CMPSCI 611: Advanced Algorithms

Micah Adler Out: September 24, 2001
Problem Set 1 Due: October 1, 2001

Notes: On homework assignments, you are allowed to discuss the questions with a small number of other
people in the course. However, the emphasis of such discussions should be obtaining a solid understanding
of the solutions to the assigned problem. Thus, you must destroy any notes from your discussions, and then
write up the solutions on your own. For each problem, you must also list anyone you discussed that problem
with (even briefly), and any other references you used.

The homeworks are due at the beginning of class on the due date. Late submissions will be accepted only
with special permission. Also, please take the time to write clear and concise answers. Credit will be reduced
if answers are very unclear or long winded.

All questions count for the same amount of credit, although some are harder than others. Some of the
questions may require quite a bit of thought, so I encourage you to start early.

1. ([CLR] problem 32-1)
a) Show how to multiply two linear polynomials az + b and cz + d using only three multiplications.

b) Give two divide-and-conquer algorithms for multiplying two polynomials of degree-bound n that
run in time ©(n'°83). The first should divide the input polynomial coefficients into a high half and a
low half, and the second algorithm should divide them according to whether their index is odd or even.

2. In this question, we shall obtain a more exact bound on the running time of matrix multiplication, and
use this to determine at what value of n Strassen’s algorithm starts to outperform the naive matrix
multiplication algorithm. In order to do so, we shall use the fact that the solution to the recurrence
relation

T(n) = aT(%)+cna (n > 1);
T() = d

b cb®
T(n) = n® c — ne
(n)=n <d+a—b°‘> n (a—ba)’

a) Let S(n) be the running time of Strassen’s algorithm for multiplying two n x n matrices, where
the entries in the matrix are integers, adding two integers requires 1 time unit, and multiplying two
integers requires m time units.

is

where 8 = log, a.

Give an exact recurrence relation (i.e., without any © or O expressions) for S(n). Use the formula
above to derive an explicit expression for S(n) in terms of m and n. You should assume that n is a
power of 2.

b) Let N(n) be the running time of the naive matrix multiplication algorithm in the same model. Give
an exact recurrence relation for N(n), and derive an explicit expression for N(n) in terms of m and n.

c) For the case where m = 10, determine ng, the smallest power of 2 such that S(n) < N(n) for all
n > ng. Do the same for the case where m = 1.
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3. a) Consider two vectors a = {ao,a1,--.,a, 1} and b = {ap,a1,...,a, 1}. The function ® is defined

asc =a ® b, where ¢ = {cg,c1,...,¢n_1}, such that

n—1
G = Z ajb; i mod n-
Jj=0

For example, co = agbo+aib, 1+...+a, 1b;. Demonstrate that a ® b = FFT,, ! (FFT,(a)-FFT, (b)),

where FFT,,(a) denotes the vector d = {dg,d1,...dn_1}, where d; = ag+aiwt +asw??.. Hay, qwnYE

b) A left-shift matrix is an n X n matrix where each row is identical to the previous row shifted one
place to the left (with wrap-around). Thus, for example, the following is a 3 x 3 left-shift matrix:

12 3 5
3 5 12
5 12 3

Design an algorithm that multiplies two n x n left-shift matrices in time O(nlogn). Note that you can
represent an n x n left-shift matrix as a vector of length n by describing the first row of the matrix.

. In this question, we study the following optimization problem, which we shall refer to as the maximum

vertex weight matching problem.

INPUT: An undirected graph G = (V, E), and a weight function W : V — RT. In other words, each
vertex has a positive weight associated with it.

OUTPUT: A matching M in G such that the sum of the weights of the vertices covered by M is
maximum. Reminder: a matching is a set of edges such that no two edges in the set touch the same
vertex.

a) Describe a subset system (V,Z) such that the solution to the maximum vertex weight matching
problem is the maximum weight element of Z, and such that (V,7) is a matroid. Prove that (V,Z) is
a matroid. Hint: the set V' should be the vertex set, and not the edge set.

b) Design a greedy algorithm for the maximum vertex weight matching problem, and prove that it
works correctly. For this portion of the problem, you can assume that you have a “black box” for
testing whether a subset U C V is such that U € 7.

c) For the case where the graph G is bipartite, design an algorithm for performing these black box
tests. What is the running time of the resulting algorithm in terms of |E| and |V|? Hint: in lecture,
we discussed the concept of an augmenting path - this concept is useful here.



