.

Definition 1.6. A configuration (Ao, q,7p) yields a configuration (Ao, q’, Bp) if
either

1. 5((]77-) = (qllevR)7 @ = UT/; and 5 =€, or

2. 8(q,7) = (¢, 7", L), a =€, and

T Ao =c¢€
ﬁ:{

o’ i otherwise.

We write (Ao, q,7p) F (Ao, ¢, Bp) to denote this relation. If there exists a sequence
CFCFCyb - FChy FC, we write C FF C'. Similarly, if there exists some
k> 0 such that C F* C’, we write C +* C".
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Figure 1.3: Configuration (J, g, p) yields another configuration

Definition 1.7. A computation C is a sequence of configurations C,Cy,Cy, ..., C}
where

CFCLCFCy, ... ,Chyk Ch.

If Cy is an accepting configuration, then we call C an accepting computation.
Otherwise, C is a non-accepting computation, and if C) is a rejecting configu-
ration, then C is also a rejecting computation.

The set of input strings accepted by a DTM is a language over the input alphabet.
Since the question of membership in a language is so central to our discussion of

computability, we should make clear our notion of a language accepted by some
DTM.

Definition 1.8. M accepts x € ¥* if there exist some A and p in I'* such that

(67 qo, l') = ()‘7 qa, p)

Likewise, M rejects x if there exist some A and p in I'* such that

(67 qo, l’) = ()\7 4R, ;0)

In either case, we write M (x) = \p to denote that M outputs the string Ap when
run on mput x.

Some strings are accepted by a DTM while others are rejected. Our DTM might
also never halt. We would like to describe the sets of strings associated with each
of these actions. Most importantly, we define the language of a DTM M as the set
of all strings accepted by M.

Definition 1.9. The language of M is the set
LM)={x|3INpel™: (eq,z)F (A qa,p)}

We say that M recognizes a language L if L = L(M). A language is Turing-
recognizable if a Turing machine exists that recognizes it.

Let us consider those DTMs that halt on any input. If a D'TM enters a halting
state for all inputs x € ¥*, we call it a decider.

Definition 1.10. A DTM M s a decider if and only if for all x € ¥* there exist
A, p € I' such that

(67 4o, IL') I_* (A, Qfa p) fOT some Qf € {QAa QR}
We say that M decides a language L if L = L(M) and M is a decider.
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Figure 1.4: The nondeterministic Turing machine

1.2.2 Nondeterminism

Let us augment our Turing machine to produce a rather unrealistic, yet useful,
model of computation. We model nondeterministic computation by outfitting our
familiar deterministic Turing machine with the ability to “guess” any string from I'*
and write it to the tape before computation begins. A nondeterministic Turing
machine (NTM) is a DTM augmented with a symbol # € I" and a guessing module
with its own write-only tape head.

Initially, the tape contains only the input string x. The tape head of the finite
control is positioned over the first symbol of x. The write-only head is positioned
over the first blank left of x. Computation of an NTM on an input string x then
proceeds in two stages:

o Guessing stage:

— Prior to entering state gy, the finite control is inactive, and the NTM
enters a guessing stage. First, the guessing head writes the symbol # to
the tape and moves one cell to the left.

— For each proceeding step of the guessing stage, either the write-only head
writes some symbol in I' and moves one cell to the left, or the guessing
module is deactivated, the finite control is activated, and the Turing
machine enters state qo. The choice of whether to write a symbol or to
leave the guessing stage is made completely arbitrarily.

e Checking stage:

— If the guessing module halts, computation then proceeds deterministically
on the contents of the tape according to the transition rules of our original
Turing machine. The guessing module and write-only tape head are no
longer involved.

The arbitrary nature of the decision to write a symbol or leave the guessing stage
allows the guessing module to write any string from I'* to the tape before it halts
— if it ever halts. The nondeterministic nature of our augmented Turing machine
arises directly from the arbitrary fashion of this decision.
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After the guessing stage is complete, the Turing machine has an initial config-
uration (o#,qp,z) where o is the guessed string or hint written by the guessing
module. The Turing machine may read symbols from o and write to that part of
the tape. Indeed, it is this ability to read any string from I'* as a hint for an input
x that gives our NTM its rather unrealistic properties.

The notions of a configuration and a computation of an NTM are defined
analogously to those of a DTM. However, since different possible computations may
arise from a single input string depending on the hint chosen by the guessing module,
we should carefully develop the notion of acceptance by an NTM. Notice that for
a given input string x, there is a single computation for each hint in I'*. Thus, the
number of possible computations for each x is infinite.

Definition 1.11. An NTM M accepts x € ¥* if there exists a o € I'* such that
the computation

Co,C1,Cy, ..., C'

is an accepting computation, where Co = (0 #, qo, x).

Definition 1.12. The language of an NTM M 1is the set of all strings accepted
by M. That is,

L(M)={z|3JoeT™3p, A € I": (o#,qo,7) " (X, qa,p)}-

We say that M recognizes a language L if L = L(M).

1.3 Time complexity

1.3.1 Time complexity for DTMs

If we want to describe the efficiency of a Turing machine, we first need to decide on
a measure of time. We define the running time of a DTM on a given input string
as the number of computation steps taken to reach a halt state.

Definition 1.13. The running time of a DTM M on input x is

tu(z) = koo Cob* (X gp,p) where qr € {qa, qr}
M oo : otherwise.

Note that M may not halt on all inputs. If, on the other hand, M is a decider,
then we can define the time complexity of a computation as the maximum number
of steps required to halt for an input of a given length.

Definition 1.14. The time complexity of a decider M for inputs x € X* of length
n is given by
Ty (n) = max{ty(x) | |x| =n}.
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1.3.2 Time complexity for NTMs

When defining the running time for an NTM, we want to consider the time taken
for computations on all hints, even ones that don’t halt, regardless of whether the
input is accepted or not. The easiest way to do this is to consider the set of all
computation lengths over all hints. The running time is the maximum element in
that set, if one exists.

Definition 1.15. The running time of an NTM M on input x is

far () = max H, : H, is finite
M) = oo @ otherwise

where
H, = {k | (0#,90,7) F* (X, q,p) for o € T"}.
We define the time complexity function for M on inputs of a given length n as
the maximum running time for any input x € ¥* of length n.

Definition 1.16. The time complexity of an NTM M for inputs of length n is
Ty (n) = max{ty(x) | |x| =n}.

1.3.3 Time complexity bounds

When considering the time complexity of Turing machine, we wish to describe the
“efficiency” of a Turing machine. The following definitions are essential to that
discussion.

Definition 1.17. We say that a function f is in the order of or bounded
asymptotically by g if and only if there exists a fixed positive real number ¢ > 0
and a fixed natural number k such that for alln € N where n > k

[f(n)] < clg(n)].
We write f(n) = O(g(n)) to denote this relation.

Effectively, this notation allows us, when specifying bounds for a function, to
disregard coefficients and all but those terms of the highest order. So, for example,

4
1) = o000

Notice also that if f(n) = n, then not only does f(n) = O(n), but f(n) = O(n?)
and f(n) = O(nlogn) as well.

The existence of a polynomial time bound turns out to be a good measure of
what is “reasonable” for a Turing machine to compute. In this sense, we will use
polynomial time bounds as evidence that a puzzle can be easily solved.

+1000n* + 100000 = O(n*).

Definition 1.18. If the time complexity of a Turing machine M (deterministic or
nondeterministic) is bounded by a polynomial p, that is,

Tu(n) = O(p(n))

then we say that M is a polynomzial-time Turing machine.



Chapter 2

Introduction

Practical application is found by not looking for it, and one can say that the
whole progress of civilization rests on that principle.

— Howard W. Eves, Mathematical Circles Squared

If history has taught us anything, it’s the usefulness of puzzles.

Scoff if you like, but games and puzzles have been occupying and influencing the
course of human thought for a very long time. Puzzles have entertained and inspired
for millennia. The fascination of the ancients in simple puzzles planted a seed of
inquiry that has grown to encompass a vast collection of modern mathematical and
philosophical thought. Some early puzzles, such as Magic Squares or ruler and
compass constructions, originated in ancient Egypt, Greece, and China and still
challenge modern algebraists and combinatorists today.

Almost four thousand years ago an Egyptian puzzler scrawled the following on
a sheet of papyrus:

Seven houses contain seven cats. FEach cat kills seven mice. Each mouse
had eaten seven ears of grain. Each ear of grain would have produced seven
hekats of wheat. What is the total of all of these?

Preserved today, the Rhind papyrus of 1850 BC provides an example of early brain-
teasers and mathematical games. The intriguingly simple question persuades us
to engage in a mathematical, almost algorithmic style of thought — and it’s fun.
The puzzle may seem unimportant (actually it’s a fine example of ancient Egyptian
algebra), but to the scribe it was perhaps as papyrus-worthy as any of the other 83
puzzles on that same sheet. When calculating volumes for cylindrical granaries, for
example, the scribe first calculates the area of the base and relies on a ratio of a
circle’s circumference to its diameter that is suggested to be 256 to 81. This was
the best approximation of 7 (off by less than 1%) before Archimedes.

Today, puzzles can be found everywhere, and a mathematician should be pleased.
Standard textbooks in mathematics and physics are often essentially collections of
puzzles with complex descriptions. Unfortunately, what puzzles a quantum physicist
or a logician may not be as interpretable or fun to an average reader of the Sunday
newspaper, and so a market for “recreational” puzzles exists. Countless types of
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puzzles (such as the crossword) have been invented to meet this demand, and often
thousands of puzzle designs have been published for a single type of puzzle.!

New types of puzzles frequently attract the attention of mathematicians since
they are not only fun but often express some rather interesting or subtle properties.
Two-player games such as Chess, Go, and Hex and one-player games such as soli-
taire, crosswords, jigsaw puzzles, Tetris, and Rubik’s cube have inspired thousands
of papers.

For the rest of this thesis, we adopt the perspective of a puzzle designer. This
should be fun. Our goal is to maximize the quality of our puzzles while minimizing
the time it takes us to design them. We imagine a fictitious puzzler Bob, avidly
seeking new challenging mind-benders to solve. The demand for puzzles is constant,
and, with other professional “puzzle consultants” like Will Shortz out there, the
competition is fairly stiff. Ideally, we would like a detailed method or recipe for
generating high quality puzzles as quickly as we can.

What then constitutes a “good” puzzle?

Well, surely the puzzle mustn’t be too easy. While a simple puzzle may be
acceptable for the children’s section of the local newspaper, we run the risk of boring
sharp-minded Bob. We want to ensure that instances of our puzzles aren’t easily
solved, eliminating the possibility that some “trick,” shortcut, or other efficient
procedure might quickly yield a solution. If such a simple rule could be devised
to easily solve our puzzles, we should assume that Bob will eventually discover the
trick and become bored. In short, if we want “hard” puzzles, no procedure should
solve our puzzles too efficiently.

But what does this mean? Before we go any further, we will need a clear un-
derstanding of how procedures might solve puzzles and how we should measure
efficiency.

2.1 Algorithms

The notion of an algorithm is fairly intuitive. Informally, an algorithm is a sequence
of instructions to perform a specific task. A cooking recipe provides an algorithm for
the preparation of a specific meal. As any chef who has ever prepared a strawberry
shortcake with sour cream might understand, each step of an algorithm must be well-
defined and easily understood. Surprisingly, the term algorithm, despite its intuitive
nature, escaped formal definition until only the last century when Alan Turing[17]
introduced his theoretical computing machines. We will restrict our attention to a
precise notion of an algorithm. Formally, our notion of an algorithm is any sequence
of operations that can be performed by a deterministic Turing machine — it is a
computer program.

Definition 2.1. An algorithm is a DTM.

1Since 1944, the New York Times alone has printed over 2500 Sunday crossword puzzles.
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2.1.1 Encoding problems

Intuitively, a problem is a question for which we seek a specific answer. A description
of a problem consists of a characterization of the question, and a set of parameters
whose values are left unspecified. Each specification for the parameters yields an
instance of the problem.

A problem description consists of

1. a complete description of the problem’s parameters and
2. a statement of what properties the solution is required to satisfy.

Problems with a Yes or No answer are called decision problems.

For an example of a problem, we might ask “Given a natural number, is the
number even?” A characterization of the problem EVENNESS includes a set of
unspecified digits and the property of evenness. Any natural number, such as 38 or
421, is an instance of this problem. The problem is solvable if an algorithm exists
that can decide it. The answer to any instance is either Yes or No, so this is an
example of a decision problem.

Since an algorithm is described by the computation of a DTM on some inputs, we
require some formal machinery to interface these informal notions of problems with
our definition of a Turing machine. Somewhat predictably, if a Turing machine is to
perform a computation on an instance of a problem, we must encode each instance
as an input string. Since the same Turing machine must solve each instance of a
problem, the procedure for encoding instances of a particular problem as strings for
a Turing machine must be consistent. In short, we require an encoding scheme.

If, for example, we choose to encode each instance of EVENNESS using a binary
representation over ¥ = {0, 1}, then

encode(421) = 110100101 .
9

The length of our input string is 9. Consider instead the following encoding of 421
over ¥ ={0,1,2,3,4} (base 5):

encode(421) = 3141 .
4

Now the length of our input string has been cut to 4. Since the running time of a
Turing machine is often dependent on the length of its input, it appears that the
particular encoding scheme we choose can heavily impact the time it takes to solve
a problem.

While it may seem from our example that the encoding will drastically affect
our running time, we will be considering only reasonable encodings. In practice,
“reasonable” encoding schemes always vary at most polynomially from each other,
and one would be hard pressed to imagine a sensible scheme that produces expo-
nentially longer strings. As Garey and Johnson[7] point out, choosing an encoding
scheme is a somewhat arbitrary procedure.
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The Turing machine provides the essential underpinnings for a theory of compu-
tation and complexity. The question of what can be proved and solved becomes in
many ways a question of what problems can be solved by a Turing machine. Quite
remarkably, not all problems can be solved. As a classic example, the halting prob-
lem asks the question: “Given an encoding of a Turing machine M and an input
string x, will M halt when run on z?” It turns out that the problem cannot be
solved by a Turing machine.

Definition 2.2. A problem 11 is a language under some encoding scheme over an
alphabet . Fach string in ¥* is an tnstance of II. A Turing machine M 1is a
solver for 11 if and only if it decides 1I.

2.2 Measuring complexity

Complexity theory deals with the resources required during computation to solve a
certain problem. Typically, resources are space and time.

Space complexity is a measure of the number of tape cells visited by the Turing
machine’s tape head. Analogously, we could measure the amount of memory ac-
cessed by a computer program during execution or the number of beads used during
a calculation on an abacus.

Time complexity is a measure of the number of steps taken by a Turing machine
before it halts. We could describe the time complexity of a computer by measuring
the number of CPU cycles or checking the elapsed time on the processor clock.

We could, however, pick some other resource as a measure of complexity.

Imagine, for a moment, that a large Turing machine were constructed of metal
and grease. With each step of a computation, our 2-ton tape head pounds a symbol
into a tape cell as it makes its way along the tape, made perhaps of a long strip of tin.
Every time the tape head changes direction, however, a complicated whirling of gears
slowly brings the hunk of metal to a halt and propels it in the other direction. Due
to the overwhelming resources (the burning of fossil fuels?) required to accelerate
and decelerate the tape head, we might choose as our measure of complexity the
number of times the tape head changes direction during a computation.

At the end of every year at some liberal arts college, the math secretary begins
the laborious chore of typing up completed math theses on her archaic typewriter.
Unfortunately, her typewriter only includes room for a single character. If a different
character is required, the secretary must remove the piece of metal type and retrieve
the newly required character on a new piece. As would be her misfortune, the ruling
communist regime keeps all metal type locked up securely in a town 300 miles away
and limits secretaries’ access to a single piece of type per calendar month. Every time
the thesis student chooses the luxury of introducing a new character, the poor math
secretary begins her 600 mile trek to the People’s Type Repository and back before
typing the next character. If we wished to speak of the computational complexity
of a typing math secretary, an obvious measure of complexity would present itself.

For our purposes, we will use the running time of a Turing machine as our
measure of complexity. We will say that a problem is tractable if a polynomial-time
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DTM exists that solves it.
Problems encountered in subsequent chapters will be decision problems unless
otherwise stated.

2.3 Complexity classes

If we put this machinery to use, we see that efficiently solving a puzzle requires
defining the problem, choosing an encoding scheme, and finding a polynomial-time
algorithm (DTM) that solves each instance. Defining the problem and choosing an
encoding scheme seems easy enough, but how are we to know whether a polynomial-
time solver even exists? We cannot simply test all possible algorithms, since there
are infinitely many Turing machines to choose from.

Complexity theorists seek an understanding of the inherent difficulties of prob-
lems, not the running times of particular algorithms. A system of classification
of problems allows us to differentiate between these inherent difficulties. Two col-
lections of decidable problems form the most important complexity classes, P and
NP.

We denote with P the set of decision problems solvable by a deterministic Turing
machine in polynomial time. In a sense, P consists of the “easy” problems. This
can be somewhat misleading, since, for the sake of generality, the time complexity
function for a DTM completely ignores constants and considers only worst-case
running times for membership in P and asymptotically long running times for lack
membership in P.

Consider that a problem II that has an algorithm that uses at most n steps
is in P, while a problem II’ requiring roughly 210 steps is not in P. For inputs of
length greater than 1000, II can indeed be solved more quickly than II’; however, if
we were to use current computing technology to solve the “easy” problem II for an
input of length n = 2, civilizations may rise and fall and the Earth may plunge into
the sun before our computation would ever halt.

In practice, however, most polynomial-time algorithms tend to have reasonable
bounds.

1000

Definition 2.3. A problem 11 is in P if there exists a polynomial-time DTM that
decides 11.

N P denotes the set of decision problems decidable by a nondeterministic Turing
machine in polynomial time.

Definition 2.4. A problem 11 is in N P if there exists a polynomial-time NTM that
decides 11.

Computation on an NTM is, in a sense, a parallelized form of “guess and check”.
Remarkably, an NTM always guesses a hint that results in an accepting configuration
if such a hint exists. After guessing, computation proceeds deterministically. In
order to confirm that the guess indeed leads to an accept state, the DTM associated
with the latter part of this computation acts as a verifier for the guessing stage.
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Definition 2.5. A problem 11 is verifiable if an NTM exists that solves it.

Framed in the context of solving puzzles encoded as decision problems, an NTM

must be able to verify the existence of a solution in polynomial time for the problem
to be in NP.

Definition 2.6. Let II be a problem associated with some encoding scheme that
encodes all possible solutions to 11 as strings in I'*. Given any instance of 11, an
NTM M will accept if any string in I'* is a solution for I1. If the time complexity of
M has a polynomial bound, then we say that 11 is polynomzial-time verifiable.

Equivalently, the complexity class NP consists of those problems for which a
solution can be verified in polynomial time.

2.3.1 P vs. NP

Since every deterministic computation is a possible nondeterministic computation,
the class P is a subset of NP.

Theorem 2.1. P C NP.

Proof. Any DTM can be modeled by an NTM whose guessing module writes no
symbols to the tape. Thus, given any problem II, if a polynomial-time DTM M
exists that solves II, then an NTM M’ can write no hint to the tape and perform
the same computations as M. Thus, for all I € P, it follows that II € NP. n

The reader may instinctively ask if P is a proper subset, that is, if some problem
IT is known to exist in NP that is not in P. While the dominant hunch among
computer scientists seems to suggest that P C N P, the question of whether P = NP
or P # NP remains the most important unsolved problem in theoretical computer
science. As perhaps a testament to its importance, the Clay Institute has placed a
$1,000,000 bounty on any solution. To claim this prize, one has three choices:

1. Find a problem I € NP and prove that Il ¢ P.

2. Prove that P - NP is undecidable.

3. Find a polynomial-time algorithm for all problems in N P.

Supposing that the question can be decided, one strategy for proving either 1)
or 3) is to examine relations between problems in NP. If we seek a problem not
contained in P to prove 1), we should look for the particularly “harder” problems in
N P. If a polynomial-time algorithm could be found to solve the provably “hardest”
problem in NP, then we would have a proof for 3).
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2.3.2 Reductions

Q: How many mathematicians does it take to screw in a light bulb?

A: One. The mathematician gives the light bulb to a Republican president,
thereby reducing the joke to one already known to have a funny punchline.

A reduction is a method of converting one problem into another problem such
that a solution to the second problem yields a solution to the first. A reduction
preserves the existence of a solution. If A reduces to B and B has a solution, then
so does A; however, the existence of a reduction does not imply the existence of a
solution.

If the reduction can be implemented in polynomial time, then if A reduces to B
and solutions to B can be found (B € P) or verified (B € N P) in polynomial time,
then so can solutions to A.

Definition 2.7. A function f: ¥* — ¥* is a polynomzial-time computable
function if there exists a polynomial-time DTM M such that

Ve e ¥ M(z) = f(z).
Note that since M can only write one symbol per step,
Ve e X |f(x)] < ty(x) + |z

Definition 2.8. Let II; and Iy be two languages. We say that 11 is polynomaal-
time reducible to 11y, written 11, <p Ily, if there exists a polynomial-time com-
putable function f: 3" — ¥* such that

Vee Yz ell] < f(zr)€ll,.
The function f is called a polynomaal-time reduction of 11, to Il,.

If we can construct a polynomial-time reduction from a problem A to a problem
B, we can use the time-complexity of B to make determinations about the time-
complexity of A. More specifically, reductions provide us a tool to prove that a
problem is in P.

Lemma 2.2. If I1; is polynomial-time reducible to 11y, then
[Ibe P = 1II, € P.

Proof. Let f denote the reduction of II; to IIy. Assume that f(x) can be computed
in time bounded by a polynomial p;, and that Il can be recognized by a DTM in
time bounded by a polynomial ps.

Given a string x € II; of length n, we can compute the string f(x) in time
bounded by py(n). If f(x) € I1;, then x € Ily. Since |f(z)| < p1(n), a DTM can test
if f(z) € I1; in time po(|f(x)]) < pa(p1(n)). Since the total time to test if = € Iy
for any z is bounded by a polynomial p;(n) + p2(p1(n)), it follows that II; € P. O
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We introduce one more complexity class of problems. A problem II € NP is
NP-complete if every problem in NP has a polynomial-time reduction to II.

Definition 2.9. A problem Il € NP is complete for NP or NP-complete if
VII' e NP: II' <p II.
Theorem 2.3. If a problem 11 is NP-complete and I € P, then P = NP.

Proof. Let IT" be a problem in N P. Then by the definition of NP-completeness, I’
is reducible to II. Since I € P, it follows immediately from Lemma 2.2 that II' € P
and P = NP. O]

Lemma 2.4. If II3 <p Iy and 11y <p 11y, then 113 <p II;.

Proof. Let f be the polynomial-time computable function that yields the reduction
II3 <p II;. Let g be the polynomial-time computable function that yields the
reduction Il <p II;. Note that the composition g o f can also be computed in
polynomial time since |g(f(z))| is polynomial in |f(x)| and |f(x)| is polynomial in
|z|. Since

relly < f(zx) elly, < g(f(x)) €Ly,

it follows that IIs <p II;. O
Theorem 2.5. A problem Il is NP-complete if

1. II; € NP and

2. there exists an NP-complete problem 11y such that 11, <p II;.

Proof. Let 1I3 be a problem in NP. Then II3 <p Il,. Since II, <p II;, by Lemma
2.4 we can compose the two reductions such that I3 <p II;. Since II3 could be any
problem in N P, it follows that all problems in N P are reducible to II; and that, by
definition, II; is complete for N P. O



Chapter 3

Boolean Logic

3.1 All roads lead to SAT

3.1.1 Boolean algebra

Boolean logic is a foundation. Upon it rests, or teeters, an empire of academia and
corporate wealth.

For the logician, Boolean algebra allows the construction and deduction of valid
arguments — the inferred logical result of a set of axioms and well-formed formulas
that is collectively called the propositional calculus.

For the mathematician, the formalization of mathematical statements relies on
Boolean algebra as the cornerstone of the predicate calculus of first-order logic.

For the computer scientist, Boolean logic provides the nuts and bolts of digital
computation and circuit design. The music of modern computing is a symphony of
zillions of Boolean calculations.

For the complexity theorist interested in proving something interesting about
puzzles, Boolean logic is a means to an end. Before we can construct a reduction
from one NP-complete problem to another problem, we need a starting point. We
need at least one NP-complete problem. Elementary questions in Boolean logic
quickly lead us to a problem called SAT — the starting point from (and to) which
virtually all other NP-complete problems are reduced.

Each Boolean variable can be assigned only one of the two Boolean values true
and false. We write T for true, and F for false. True/false, on/off, up/down,
Boolean logic captures the essence of anything with two mutually exclusive states.
When thinking of sets of Boolean variables, we might imagine a very long panel of
two-position light switches (no dimmers, please).

Similar to the way we build arithmetic expressions such as

3+ (5—2) x4,

we use combinations of Boolean variables and Boolean connectives such as —
(NOT), A (AND), and Vv (OR) to build Boolean expressions. Expressions such as

il N _l(l’g V _'Il)
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can be constructed using a recursive definition of what we consider valid Boolean
expressions.

Definition 3.1. A Boolean expression over X U {—,V,A,(,)} of variables in
X = {.1'1,5[}2, .. } 18

e a constant T or F,

a variable x € X,

e an expression of the form —¢,

e an expression of the form ¢ N ¢/,

e an expression of the form ¢V ¢', or
e an expression of the form (¢)

where ¢ and ¢' are Boolean expressions. A Boolean expression of the form —x or
x, where x is a Boolean variable, is called a literal. In addition, if ¢ and ¢’ are
Boolean expressions,

e O N\ is called the conjunction of ¢ and ¢/,
e ¢V ¢ is called the disjunction of ¢ and ¢', and
e ¢ is called the negation of ¢.

The disjunction or conjunction of literals is called a clause over X. Let us denote
the set of Boolean expressions with ®.

We can manipulate sets of Boolean variables by applying Boolean operations
to Boolean expressions. We define the semantics of each form of Boolean expression
as follows.

Definition 3.2. A truth assignment 7 is a mapping from X to the set of truth
values {T, F'}.

Definition 3.3. Negation or logical NOT is a unary Boolean operation

- {T,F} - {T,F}

ﬂ(:v):{ T : x=F

where
F . otherwise.
Definition 3.4. Conjgunction or logical AND is a binary operation
N AT, F} x{T,F} — {T, F}
where

T =T y=T
/\(w,y)—{ F : otherwise.
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Definition 3.5. Disjunction or logical OR is a binary operation
VAT, F} x{T,F} = {T,F}
where

| F . a=Fy=F
\/(a:,y)—{ T : otherwise.

We can now determine the truth value of compositions of Boolean operations
such as

V(T, F),=(F), and A (F,V(=F,T)),

but we need some additional concepts to describe all of the possible truth values
associated with a statement like

—x3 A\ (171 V (IQ VAN _|ZE3)).

We associate a truth value with a Boolean expression under some truth assignment
according to the following definition of a Boolean value of an expression.

Definition 3.6. Given a truth assignment 7, the Boolean wvalue of a Boolean
expression ¢ is defined by a mapping

v ® = {T, F}

such that, if ¢ is a Boolean expression, then

( o) . ¢ e{T, F}
T((¢)) ol f( )
_ vi(of L 6= (¢
O ) o=
V(v (d1),ve(g2) + ¢=¢1 Vo
\ /\(VT(qbl)vVT(qb?)) : ¢:¢1/\¢2

Definition 3.7. A Boolean expression ¢ € ® is satisfiable if there exists a truth
assignment T such that

VT(Cb) =T.
We say then that T satisfies ¢.

We now pose the problem of satisfiability for a Boolean expression.

Definition 3.8. (SAT)
Given a Boolean expression ¢ € ®, is ¢ satisfiable?

Consider as an example the Boolean expression

T N _|(.732 V _|]31>.
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Can we assign truth values for x; and z5 such that the expression is satisfied? If we
assign T to x1 and F to xy (we’ll call this assignment 7), then

)
X
—~
d
X
N
<
d
8

vr(xy A =(xe V mxp)) =

AT
5
&

N1
N>>>>>>> > >
I

N

NHRERNN=RAY

We could compile a truth table of truth values for v, (x; A—(z2V —z1)) under every
possible truth assignment 7. If we were to check every value of v, for our Boolean
expression, we would get the following table:

V(g A= (22 V 2y))

s B B s
Ll | s
e R s>

Note that only one truth assignment satisfies our Boolean expression. That is to
say, our Boolean expression is uniquely satisfiable.

Finding a satisfying truth assignment for our Boolean expression wasn’t very
difficult, but then again, we only had to check truth values for two Boolean values.
What if our Boolean expression had, say, 10,000 variables and 30,000 literals? Ob-
viously, a Boolean expression of that size would take us a while longer; however,
a computer can perform 30,000 operations in less than a second. Before we begin
typing up an algorithm, the following theorem should give us pause for thought.

Lemma 3.1. SAT € NP.

Proof. Given a Boolean expression ¢ € ® of length n, nondeterministically guess
the satisfying truth assignment 7 and write it as a hint on the tape. Since v, (¢) =
O(p(|¢|)), we can verify the solution in polynomial time by evaluating v.(¢). O

Theorem 3.2. (Cook’s Theorem)
SAT is NP-complete.

As SAT truly is a means to our end, the interested reader is directed elsewhere
for a more rigorous treatment of Cook’s theorem. A proof can be found in Cook’s
original paper on complexity[3] or in [9]. A much more thorough investigation of
problems in symbolic logic and an interesting alternate proof of Cook’s theorem can
be found in [14].



3.2. BOOLEAN CIRCUITS 21

3.2 Boolean circuits

Cook’s theorem allows us to use Theorem 2.5 to prove new NP-completeness results.
In practice, virtually all reduction proofs of NP-completeness involve a chain of
reductions that lead back to SAT. SAT provides us with an algebraic notion of
Boolean logic; however, most of the puzzles we're likely interested in involve some
discretized plane, like a grid or some other tiling. Our reductions are simplified by
introducing a graph-theoretic representation of SAT using Boolean circuits. First,
we’ll need some new notation.

3.2.1 Some tools from graph theory

Definition 3.9. A directed graph or digraph G is a pair (V, E) of a non-empty
alphabet V' of nodes or vertices and a finite family E CV xV of directed edges.
If e = (v1,v9) is an ordered pair in the edge set E, then the edge e is said to join
two vertices v1 and vy in the vertex set V. We call the first and second elements
of the ordered pair the tail and head, respectively, of the directed edge. Thus, e is
a directed edge from vy to v,.

Instead of using pairs to denote edges, we can also write edges as strings of length
2 over V such as e = vjv9.

Definition 3.10. A digraph is called stmple if
V(vi,v) € E: vy # vs.

Let us consider some examples. Fig. 3.1 represents the simple directed graph
G = (V, E) consisting of a vertex set

V ={a,b,c,d, e}
and an edge set

E ={(a,d),(e,d),(c,e),(c,d),(b,c),(d,b)} = {ad, ed, ce, cd, bc, db}.

Figure 3.1: An example of a simple directed graph
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Definition 3.11. If G is a digraph, then a directed path on G is any sequence
P = (vg,v1,...,v,) where the following holds:

1. With the possible exception of vg = v,, each v; € P s unique.
2. Every ordered pair (v;,viy1) of vertices in P is a directed edge in E.

If vg = v, then the directed path is called a directed cycle. A digraph is acyclic
iof it contains no directed cycles.

Consider a map of downtown Portland. Quite frustratingly, virtually every street
is one-way, allowing traffic to flow in only one direction. If we represent intersections
as vertices and every stretch of one-way street with a directed edge, we have a
digraph. A directed path in our digraph corresponds to a (legal) driving route
downtown. If our driving route corresponds to a directed cycle in our digraph, then
we’ll find ourselves driving in circles!

Definition 3.12. Given a digraph G = (V, E), the in-degree of a vertez v € V is
the number of edges in E with v as a head. That is to say,

indegree(v) = |{v' € V | (¢v/,v) € E}|.

Similarly, we define the out-degree of v as the number of edges in E with v as a
tail, that s
outdegree(v) = [{v' € V' | (v,0) € E}|.

We can now introduce the definition of a Boolean circuit.

Definition 3.13. A Boolean circuit is an acyclic directed graph (V, E) where
V ={vo} UINPUT U OR U AND U NOT U BRANCH
defined as follows:

1. INPUT # 0 is a collection of input vertices, labeled with variables. For every
vz € INPUT, indegree(vz) = 0 and outdegree(vr) = 1

2. vo s the output vertex, labeled with an O, where

(a) indegree(vp) = 1,
(b) outdegree(vp) = 0, and
(c) Yv € Vi there exists a path from v to ve.

3. AND 1is a collection of vertices, labeled with A, called AND gates such that
for every vy € AND, indegree(v,) = 2 and outdegree(v,) = 1.

4. OR is a collection of vertices, labeled with V, called OR gates such that for
every vy € OR, indegree(vy) = 2 and outdegree(vy) = 1.
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5. NOT is a collection of vertices, labeled with —, called NOT gates or invert-
ers such that for every v— € NOT, indegree(v-) = 1 and outdegree(v-) = 1.

6. BRANCH s a collection of unlabeled vertices called branch gates or splitters
such that for every v € BRANCH, indegree(v) = 1 and outdegree(v) = 2.

7. {{vo}, INPUT, OR, AND, NOT, BRANCH} is a partition of V.

We say that the edges are the wires and the vertices in ORUANDUNOTUBRANCH
are the gates of our circuit G.

We say that a Boolean circuit is satisfied if a truth assignment exists that
satisfies the corresponding Boolean expression for G.

Given any Boolean expression ¢, we can convert it into a Boolean circuit. For
example, if ¢ = x1 A =(x9 V —x1), then we can construct the corresponding Boolean
circuit in Fig. 3.2.

®H©\ -0
®%ﬁ

Figure 3.2: A Boolean circuit corresponding to x; A =(xe V —x7)

3.2.2 Circuit construction

Our Boolean circuits closely adhere to the notation of graph theory; however, the
standard notation for circuit design deviates somewhat from our current set of sym-
bols. To conform with the circuit designers of the world, we make the following
modifications to our notation:

e Wires are represented as sequences of straight lines instead of arrows. Each
gate has an incident side associated with its symbol that preserves the ori-
entation of the wire.

e Branch gates are represented by black dots.

e The remaining gates are represented in Fig. 3.3.

Fig. 3.4 illustrates the Boolean circuit for z1 A =(z3 V —z1) using the notation of
digital circuit design.

We can now create quite varied and complicated circuits using only the basic
gates AND, OR, NOT, and BRANCH. Indeed, if we allow input vertices to rep-
resent digits of binaries numbers, we can even answer Yes or No questions about
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X“>@722ﬁx

4 =-X

é::::j%—*Z:XAY

é:ji:>F4*Z:XvY

SIS O B e R e I R

S S | I e M e B | s
N
I
e
<
h<

Figure 3.3: Graph symbol and truth table for a NOT gate, an AND gate, and an

OR gate.
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Figure 3.4: Conventional notation for a Boolean circuit corresponding to the ex-
pression xy A =(xg V —xy)

integer arithmetic. If we were to modify our definition of a Boolean circuit to al-
low more than one output vertex, we could actually perform addition, subtraction,
multiplication, and other operations of integers.

We will restrict ourselves to a few simpler constructions, starting with a com-
ponent called a NAND gate, where NAND stands for “NOT-AND”. As the name

suggests, a NAND gate is simply an AND gate followed by an inverter and corre-
sponds to the Boolean expression —=(x; A z2).

X Y[ Z==(XAY)
T T F
é::::jb—fz:ﬁmAw T F T
F T T
F F T

Figure 3.5: Graph symbol and truth table for a NAND gate

A NAND gate is somewhat special. Any circuit that can be constructed using
NOT, AND, and OR gates can also be modeled using only NAND gates instead.
We need only to consider the constructions of AND, OR, and NOT gates using only
NAND gates in Fig. 3.6 to see that this can be done.
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(2) ﬁ} XY

(b) éjo{} X AY
(c) Xt}ﬁx

Figure 3.6: Constructions with NAND gates to model (a) an OR gate, (b) an AND
gate, and (c) a NOT gate

We introduce another component that will prove useful for reductions in the
following chapters. Disjunction, implemented with an OR gate, captures a notion
of inclusive OR: z;Vxy = T even when both xy = T and zo = T. With Exclusive
OR, represented with symbol @&, we assert that xy & xo = T if and only if xy =T
and zo = F or x1 = F and x5 = T. That is to say

T B xo = (1 Vx2) A (21 Axg) = (21 A —g) V (—aq A 2g).

Fig. 3.7 defines a new gate, called an XOR gate, that corresponds to the Boolean
operation .

X Y| Z=XaY
T T F

) > z=xey T F| T
F T T
FF F

Figure 3.7: Graph symbol and truth table for an XOR gate

Like our other gates, an XOR gate can be constructed using only NAND gates.
Fig. 3.8 presents the construction.

Definition 3.14. (Circuit SAT)
Given a Boolean circuit G = (V, E), is G satisfiable?
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Figure 3.8: Construction of an XOR gate from four NAND gates

3.2.3 Planar circuits

As a last component, we consider the Boolean circuits restricted to a plane. Occa-
sionally, a wire may need to cross the path of another wire to reach a gate. Until
now, we have no explicit method or gate for allowing wires to cross without inter-
ference. As it turns out, we can construct a wire crossing using three XOR gates,

as in Fig. 3.9.
R S D
o
Y X

Figure 3.9: Construction of a wire crossing from three XOR gates

Definition 3.15. A digraph is planar if it can be embedded in a plane without
crossing edges.

Fig. 3.10 presents an example of a non-planar graph. No matter how we draw
the edges between the vertices, every embedding in the plane requires at least one
wire crossing.

Figure 3.10: An example of a non-planar digraph

We now have all of the tools necessary to begin constructing reductions of SAT. In
the chapters that follow, we consider two NP-complete puzzles called Nurikabe and
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Minesweeper. Kaye[11] proved that Minesweeper is NP-complete by demonstrating
the existence of a polynomial-time reduction of Circuit SAT to Minesweeper. We
pursue the same approach to prove that Nurikabe is NP-complete.






Chapter 4

Nurikabe is NP-complete

Nurikabe is one of many popular pencil-and-paper puzzles originating in Japan.
Most, if not all, paper-and-pencil puzzles consist of a grid of cells, a list of rules, and
some initially specified cells. The objective is to complete the puzzle by shading in
sections of the grid in compliance with the rules. Yato[22] provides the following
list of popular paper-and-pencil puzzles:

e Nurikabe

e Nonogram[18] (or Paint-by-Numbers) *

Slither Link[21] *

Cross Sum[16] (or Kakkuro) *

Number Place[16] (or Sudoku) *

Heyawake

Those marked with a * are known to be NP-complete. According to Ueda
and Nagao[18], Nonogram was the first paper-and-pencil puzzle to be proved NP-
complete, although various NP-completeness results have been found for paper-
and-pencil puzzles since then[22]. By constructing a polynomial-time reduction
from Circuit-SAT to Nurikabe, we present here a new NP-completeness result for
paper-and-pencil puzzles.

4.1 Introduction to Nurikabe

The goal of a Nurikabe puzzle is to shade in cells in the grid until all of the following
conditions are met:

1. A cell containing a number cannot be shaded in.

2. Two cells are touching if they are directly above, below, to the left, or to
the right of each other. Two cells are contiguous if they are connected by a
sequence of touching cells.
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3. Each numbered cell describes the number of contiguous white cells in which
it is contained. Each area of white cells must contain exactly one number.

4. There cannot be any 2-by-2 blocks of shaded cells.
5. All of the shaded cells must be contiguous.

Deducing which cells must be shaded often requires determining which cells must
be white. Fig. 4.1 presents an instance of Nurikabe and its solution. Typically, a
good Nurikabe puzzle, like all good pencil-and-paper puzzles, has a unique solution;
however, we do not include this property in our proof of NP-completeness. While the
rules for Nurikabe may sound at first a bit complicated, there are some immediate
strategies that result:

e If a cell contains a 1, shade in its four neighbors.

e If a numbered cell is diagonally adjacent to another numbered cell, shade in
the two cells that touch both numbered cells.

e If two numbered cells lie in the same row or column and are separated by only
a single white cell, shade in that cell.

Figure 4.1: An instance of Nurikabe and its corresponding solution

Additional Nurikabe puzzles are provided in the appendix (without solutions).
At this point, the interested reader is encouraged to practice solving a puzzle or two
before proceeding. An intuitive understanding of the constraints of the puzzle will
greatly assist an appreciation and understanding of the remainder of this chapter
— and they’re fun.

4.2 Formal definition

Now that we’re somewhat familiar with the puzzle Nurikabe, let’s introduce some
formal notation before we define the decision problem associated with the puzzle.
We will revisit some of this notation again in the next chapter when we introduce
the puzzle Minesweeper.

We are interested in grid-based puzzles, so it seems appropriate to begin with
the definition of a grid.
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Definition 4.1. A grid G is an n x m matriz M of symbols over some alphabet
Y. We say that each element of M is a cell in G and write x;; to denote the cell in
the i-th row and j-th column.

We want to describe the connectivity of our grid of cells. In Nurikabe, for
example, we define contiguity in terms of those cells directly above, below, to the
right, and to the left of a given cell. In other puzzles, such as Minesweeper, a relation
is established between each cell in the grid and all 8 of its neighbors.

Definition 4.2. Given an n x m grid G, we say that two cells x;; and xp; in G are
directly adjacent if

li—h|+1[j— k| =1.

Likewise, we say that x;; and xy;, are diagonally adjacent if
i—hl=1j— k| = 1.
Two cells in G are simply adjacent if they are directly or diagonally adjacent.

Definition 4.3. If z is a cell in G, we define the 4-neighborhood of x as the set
of cells directly adjacent to x and write

Ny(z) = {2| x and 2’ are directly adjacent}.
We define the 8-neighborhood' of x as the set of cells adjacent to x and write
Ng(z) = {2'| © and 2’ are adjacent}.

We can use our definitions of adjacency to precisely define our notions of con-
tiguous cells and 2-by-2 blocks of cells.

Definition 4.4. If S is a subset of cells in a grid G, then we say that two cells x
and x' in S are connected if there exists a set S" C S where

/ . e !
S'={x =1 xo,x1,29,..., 51,1 =2}

such that
x; and x;11 are directly adjacent for 0 < <k — 1.

We say that S is contiguous if for every x,z’ € S
r#12 = z and 2’ are connected.
Definition 4.5. A subset S of cells in a grid G is a 2-by-2 block if |S| =4 and

Vo,2' € S: x and 2’ are adjacent .

IThis is also known as the Moore’s neighborhood in the study of cellular automata.
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Definition 4.6. An instance of Nurikabe is an n x m grid G of cells from the

set
(O, [«])

with at least two cells v € G and x' € G\ {x} such that x #| | and 2’ #[ .
Definition 4.7. (NURIKABE)

Given an n X m instance I of Nurikabe, does there exist a partition
P={B, Wy, Wy,...,W,}
of cells in I such that the following conditions are true?

1. For every X € P, X is contiguous.

2. For everyx € B, x = L]

3. B contains no 2-by-2 blocks.

4. For every W; € P, let k = |W;|. The following conditions hold:

o There exists exactly one x € W; such that x #[_|.

o IfreW; and x #| |, then x = [k|.
o Ifx €W, then
V' € Ny(z): 2" € W; or x € B.

In our definition of the decision problem, we partition cells into p sets, of which B
corresponds to our shaded cells and each W; corresponds to a contiguous set of white
cells of which only one cell is numbered. Condition 1 ensures that our partitioned
sets are contiguous. Condition 2 ensures that we shade no numbered cells, and
condition 3 allows no 2-by-2 blocks of shaded cells in our solution. Condition 4
demands (i) that each contiguous block of white contain exactly one numbered cell,
(ii) that the numbered cell equal the number of white cells connected to it, and (iii)
that contiguous blocks of white be bounded on all sides by shaded cells.

Note that if a solution contains no shaded cells, then B € P is an empty set.
However, a partition of sets can contain no empty sets, so we have a problem with
our problem. Instances that correspond to these types of solutions are, however,
very simple. The must contain only a single numbered cell whose value equals
the product n - m. Avoiding these instances does not affect the complexity of the
problem.

Lemma 4.1. Nurikabe € NP.

Proof. Let G be the n x m grid of an instance I of Nurikabe, and let N :=n-m be
length of the input.

Nondeterministically guess a partition P = {B, Wy, W1, ..., Wy} of the cells in
G. We can verify that P is a solution to [ in polynomial time using the following
deterministic algorithm:

First we define the following algorithm ISCONTIGUOUS which checks in time
O(N?) whether a set C' is contiguous:
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On input C"

A« some x € C
for each z in A

for each 2/ in C

if 2’ € Ny(z) then
A—{2'}UA

if |A| # |C| then

REJECT
ACCEPT

We now describe our algorithm ISSOLUTION which verifies whether a partition
P is a solution to a grid G.

On input G and P = {B, Wy, Wy, ..., Wi }:
for each X in P
if IsCoNTIGUOUS(X ) = REJECT then
REJECT
for each x in B
if z #[ | then
REJECT
for each z; in Ny(z)
for each x9 in Ny(x)
for each x3 in Ng(x)
if x5 € Ny(x1) and x3 € Ny(z2) then
REJECT
for each W; in P
A—10
for each z in W;
if x # D then
A—{z}UA
if |A| # 1 then
REJECT
y < the value of the numbered cell in A
if |W;| # y then
REJECT
for each z in W;
for each x’ in Ny(z)
if 2/ ¢ B and «’ ¢ W, then
REJECT
ACCEPT

IsSoLUTION checks each of the conditions in Def. 4.7 in order. Condition 1 runs
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IsCONTIGUOUS k times, so this step of the verification runs in O(N?). Condition
2 can be checked in linear time. Condition 3 can also be checked in at most linear
time and requires k times a constant 4-4-8-(443) = 896 steps to determine whether
2-by-2 blocks exist. Lastly, condition 4 is checked for each contiguous white block
W; in at most O(k - (N +4- N)) = O(N?) steps.

Hence, the solution is verifiable in time O(N3). O

4.3 Circuit-SAT reduction

Lemma 4.2. There exists a polynomial-time reduction of Circuit-SAT to Nurikabe.

We present a proof by construction, similar to the techniques used by Kaye[11],
Friedman[6], and Moore and Robson[13]. Our goal is to model the properties of a
Boolean circuit using only the rules of Nurikabe. Given a Boolean circuit C, we will
construct a corresponding circuit on a Nurikabe board in time polynomial in the
number of inputs.

4.3.1 Initial setup

First, we construct a grid large enough to contain our circuit. As a sort of silicon and
substrate, we tile our grid with[1s in a fashion such that each | 1] is a knight’s move
away from neighboring |1]s. Notice that this tiling immediately forces a solution
with almost maximally connected shaded cells and no 2-by-2 blocks. We will place
our circuit components on the tiled board in such a manner to avoid introducing 2-
by-2 blocks while preserving the connectivity of the shaded cells. Fig. 4.2 illustrates
an initial tiling for a 15-by-15 Nurikabe grid.

Figure 4.2: Initial tiling of a 15-by-15 Nurikabe grid with 1s (left) and its uniquely
determined solution (right)
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4.3.2 Wires

Our first task is to create a wire that has the ability to carry a signal from one
gate to the next. Fig. 4.3 presents a construction of a wire in Nurikabe. The figure
presents only a portion of the wire; the periodic tiling is intended to extend in both
directions until it reaches a component of our circuit. Our wires will always extend
diagonally across our Nurikabe board. As with all of the circuit components we will
be introducing, the area away from the wire extends into our tiling of [1]s. In our
figures, we will give partially shaded Nurikabe grids. We use | and [o] to denote
cells that must be black and white, respectively, in any solution of the instance
depicted. The reader may find it an interesting exercise to verify that each [Jj and
[o] cell can be deduced from only the numbered cells.

Figure 4.3: A Boolean wire in Nurikabe (left) and a component to allow bends in
the wire (right)

In our wire tile in Fig. 4.3, we number the [XJs and [X]s starting with 1 at the
top. If we shade in [X];, we can deduce the following:

1:. = 1:D - 2:. - QZD-‘-
Conversely, if we shade in 1, we can deduce that

1:. - QZD — 2:. — 3:D~~
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Fig. 4.4 illustrates the two possible shadings for our wire tile. In order to distinguish
false from true, we will associate a truth assignment with a shading of our wires.
Notice that if = ., then the black-shaded cells on either side of the wire are
connected by each [X]; however, if = . then the wire effectively becomes a
barrier between the black-shaded areas on either side of the wire?. We define as
true the state of a wire that connects shaded cells on either side and false the state
of a wire that barricades these cells on each side of the wire.

Figure 4.5: A variable terminal (left), a constant terminal that fixes a wire to true
(middle), and one that fixes a wire to false (right)

In order for signals to propagate along wires we need to have starting points
for each signal. We construct variable terminals for each input vertex in C as

2We will revisit this problem of connectivity across our circuit later.
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illustrated in Fig. 4.5. The state of the wire that extends from the terminal is
uniquely determined by whether = or = |

Conversely, a terminal can also be an output vertex, and we can observe the
result of evaluating the Boolean expression that corresponds to C by examining the
state of [ X| in Fig. 4.5.

For our reduction, however, we are only interested in determining whether we
can find truth assignments for our input vertices that result in a Boolean value of
true for our output vertex. Thus, we must provide a way to fix the value of a wire
to a constant truth value, in this case, true. Fig. 4.5 also presents two constant
terminals that allow us to fix a value.

We should provide our wires with the ability to change direction, and Fig. 4.3
also presents such a component. While compositions of this component will not
allow our wire to, in a sense, head back in the direction it came from, we should
note that since a Boolean circuit can contain no cycles, such wire behavior is not
necessary>.

Fig. 4.6 presents us with our first logic gate — a NOT gate. If the incident wire
is true ((X] = ), then the outgoing wire carries the value false ((X] =] J).

Figure 4.6: A branch gate/splitter (left) and a NOT gate/inverter (right)

The branch gate, also illustrated in Fig. 4.6, allows us to send a signal to more
than one gate. Notice that the right outgoing wire of the branch gate inverts the

3 Additional components that allow more freedom in the construction of Boolean circuits, at the
cost of a somewhat more complicated proof, can be found in the appendix.
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signal of the input wire. The NOT gate of Fig. 4.6 is a modified splitter where the
left outgoing wire has been terminated with a variable terminal. If we add a NOT
gate to the right outgoing wire in Fig. 4.6, we can ensure that the splitter outputs
two signals corresponding to the signal carried by the input wire.

Fig. 4.7 presents our first fairly complicated gate.

Figure 4.7: An OR gate

Claim 4.3. Fig. 4.7 depicts an OR gate.

Proof. Let X,Y, Z be Boolean variables corresponding to the cells of [X], [Y], [z],
respectively. We will construct a truth table for X, Y, and Z by specifying [} or

| ] values for [x], [y], and [Z].

e Suppose that X =T and Y = T. The reader can verify that = [ and
= . hence =] |and =| Jfor all [x],[X],[¥],[¥] in our gate.

Suppose now that = . Then it follows that both [@] =] ]and [B] =] |.
and [B] must be connected by white cells to a numbered cell; otherwise, a

2-by-2 block will be formed by each. The [4] is the only numbered cell that
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presents itself. It follows then that =[ Jand =[ |in order to connect
[a] and [B] to the [4]. However, now the | 4] resides in block of contiguous white
containing at least five squares, which cannot be. It follows that = |

One of {@, } and one of {@, } must be white to prevent the appearance
of 2-by-2 blocks in our puzzle. Since the |4 | has already “committed” a white
cell to (and one to itself), only two white cells remain free. In any case, 4

contiguous white cells contain the [4], so we shade in all cells bordering that
area, including the cell [ Z] directly under the [4]. It follows that = and
thus Z = T. The reader may verify that every [2] =] |and every [z] = [}

e Suppose now that X = F'and Y = F. As before, the reader can verify that

= D and = D, hence = . and = . for all ,,, in

our gate.

It immediately follows that [@] = [} and [B] = [} after we shade in the cells
neighboring the two contiguous sets of 4 white cells lining the input wires. To
prevent the appearance of 2-by-2 blocks, we can also deduce that [@ =| |and

= |. At this point, since both =[ | and = |, the ||} cell above
will only be connected to the other black cells if [€] = [l.

The central | 4] still requires one more white cell as part of its contiguous cells.
The only undetermined cell is , so it follows that = Jand Z = F.
Again, the reader may wish to verify these details.

e Suppose now that X = F and Y = T. Then =] Jand = . hence

= and Y] =] | for all [x],[X],[¥],[¥] in our gate. In addition, we know

that [@] = ] after shading in the bordering cells of the contiguous block of 4
cells in the left input wire. To avoid a 2-by-2 block, it follows that =[]

Suppose now that = ] Then [B] = | ] to prevent the appearance of a
2-by-2 block. [B] can only be contained in the contiguous block of the central
and for that to happen, it must also be the case that —| |. The central

now resides in a contiguous block of 4 cells, so we can shade all cells directly
adjacent to that block, including [Z]. Hence, - 1}

Suppose instead that =| |. Oneof {@, } must be white to prevent the
appearance of a 2-by-2 block. The central only has one white cell left to

commit, since both [€] =| |and [@ =] |. Either [B] =] |or B =] |, but in

either case, shading the directly adjacent cells of the resulting contiguous set
of 4 white cells will force =

So in either case, = and Z=7T. The case for X =T and Y = F is
analogous.

Our argument by cases produces the following truth table:
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X Y| Z=XVY
T T T
T F T
T T
FF F

]

We can add NOT gates to the inputs or output of our OR gate to construct an
AND gate and a NAND gate. For explicit constructions of these gates, please see the
appendix. As we did in Chapter 3, we can then use our NAND gates to construct
XOR gates and wire crossings. Those constructions, while quite straightforward,
would be overly large to include as figures in the space here.

During our discussion of constructing Boolean components in Nurikabe, we
skipped over a few details that should now be addressed.

Firstly, it is very important that all of our components actually line up. Imagine
if we paint every other row in our Nurikabe grid pink. If an cell lies in a pink
row, then all | X]| cells in a wire will lie in a pink row, since wires have an even period.
We see that our wires may be out of phase if an cell of one wire lies in a pink
row and a | Y| cell of another does not. As it turns out, all of our components have a
period of 2, so lining things up isn’t that difficult as long as we restrict ourselves to
always place variable terminals such that the first of each lies in the same color
row as the others. Nevertheless, we can construct phase shifters to fix the problem
should it ever occur. The components of Fig. 4.8 allow us to shift the phase of wires
to ensure that everything lines up®.

Secondly, another detail which requires attention is that of connectivity. The
straightforward circuit representation of —(xy V x1) = T, for example, would lead
to two wires carrying the signal false to an OR gate. Unless we do something to
avoid it, the black cells in the area contained by the two wires, the splitter, and
the OR gate would not be connected to the rest of the black cells in the grid. As a
remedy, we add the requirement that two NOT gates be placed along every piece of
wire, allowing some spacing between the NOT gates and the two ends of the wire as
well as between the two NOT gates themselves. If the wire is false, then the strip
of wire between the two NOT gates is true and all black cells on the board remain
connected. Likewise, all black cells are connected if the wire is true, since the strip
between the two NOT gates does not occupy the entire length of the wire.

Lastly, we need to show that our circuit components can be integrated into the
initial tiling of | 1]s and | Js without introducing any 2-by-2 blocks while still ensuring
that all black cells are connected. In a sense, this can be expressed as an easy tiling
problem. I give a sketch of a proof to convince the reader that this is not difficult
to ensure.

Pick a bounding box B for the largest gate that we considered, the OR gate.
Fill in the unspecified areas in the bounding box such that when two OR gates
are placed next to each other or above one another, the tiling of [1]s and | s is

‘However, if we decide to introduce some of the additional Nurikabe components from the
appendix, then we will need these phase shifters.
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Figure 4.8: Two variants of a phase shifter

uninterrupted across the border of the adjacent bounding boxes. If we place all of
our other gates in bounding boxes of compatible sizes, we can design our circuits
by tiling rectangles. We should additionally ensure when we do this that wires line
up across the borders. We can find large enough bounding boxes such that the wire
tiles between gates, using phase shifters and bends, always line up correctly with
the inputs and outputs of gates. Fig. 4.9 gives an example of a possible bounding
box for an OR gate. Fig. 4.10 presents a circuit constructed with these Nurikabe
tiles.
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%\x 1] 1 y/%{

2
z| 1] - [a] [1] [1] [a] [1] [a]
4

Figure 4.9: One possible bounding box for an OR gate
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4.4 Polynomial-time reducibility

Before our proof is complete, we need to verify that any given Boolean circuit C can
be converted to a corresponding Nurikabe grid in time polynomial in the number of
inputs for C.

Lemma 4.4. The mapping of Circuit-SAT to Nurikabe can be realized in polynomial
time.

Proof. Since each circuit component can be placed in a bounding box of size at most
k? for some fixed k£ and the number of Nurikabe tiles is polynomial in the number
of edges and nodes in C, it follows that the circuit is constructible in polynomial
time. O

Theorem 4.5. Nurikabe is NP-complete.

Proof. Using Theorem 2.5, the proof of NP-completeness follows directly from Lem-
mas 4.1, 4.2, and 4.4. O



Chapter 5

Minesweeper

Minesweeper was originally released by Microsoft in 1992 as part of Windows 3.1.
The computer game, written by programmers Robert Donner and Curt Johnson,
has since remained a standard on all subsequent releases of Microsoft operating
systems. One could reasonably conjecture that no other computer game has seen as
many players — or consumed as many misspent corporate man-hours.

Briefly described, each game of Minesweeper in the computer version consists of
a grid of cells. Initially, all cells are covered. Before the game begins, the computer
hides mines in some of the covered cells and tells the player how many mines are
hidden among the cells. The player clicks on a covered cell to reveal it. If the
covered cell contains a mine, the game is over. Otherwise, the cell is labeled with
a number representing the total number of cells in its 8-neighborhood that contain
mines. Every time a cell is successfully uncovered, the computer rewards the user
with some additional information about surrounding cells. In order to win a game
of Minesweeper, the player must carefully use the information provided by the num-
bered cells to deduce the location of mines in neighboring covered cells. When the
number of covered cells remaining equals the number of mines, the player wins and
the game is over.

We are more interested in a paper-and-pencil variant of the computer game of
Minesweeper. If at any point in a game of Minesweeper we press the “Print Screen”
button on the keyboard and walk to the printer, what comes out on paper is a paper-
and-pencil or “offline” version of the game. Instead of searching for one cell that
cannot contain a mine and revealing it to receive new information, our goal is simply
to find a placement of mines on the sheet that is consistent with the numbered cells.
Fig. 5.1 provides an example of a game of Minesweeper after some number of clicks
and a possible placement of mines that is consistent with the numbering. In this
sense, the computer game of Minesweeper is a succession of “offline” games, differing
only in one cell.

Considerable effort has been expended on the part of Minesweeper enthusiasts to
create the ultimate program to play Minesweeper. Currently, the only programs that
can always find a solution (if one exists) require an exhaustive search of all possible
locations for mines. The question of the existence of an efficient Minesweeper solver

was reduced to P — NP when Richard Kaye proved NP-completeness for the prob-
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lem of determining the existence of a solution to a given Minesweeper grid. In his
proof, Kaye constructs a reduction of Circuit-SAT to Minesweeper. The proof that
Nurikabe is NP-complete was inspired largely by his article in The Mathematical
Intelligencer[11].

5.1 Formalizing Minesweeper

A formalization of the Minesweeper problem will be helpful. Intuitively, an instance
of Minesweeper is a grid of:

1. Numbered cells: This cell is known not to contain a mine. The number provides
us with a useful piece of information about the number of mines among its 8
neighbors.

2. Covered cells: It is initially unknown whether this cell contains a mine.

The computer game also includes a count of the total number of mines for the grid.
We do not include this additional constraint in our formal description of an instance.

Definition 5.1. An instance of Minesweeper is an n X m grid of cells from the

alphabet
s — {(0)[1)21[3) 41 561 7L (e B}

The game of Minesweeper is played by deducing which of the covered cells actu-
ally hide mines and which do not. That is to say, we assign a mine to a subset of
the covered cells. If our assignment of mines to covered cells is consistent with the
numbered cells, then we have found a solution.

To improve the readability of figures and conform to the computer game’s rep-
resentation of this puzzle, we will use | | in place of 0] in all of our figures.

Definition 5.2. LetI' := {D, .} An assignment is a mapping a: NxN — T’

such that for each x;; of an instance I of Minesweeper
a(zj) = ali,j) =y for somey €T

Definition 5.3. An assignment o satisfies or solves an instance I of Minesweeper
if and only if the following two conditions hold:

1. Forallz €I, if a(z) =, then z =[2].
2. Let 6:| |+ 0, — 1 be a mapping from T to {0,1}. Then for all x € I, if
x = | K| for some k, then
>, )=k

yeRg(a(z))

We call o a solution to I.
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Figure 5.1: An instance of Minesweeper (left) and one possible solution (right)

Definition 5.4. An instance of Minesweeper is satisfiable if and only if there
exists an assignment that solves it.

Fig. 5.1 provides an example of an instance of Minesweeper with a solution.
With this tool chest of definitions, we are now in the position to reason about the
problem of deciding whether a solution exists for a given Minesweeper grid.

Definition 5.5. (MINESWEEPER)
Given an instance I of Minesweeper, is I satisfiable?

5.2 Minesweeper is NP-complete

We present here a sketch of Kaye’s proof of NP-completeness for Minesweeper.
Lemma 5.1. Minesweeper € NP.

Proof. Let I be an n X m instance of Minesweeper.

Nondeterministically guess some subset A of cells in I, and define an assignment
o that maps some cells in A to | and all others to | |. We can verify that a
is a solution to [ in polynomial time using the following deterministic algorithm:

On input I and a:
for each x in [
if a(z) = [l then
if x # 2] then
REJECT
for each x in [
if a(z) = B then
for each y in Ng(z)
if y =[0] then
REJECT
otherwise if y # |2 then
y—y—1
for each x in [
if + # 0] and z # [2] then
REJECT
ACCEPT
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Our algorithm consists of two parts corresponding to the two conditions in Def. 5.3.
The first part searches for mappings of a that assign a mine to a cell that is not
covered. The second part searches for cells in [ that map to mines under o and
decrements each neighboring numbered cell. If a cell cannot be decremented (i.e.
it is zero), then too many mines were assigned to neighboring cells. The third part
confirms that each numbered cell is now zero. If any numbered cell is greater than
zero, then not enough mines were assigned to neighboring cells. Each step runs in
linear time, hence the solution is polynomial-time verifiable. O]

Lemma 5.2. There exists a polynomial-time reduction of Circuit-SAT to Mine-
sweeper.

Proof. We present here the components of Kaye’s reduction. As before, our con-
struction of Boolean circuits begins with the definition of a signal propagated along
a wire. Fig. 5.2 presents Kaye’s construction of a wire.

1/1/1(1/1/1)1|11/1|1
X— [ X X|[1|X|X|1|X X1 X|X| —=X
1/1/1(1/1/1)1|11/1|1

Figure 5.2: A Minesweeper wire

The cells labeled with variables are covered cells whose values cannot be deter-
mined without additional information. If the leftmost of the this portion of a
wire contains a mine, it follows that the neighboring does not, which in turn
implies that the next also contains a mine, and so forth and so on. We write
= | to symbolize the assignment of a mine to the cell [X]. There is a sense
of orientation here in that the Boolean value for the wire propagates from left to
right. We define the state of the wire as true if the first cell of each pair of cells
(in this case ) contains a mine. Conversely, the state is false if [X] =| | instead’.
Note that we could have just as easily used the same piece of wire in the figure to
represent a wire propagating a signal from right to left instead. When constructing
the instance, we can fix a value for the wire by replacing one of the covered cells in
the wire with a [1]. In these figures, assume that no covered cells border the edges
of our wires in the constructed Boolean circuit.

1111 111
1/1/1/1/1/2@2/1/1]1/1]1 2p3/1/1/1/1/1|1{1]1]1|1
X— XX 1x[x]3]x]|3]X|x]1[x][x| — X SER X X1 X[X|1|x|X|1|X X| —X
1111122 1/1/1]1]1 23/1/1/1/1/1]1{1]1]1]1

1111 1111

Figure 5.3: A NOT gate/inverter (left) and a variable terminal (right)

Fig. 5.3 depicts a variable terminal and an inverter or NOT gate. The black cells
in these figures denote those covered cells that are deducible to be mines without

! This is different from Kaye’s original proof, where he assigns a mine in the first cell to denote
false and true otherwise. This change is not so important for our reduction; however, it means
that our AND gate is an OR gate under Kaye’s definitions of true and false.
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X
1X|1
1(x|1
1111
1 X1
1(x|1
1 1/1]1/1|1)1
1/1]1]1/1|2 1/1(1]1]1]1]1|x]1|2 2/1/1]1|1|1
X —= [X|X|1[x|X|2|x X— XX 1/x|X|1/x|2/x|3x|3/x|X|1/x|X| —=X
1]1]1/1/1]1|2 /X 1[1(1]1]1]1]1|x]1|2 2/1/1]1/1]1
112]2 1/1]1)/1]1)1
1{x|1 1(x|1
1X1 1[x]1
1/1]1 1111
1{x|1 1(x|1
1X1 1[x]1
X X

Figure 5.4: A bend in a wire (left) and a branch gate/splitter (right)

additional information about mines elsewhere in the grid. We can bend wires and
split them using components of Fig. 5.4. Note the inclusion of a NOT gate in the
splitter.

Claim 5.3. Fig. 5.5 depicts an AND gate.

Y
1[x]1
1/x]1
111
1[x]1
1/x]1
112132
1[1]1]1][1] 2 | x] 1[1]1]1
X—lylyl1ly|y[3lyl6|z Z|1|z|z] — XaY
1/1[1]1]1/ 2|} al 1/1][1]1
2
A B
2
1/2]2

Figure 5.5: An AND gate

Proof. As we did in Chapter 4 for Nurikabe, we will construct a truth table for X,

Y, and Z by specifying [ or [ | values for [x], [¥], and [z].

e Suppose now that X = T and Y = F. Then = and =] | Since
the |6 requires one more mine within its 8-neighborhood, either [@ = JJf or

z=-
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Suppose that [@] = | Then the[6]has only six neighboring mines if [z =| |,
which implies = . Now consider the row of [2]s. The demands that
exactly two of the three [2]s contain mines. Consider now the under the
rightmost [2]. Since = | |, the has three covered neighbors, and it
follows that the row must be assigned values | [JJJIl| Now the
under the leftmost only has three mines in its 8-neighborhood if [& = [}
However, if [@] = [} then [&] =| | and we have a contradiction to our original
assumption. It follows that [@ =] |.

Now that [@] = D, it follows that = [ and = | | The reader

may verify that the only assignment of mines to the | 2] cells that satisfies all

surrounding numbered cells is - B ¥

Since =| |, we conclude that Z = F. The case for X = F and Y = T is

analogous.

Suppose that X =T and Y = T'. It follows that =[] and = With
the addition of [X] and [¥ ], the |6 | now has all 6 mines in its 8-neighborhood, so
it follows that [@] =| | and =[ ]. Thus =] and Z = T. The reader

may verify that only the multiple assignment = | [ satisfies all
surrounding numbered cells.

Suppose now that X = F' and Y = F. Then = | Jand = | | Since
the | 6] requires two more mines within its 8-neighborhood, both [&] = [} and
= 1t follows that [z| =| |and Z = F. The reader may verify that only

the multiple assignment =l | satisfies all surrounding numbered
cells.

Our argument by cases produces the following truth table:

X Y| Z=XVY
T T T
T F F
F T F
FF F

]

Our AND gate may be combined with a NOT gate to produce a NAND gate.

Kaye offers an alternate construction of a NAND gate that can be found in the
appendix. To ensure that all components line up, Kaye also shows that a phase
shifter may be easily constructed by composing NOT gates.

We can convert any given Boolean circuit C into a corresponding Minesweeper

grid in polynomial time, since, like Nurikabe tiles,

e cach circuit component can be placed in a bounding box of size at most k? for

some precomputed k, and
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e the number of circuit components in our Minesweeper board is polynomial in
the number of edges and vertices in C.

It follows that the circuit is polynomial-time constructible. O]
Theorem 5.4. Minesweeper is NP-complete.

Proof. The assertion is an immediate consequence of Theorem 2.5 applied to the
results of Lemmas 5.1 and 5.2. O

5.3 Finding another solution

Perhaps, if we cannot create an efficient solver for Minesweeper, we can at least
modify the Minesweeper program to produce Minesweeper grids that can always be
solved?. This does not guarantee that every game of Minesweeper is easy for the
player (Minesweeper is, after all, NP-complete), but it does ensure that the solution
can always be found?.
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Figure 5.6: A sweeper’s dilemma

Our motivation begins with a dilemma. Every Minesweeper enthusiast is likely
familiar with the following predicament: After a tremendous display of finger dex-
terity and mental acuity, the locations of all but a small number of mines have been
deduced. Intuition might suggest that with most of the grid solved, locating the last
few mines should be a cinch. In fact, this is often not the case. Instead, an instance
of Minesweeper may emerge from multiple ways to place the mines. In this case, it
is up to the puzzler to enumerate the solutions or, in the case of the computer game,
to simply abandon certainty and resort to guessing. Through experience, it seems
that the denser the mines, the more frequently guessing becomes an unavoidable
nuisance.

We would prefer perhaps that every instance of Minesweeper emerge from only
a single configuration of mines. Such a restriction on allowable Minesweeper grids

2The reader may object that since all cells in the Minesweeper grid are initially covered, it is
impossible to find a “safe” first click. The computer game actually ensures that the first click of
every game does not land on a mine. If a mine was initially placed in the first cell to be clicked,
it is moved. This is one approach that we could adopt for this problem of the first click.

3The card game of Solitaire, for example, does not always guarantee a solution; however, the
similar card game of Free Cell does and likely owes much of its popularity to this fact.
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would ensure a unique solution for every “offline” game of Minesweeper and, result-
ingly, never force us to guess or enumerate possible locations of mines. How then,
as puzzle designers, can we ensure that each of our Minesweeper grids has only a
single solution? The question becomes particularly pressing if we intend to write
a program to generate instances of Minesweeper which never require the player to
guess. A general algorithm for constructing puzzles will likely take the form of the
following;:

1. Begin with an n x m grid of [ 2] cells.

2. Replace some of the cells with numbered cells, perhaps randomly picking
which cells to replace.

3. Check to see if the puzzle has a solution. If it doesn’t, undo the modifications
and return to step 2.

4. Check to see if the puzzle has another solution. If it does, undo the modifica-
tions and return to step 2. Otherwise, we’re done.

Our task as computer programmers is to design an efficient method for each of
the steps that allows the automatic generation of any one of all uniquely satisfiable
Minesweeper instances. Since Kaye[11] has shown us that determining the existence
of a solution to an instance of Minesweeper is NP-complete, we should make this
our first avenue of attack. By refining step 2 to eliminate step 3, we can avoid
resolving the satisfiability problem for a given instance. If we first choose a solution
and only to modify the puzzle in a manner that is consistent with that solution, we
are guaranteed a puzzle with a solution. In addition, any satisfiable Minesweeper
instance may be generated with this method. Our modified algorithm might look
like this:

1. Begin with an n x m grid G of cells over ¥ and an n x m grid S of cells over
I'. Initially,
VeeG:z=0landVyeS:y=| |

2. Pick some cell y;; € S and z;; € G and set y;; « . and ;; < . Then
for all z € Ng(x;;), if z # 2], let z — 2z + 1.

3. Repeat step 2 some number of times, then pick a subset A € G and for all
r €A, set z—[2]

4. We know that the puzzle has a solution, since it was generated from one.
Check to see if the puzzle has another solution. If it does, undo our changes
and return to step 2. Otherwise, we're done.

We still have to deal with step 4. We are presented with an instance of Mine-
sweeper and one solution to that instance. Can we devise an algorithm to determine
the existence of a second solution to this instance? The question is complexity
theoretic, so an exact phrasing of the problem should help us determine how “hard”
step 4 really is.
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5.3.1 Another Solution Problem (ASP)

First we should make precise our notion of finding a different solution given an
instance and one solution to it.

Definition 5.6. The solution set for an instance I of Minesweeper is the set of
all solutions to I. If I has n solutions, then the solution set is denoted by

o(I) ={ag,a9,...,a,}.

Previously, we were only interested in an answer to the question, “Given an
instance I of a problem, does a solution exists?” As it turns out, asking whether a
second solution exists is somewhat equivalent to asking, “How many solutions are
there to I7” Problems of this sort that require an algorithm to count the number of
solutions are called enumeration problems. For example, consider the following
enumeration problem.

Definition 5.7. (#SAT)
Given a Boolean expression ¢, what is the number of truth assignments 11, To, . ..
that satisfy ¢ ¢

The enumeration problem for a Minesweeper board is then, “Given an instance
I of Minesweeper, what is the cardinality of o(7)?” Important to this discussion is
the concept of parsimony.

Definition 5.8. A polynomial-time reduction R where I1; <p Il, is parsimonious
iof for all I in 11y, the number of solutions to I is the same as the number of solutions
to an instance R(x) = I' € Iy, where R is our computable function.

We are greatly assisted by the results of Ueda and Nagao[18]. In addition to
publishing some of the first NP-completeness results for paper-and-pencil puzzles,
the authors introduce a new class of problems called Another Solution Problems.
The Another Solution Problem for a given problem can be briefly stated as follows:

Definition 5.9. (ANOTHER SOLUTION PROBLEM)
Given any instance of a problem in NP and a solution to that instance, does
another solution ezist for this instance?

Clearly, our initial attempts to generate instances of Minesweeper with unique
solutions have brought us to consider an instance of Another Solution Problem
(or ASP) for Minesweeper. We are now in the position to accurately describe the
problem presented in step 4 of our algorithm.

Definition 5.10. (ASP-MINESWEEPER)
Given an instance I of Minesweeper and a solution oy € o(I), does there exist a
second solution ay € o(I) such that ay # s ?

In their paper, Ueda and Nagao outline the following method for proving NP-
completeness results for ASP of any given problem in NP.
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Theorem 5.5. Given a problem 11y in NP, ASP for 11y is NP-complete if and only
if the following conditions apply

1. For some problem Ily, ASP of 115 is NP-complete.
2. There exists a parsimonious polynomial-time reduction of Ily to 1.

A proof of Theorem 5.5 can be found in [18].

5.3.2 ASP-Minesweeper is NP-complete
Lemma 5.6. ASP-Circuit-SAT is NP-complete.

Proof. Cook’s reduction to SAT is parsimonious[22] as is the reduction of SAT to
Circuit-SAT[14]. O

We need to show that every satisfying assignment of an instance of Circuit-SAT
corresponds to a unique satisfying assignment of an instance of Minesweeper that
results from our reduction.

Lemma 5.7. There exists a parsimonious polynomial-time reduction of Circuit-SAT
to Minesweeper.

We have already shown the existence of a reduction, so a proof of Lemma 5.7
reduces to a proof of the following assertion:

Claim 5.8. Every component in Lemma 5.2 yields a parsimonious reduction.

Proof. The only variable cells in our wires and gates were those labeled with a
,,,,,, and [2]. If more than one truth assignment exists for each
of these cells that give rise to the same Boolean circuit, then our reduction is not

parsimonious. By definition, there is a one-to-one correspondence between the cells
X1, lv], and the Boolean variables X, Y, Z, respectively. In addition, the truth
value for each [X], [Y/, is determined uniquely by each [X], [Y], [z], respectively.
Only the truth values of cells in the AND gate labeled were not bound directly
to those of Boolean variables. The proof of Claim 5.3, however, shows that every
case for Boolean values of the inputs results in a unique combination of values for
the row of cells [2[2]2]. The reduction preserves the number of solutions and is,

therefore, parsimonious. O

The reader may find it an interesting exercise to check whether our reduction
remains parsimonious if we use the construction of a NAND gate presented in Fig.
A.10 instead of our AND gate?.

Theorem 5.9. ASP-Minesweeper is NP-complete.

4The reduction is not parsimonious, since, while one set of truth assignments for inputs X and
Y always determines a truth value for the output Z, the states of cells labeled with ?s is not
completely determined.
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Proof. This is an immediate consequence of Theorems 5.4 and 5.5 and Lemmas 5.6
and 5.7 above. 0

We should conclude, as programmers, that the problem of generating uniquely
satisfiable puzzles is NP-complete, unless we are willing to accept some compromises.
We could, for example, limit the set of puzzles that can be generated by our program
and hope to find a set of heuristics that lets us quickly construct puzzles with exactly
one solution. The set, however, would be only a proper subset of all uniquely
satisfiable instances of Minesweeper. Of course, if it isn’t, then we’ve solved one of
the greatest open questions in the field of mathematics and proved P = N P.

5.4 Restricting Minesweeper

A common practice among complexity theorists after proving complexity results for
a certain problem II is to restrict the problem slightly to see if the property still
holds. We introduce a restricted version of Minesweeper called k-Minesweeper.

Definition 5.11. (k-MINESWEEPER)
An instance I of k-Minesweeper is an n x m grid of cells over the alphabet

= {[ol[1]....[] @}

where k < 8. Given an instance I of k-Minesweeper, is I satisfiable?

5.4.1 3-Minesweeper is NP-complete

For some small enough k, Minesweeper, we conjecture, is no longer NP-complete,
and we may be able to show that the problem lies in P. Theorem 5.4 provides us
with a proof that 6-Minesweeper is NP-complete, but what about values of k smaller
than 67

We have a proof of NP-completeness for the case k = 3. We should note that we
do not allow the puzzler to gain any information here. That is, the following style
of reasoning cannot be used:

“If = hides a mine, then y does not and must have a label of 4 to describe the
four mines surrounding it. However, no cell may receive a labeling greater than 3,
so x cannot hide a mine.”

Theorem 5.10. 3-Minesweeper is NP-complete.

Proof. The following gadgets of our reduction in the proof of Lemma 5.2 require

numbered cells where k > 3:
1. The variable terminal (Fig. 5.3) contains a if = . We provide a

3-Minesweeper version of a variable terminal in Fig. 5.7.

2. When assigning truth values to the bends in our wires (Fig. 5.4), one of | X| or
always contains a | 4| when not covering a mine. We provide a construction
in Fig. 5.7 that is valid in restricted 3-Minesweeper.
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3. The AND gate (Fig. 5.5) most conspicuously contains a 6 in the “kernel” of
its workings in addition to many other cells with labels greater than 3. Fig.
5.8 presents a construction of an OR gate that, for each truth value of X and
Y has no labelings greater than 3.

Claim 5.11. Fig. 5.8 depicts an OR gate and an XOR gate.

We leave the proof of Claim 5.11 as an entertaining proof to the reader. Here is
the truth table for Fig. 5.8:

X Y| Z=XVY |A=X®Y
T T T F
T F T T
F T T T
FF F F

As before, we can use this gate to construct NAND and AND gates and wire
crossings®. O

1
2[1
X'| X
X 11
3 1
1 X 2
32 2
20| 1 1
10x|1 1
111 2
10x1 2
10x|1 1
AR
f X[ 1 x[xX]1[x[xX| — X
« i 1)1]1]1]1]1

Figure 5.7: A bend in our wire (upper left) and a variable terminal (lower right)

Note that all of our 3-Minesweeper gates also yield a parsimonious reduction,
so ASP-3-Minesweeper is also NP-complete. Complexity seems to be gained by
including in our alphabet . We have no proof that k-Minesweeper is NP-
complete for k£ < 3; however, we do make the following conjecture.

Conjecture 5.12. 2-Minesweeper € P.

Perhaps the reader will find a polynomial-time algorithm for 2-Minesweeper.
When examining restricted puzzles such as k-Minesweeper, one feels slightly closer
to the hypothesized boundary between P and N P.

5The constructions for the NAND and AND gates can be found in the appendix.
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Figure 5.8: An OR/XOR gate






Appendix A

Puzzles and Circuit Components

A.1 Some Nurikabe puzzles

Here are some additional Nurikabe puzzles for the aspiring Will Shortz in all of us.
Each has a unique solution. Photocopy at will.

1 2| |2 2
2 2
3 2 7
4 3 3
1 3 |3
2 1 2 3
2 4 2 4
1
1 2 1 2| 4

Figure A.1: An easy Nurikabe puzzle (left) and a more difficult puzzle (right)
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A.2 Additional circuit components

The following constructions add to the flexibility of constructing circuits in Nurikabe
and Minesweeper but were not essential to the proof of NP-completeness. I include
them here for the interested reader.

Figure A.3: A sharper corner that allows wires to travel horizontally as well as
vertically
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Figure A.4: An alternate splitter

gates that allow a different placement of 2s within the

WM

“flipper

Figure A.5: Two

wire
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Figure A.6: An AND gate
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Figure A.8: An AND gate



APPENDIX A. PUZZLES AND CIRCUIT COMPONENTS

64

>
>
x
N
— | N
N[ ||
M| N ||
NN N{™ [T
o ™ N[N
NN M NN
~aNE
@ ™ © N
X ||| > N
™miN|™m N
NEEN B B
A X[ || N[N
|| — >
— X |- >
| X | ||
— >
» >
A
V|

Figure A.9: An OR gate

4\2'\z|1|2'|z|1|2'|z|1|2'|2|Z2'|1|z|Z'|1|z|Z'| —= —(XAY)

— —
— —
— —
— —
— —
NN NN |
N N | | N
—| ™M NN N N NN ™|
— MmN || | N M —
— QNN | — — | N ||
—|N| — — —|N|
| N[ N[ | |- NN
B N CEEEE O C
—AM- M || Al M- M|
N N - — N N
—AM- M || Al M- M|
o~ E JRSPY Y [Py m
~ EENNNEE ~
Nt Il© © <0<
N i B B
||| X >[N |
|| ||| AN M MAN|[ A ||| ||
XX || XX | X SN[ A > > -— >
||| || N[ | |||
— —

Figure A.10: R. Kaye’s construction of a NAND gate
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Figure A.11: An AND/XOR gate
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Figure A.12: A NAND/XOR gate
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